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0.1 What I am 

During the firsts days of my thesis, I decided to write down everything I was learning. Some parts of this text 
were written in 2003 wile others were written yesterday; don't expect a high quality everywhere. This document 
thus takes the point of view of the learner with some consequences. As far as I can judge my own work: 

(i) There are much more details in the proofs in this texts that what you can find in other textbooks. 

(ii) This is not a text in which you can get a deep understanding of what you are reading. 

There are still open questions in the sense that there are points I didn't understand when I wrote. I think 
that these points are clearly indicated with footnotes or special environment "Problem and misunderstanding". 
Let me know if you know some answers. 
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Chapter 1 

General differential geometry 



1.1 Different iable manifolds 

More precisions in [1], chapter II (§1 and 2) and III. (§1, 2, 3 and 7); [2, 3] can also be useful. An other source 
for this chapter is [4]. A systematic exposition of manifolds and such can be found in [5]. 

1.1.1 Definition and examples 

A n-dimensional differentiable manifold is a set M and a system of charts {{U a , <p a )}a£i where each set U a 
is open in R™ and the maps ip a : U a — * M are injective and satisfy the three following conditions: 

• every x e M is contained in at least one set (p a (jU a ) , 

• for any two charts tp a : U a — > M and <pp:Ufj—* M , the set 

is an open subset of U a , 

• the map 

is differentiable 1 as map from R n to R™. 

Each time we say "manifold", we mean "differentiable manifold". We will only consider manifolds with 
Hausdorff topology (see later for the definition of a topology on a manifold) . Any open set of R™ is a differentiable 
manifold if we choose the identity map as chart system. Most of surfaces z = f(x, y) in R 3 are manifolds, 
depending on certain regularity conditions on /. 

If Mi and M-i are two differentiable manifolds, a map /: M\ — » is differentiable if / is continuous 
and for each two coordinate systems ipi : U\ — > M\ and </?2 : U2 — » the map (p^ 1 f fi is differentiable on 
its domain. One can show that if /: M\ — * M2 and g: M2 — * M3 are differentiable, then g o / : Mi — * M3 is 
differentiable. 

1.1.1.1 Example: the sphere 

The sphere S n is the set 

S n = {(x 1 ,...,x n+1 )eB n+1 st W = l} 
for which we consider the following open set in R": 

U = {{u u . . . , u n ) e R™ st [|it|| < 1} 

and the charts ipi : U —> S ', and (pi'.U — > S 

ipi(ui,...,U n ) = («i, . . .,Ui_l, V 1 - HF^ii ■■-,"„) 

(f>i{u\, ...,u n ) = (ui, . . - ||w|| 2 ,Mi, ■ • .,u n ). 

1 ln the sequel, by "differentiable" we always mean smooth. If this map is differentiable, C k , analytic, 
said to be differentiable, C k , analytic,. . . 



(1.1a) 
(1.1b) 

. . . then the manifold is 
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These map are clearly injective. To see that <p(U) u (p(U) = S, consider (xi, . . . ,x n+ \) e S. Then at least one 
of the Xi is non zero. Let us suppose x\ ^ 0, thus x\ = 1 — (x\ + . . . + x\ +1 ) and 

Xl = ±Vl -(■■■)■ (I- 2 ) 

If we put Ui = Xi + i, we have x = f{u) or x = tp{u) following the sign in relation (1.2). The fact that ip -1 o (p 
and (p~ l o ip are differentiable is a "first year in analysis exercise". 

1.1.1.2 Example: projective space 

On R™ +1 \{o}, we consider the equivalence relation v ~ Xw for all non zero AeR, and we put 

RP» = (R" +1 \{ }) / ~ . 

This is the set of all the one dimensional subspaces of R™ +1 . This is the real projective space of dimension 
n. We set U = IT and 

ipi(ui,...,u n ) = Span{(ui,...,Mi_i,l,Ui,...,u„)}. 
One can see that this gives a manifold structure to RP™. Moreover, the map 

A:S n ^RP n v ^Spanw (1.3) 

is differentiable. 

Let us show how to identify 1R u {oo} to HP 1 , the set of directions in the plane R 2 . Indeed consider any 
vertical line I (which does contain the origin). A non vertical vector subspace of 1R 2 intersects I in one and only 
one point, while the vertical vector subspace is associated with the infinite point. 

1.1.2 Topology on manifold and submanifold 

A subset V c M is open if for every chart <p:U -> M, the set n ip(U)) is open in U. 

Theorem 1.1. 

This definition gives a topology on M which has the following properties: 

(i) the charts maps are continuous, 

(ii) the sets (p a (Ma) we open. 

Proof. First we prove that the open system defines a topology. For this, remark that ip^ 1 is injective (if not, 
there should be some multivalued points). Then </3 _1 (A n B) = (^ _1 (^4) n f~ 1 (B). If Vi and V2 are open in M, 
then 

tp^iVi nV 2 n <p(U)) = ip^iVx n ip(U)) n ^\V 2 n ip(U)) 

which is open in R™. The same property works for the unions. 

Now we turn our attention to the continuity of <p: U — > M; for an open set V in M, we have to show that 
L P~ 1 (^) is open in U a R™. But the definition of the topology on M, is precisely the fact that n fipl)) 

is open. □ 

If M is a differentiable manifold and N , a subset of M , we say that N is a submanifold of dimension k if 
V ' p e N , there exists a chart ip: U — > M around p such that 

(p-^tpiU) n N) = R fe n U := {{x u . . . , x k , . . . , 0) e U). 

In this case, N is itself a manifold of dimension k for which one can choose the ip of the definition as charts. 

Let us consider M and N, two differentiable manifolds, /: M — > N a C x ' map and a; 6 M. We say that / 
is an immersion at x if d/^ : T X M — > Tfr x ^N is injective and that / is a submersion if d/^ is surjective. 

If M and M are two analytic manifolds, a map <f>: M — » AT is regular at p e M if it is analytic at p and 
d(^)p : T p M — » T^p^N is injective. 

Proposition 1.2. 

Lei M be a submanifold of the manifold N. If p e M, t/ien i/iere exists a coordinate system {x\, . . . ,x n } on a 
neighbourhood of p in N such that x\(p) = . . . = x n {p) = and such that the set 

U = {qeV st Xj(q) = OVm + 1 < j ^ n] 

gives a local chart of M containing p. 
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Proof. No proof. □ 

The sense of this proposition is that one can put p at the center of a coordinate system on TV such that M 
is just a submanifold of N parametrised by the fact that its last m — n components are zero. 

Now we can give a characterization for a submanifold: N is a submanifold of M when N c M (as set) and 
the identity t: N — > M is regular. 

Proposition 1.3. 

The own topology of a submanifold is finer than the induced one from the manifold. 

Proof. Let M be a manifold of dimension n and N a submanifold 2 of dimension k < n. We consider V, an open 
subset of N for the induced topology, so V = N n O for a certain open subset O of M. The aim is to show 
that V is an open subset in the topology of N. 

Let us define V = </j _1 (C>). The charts of N are the projection to R fe of the ones of M. We have to consider 
W = </9 _1 (V), since N is a submanifold, p~ x {0 n AT) = R fc n V . It is clear that W = R fe n is an open subset 
of WL k because it is the projection on the k first coordinates of an open subset of R n . 

The subset V of N will be open in the sense of the own topology of iV if Lp'^iy n ip'(W)) is open in Mr 
where tp' is the restriction of ip to his k first coordinates: ip'(a) = <p(a,0) and W is the projection of U. □ 

Lemma 1.4. 

Lei V,M be two manifolds and ip: V — » A/, a differentiate map. We suppose that p(V) is contained in a 
submanifold S of M . Iftp:V—>S is continuous, then it is differentiable. 

Remark 1.5. 

The map (p is certainly continuous as map from V to M (this is in the assumptions) . But this don't imply that 
it is continuous for the topology on S (which is the induced one from M). So the continuity of <p: V —> S is a 
true assumption. 

Proof. Let p e V. By proposition 1.2, we have a coordinate system {x\, . . . , x m } valid on a neighbourhood N 
of <p(p) in M such that the set 

{r e iV st xj(r) = OVs < j < m} 

with the restriction of (xj, . . . x g ) e -/Vs form a local chart which contains p(p). From the continuity of tp, there 
exists a chart (W, tp) around p such that ip(W) c N$. The coordinates Xj(ip(q)) are differentiable functions of 
the coordinates of q in W. In particular, the coordinates Xj(tp(q)) for 1 ^ j $c s are differentiable and — > S 
is differentiable because its expression in a chart is differentiable. □ 

A consequence of this lemma: if V and S are submanifolds of M with V <z 5, and if 5 has the induced 
topology from M, then is a submanifold of S. Indeed, we can consider the inclusion l: V — > S: it is 
differentiable from V to M and continuous from V to S then it is differentiable from V to 5 by the lemma. 
Thus V = i~ 1 (S) is a submanifold of S (this is a classical result of differential geometry). 

Proposition 1.6. 

A submanifold is open if and only if it has the same dimension as the main manifold. 

Proof. Necessary condition. We consider some charts ipi : Ui — > M on some open subsets Ui of IR™. If A^ is 
open in M, then this can be written as 

N = [jU l . 

i 

If we choose the charts on M in such a manner that </?j : Ui n R fc — > A^ are charts of N, we must have 
tpiiUi <~> M k ) = ipi(Ui). Then it is clear that k = n is necessary. 

Sufficient condition. If A^ has same dimension as M, the charts <pi'. Ui —> M are trivially restricted to A\ □ 



1.2 Tangent and cotangent bundle 
1.2.1 Tangent vector 

As first attempt, we define a tangent vector of M at the point x e M as the "derivative" of a path 7 : (— e, e) 
such that 7(0) = x. It is denoted by 



M 



2 In the whole proof, we should say "there exists a sub-neighbourhood such that. 
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The question is to correctly define de derivative in the right hand side. Such a definition is achieved as follows. 
A tangent vector to the manifold M is a linear map X : C' x (M) — » R which can be written under the form 

X/ = (/oX)'(0) = |[/(X(t))] t=Q (1.4) 

for a certain path X : R — » M. Notice the abuse of notation between the tangent vector and the path which 
defines it. 

A more formal way to define a tangent vector is to say that it is an equivalent class of path in the sense that 
two path are equivalent if and only if they induced maps by (1.4) are equals. 

Using the chain rule d(gof)(a) = dg(f(a)) adf(a) for the differentiation in R™, one sees that this equivalence 
notion doesn't depend on the choice of (p. In other words, if tp and tp are two charts for a neighbourhood of x, 
then (tp^ 1 °7)'(0) = (tp^ 1 oc)'(0) if and only if (tp^ 1 °7)'(0) = (tp^ 1 ocr)'(O). The space of all tangent vectors at 
x is denoted by T X M. There exists a bijection [7] <-» (tp^ 1 o 7)'(0) between T X M and R™, so T X M is endowed 
with a vector space structure. 

If {U, tp) is a chart around A(0), we can express X f using only well know objects by defining the function 
/ = / o <p and X = tp -1 o X 

d 



x f = -[(fox m 



In this sense, we write 





df_ 


dX a 




dx a 


x=x(o) dt 


dX a 
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dt 


dx a 





t=0 



X = -j-^~ (1-5) 



and we say that {d\, . . . , d n } is a basis of T X M . As far as notations are concerned, from now a tangent vector is 
written as X = X a d a where X a is related to the path X : R — » M by X a = dX a /dt. We will no more mention 
the chart tp and write 

Correctness of this short notation is because the equivalence relation is independent of the choice of chart. 
When we speak about a tangent vector to a given path X(t) without specification, we think about A'(0). 

All this construction gives back the notion of tangent vector when M c R m . In order to see it, think to 
a surface in R 3 . A tangent vector is precisely given by a derivative of a path: if c: R — > R" is a path in the 
surface, a tangent vector to this curve is given by 

lim C( * o) - C(t ° + 9 

t^>0 t 

which is a well know limit of a difference in R n . 

Let us precise how does a tangent vector acts on maps others than R-valued functions. If V is a vector 
space and / : M — > V, we define 

Xf = (Xf)e % 

where {ei} is a basis of V and the functions /* : M —> R, the decomposition of / with respect to this basis. If 
we consider a map <p: M — > N between two manifolds, the natural definition is Xf := dfX. More precisely, if 
we consider local coordinates x a and a function / : M — > R, 

<*™-i[</°*°*)«L-&g^- ™ 

Now we are in a notational trouble: when we write X = X a d a , the "X au is the derivative of the "X au which 
appears in the path X(t) = (A 1 (i), . . . , X n (t)) which gives X by X = X'(0). So equation (1.6) gives 

X(tp) := dtpX = XP(dptp a )d a - (1.7) 

1.2.2 Differential of a map 

Let /: Mi — > M 2 be a differentiable map, x 6 Mi and X £ T X M\, i.e. X: R — > M\ with X(0) = x and 
X'(0) = X. We can consider the path Y = f o X in Mi. The tangent vector to this path is written df x X. 

Proposition 1.7. 

If f : Mi — > M2 is a differentiable map between two differentiable manifolds, the map 

df x :T x Mi^T f(x) M 2 X'(0) -» (/ o X)'(0) (1.8) 

is linear. 
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Proof. We consider local coordinates x: R™ — > Mi and y: R m — > M%. The maps /: Mi — > Mi and y 1 o / o 
x: R™ — > R™ 1 will sometimes be denoted by the same symbol /. We have (x^ 1 o X)(t) = (xi(t), . . . ,x n (t)) and 
(jr 1 o Y)(t) = (yi(xi(t), . . . ,x n (t), . . . ,y m (xi(t), . . . ,x n (t)), so that 

which can be written in a more matricial way under the form 



no) = (^(o)). 



da^- 

So in the parametrisations a; and y, the map df x is given by the matrix dy l /dxj which is well defined from the 
only given of /. □ 

Let x:U — » M and y : V — » M be two charts systems around p e M. Consider the path c(t) = x(0, . . . , t, . . . 0) 
where the t is at the position k. Then, with respect to these coordinates, 



df dc { _ df_ 
t=o dx l dt dx k ' 



so c'(0) = d/dx k . Here, implicitly, we wrote c l = (a; 1 ) 1 o c where (x l ) 1 is the ith component of a; 1 seen as 
element of IR™. We can make the same computation with the system y. With these abuse of notation, 

dx l ^ dx l dyi y ' ; 

as it can be seen by applying it on any function / : M — » R. More precisely if x : U — » M and y.U^M are 
two charts (let W be the intersection of the domains of a; and y), let / : M — » R and f = f ox, f = f oy. The 
action of the vector of the function / is given by 

where the right hand side is a real number that can be computed with usual analysis on R™. This real defines 
the left hand side. Now, / = / o y~ x o x, so that 

<jf_ = djfoy-'ox) = d]_dyi_ 
dx 1 dx % dyi dx % 

where is precisely what we write now by d y jf and must be understood as the derivative with respect 
to x l of the function (y" 1 o a;) : R™ — > R™. 

Let f:M^>N and g: N — > R; the definitions gives 

<*^[(W)(*(< r fg^. 

This shows that §^^f is (df x X)\ But rfX a /rft is what we should call X a in the decomposition X = X a d a 
then the matrix of df is given by . So we find back the old notion of differential. 

Remark 1.8. 

If X e T X M and f is a vector valued function on M, then one can define Xf by exactly the same expression. 
In this case, 

dfx = ±[f {v (t))] t __ r xf. 

A map /: Mi — > M 2 is an immersion at p e Mi if df p : T p Mi — > T^( p )M 2 is injective. It is a submersion 
if dfp is surjective. 

1.2.3 Tangent and cotangent bundle 

If M is a n dimensional manifold, as set the tangent bundle is the disjoint union of tangent spaces 

TM = [J T X M. 

xeM 
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Theorem 1.9. 

The tangent bundle admits a 2n dimensional manifold structure for which the projection 

7r : TM — > M T p M ^p (1.10) 

is a submersion. 

The structure is easy to guess. If ip a : U a — » M is a coordinate system on M (with W Q <z R"), we define 
ip a : U a x R™ — > TM by 



V>(zi, ■ --a;n,ai, ■ • • a n ) = V a, — 

v v ' V v ' Z - J OTi 

eWo eR" 1 



ip(xi,...,x„) 



The map ^ 1 o ^ is differentiable because 

. — r n ■ ^ 



y{x) 



which is a composition of differentiable maps. The set TM endowed with this structure is called the tangent 
bundle. 



1.2.4 Vector space structure on the tangent space 

If X, Y e T p M are tangent vectors, one can define X + Y and XX for every A e R. The second one is easy: 

d 



In order to define the sum of two vectors one has to consider a neighbourhood U of p in M and a chart ip: U — > O 
where O is an open set in R™. Then one consider a basis {ej}i^j^„ of R™ at the point <p(p). With these choices 
we define the "basis" path 

7i(t) =<f- 1 (te i ) (1.12) 

and we write 

a-ss-lk'^L- ,L13) 

The vectors di form a basis of T p M in the sense of the following lemma. 
Lemma 1.10. 

The action of a vector X e T p M on a function f : M — » R can be decomposed into 

n 

Xf = Y i X i {d i f) (1.14) 

Proof. Let 93 : M — » R™ be a chart of a neighbourhood of p with cp(p) = 0. We determine the value of Xi using 
the function 

fi(x) = (f(x)i, (1.15) 
that is the ith component of the point tp(x) e R n . Then if we write ip(X(t)) = V . a,j(t)ej we have 



*(/o = j t [Mm] t __ = fM a ^Lo = sHL = a * (0) - (L16a) 



3 

Notice that a,(0) = since -X"(0) = p and <p(p) = 0. The combination / o tp^ 1 is an usual function from R™ to 
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R, so that we can use the chain rule on it. The following computation thus make sense: 

d 



dt 
d_ 

dt 
d 

~dt 



2 



t = 



/(*(*))_ 



dx k 



=v(p)=o 



dt 

v v 



? « l( o,M ( „, 



Now using the definition of a derivative of a function R™ — » R and of the "basis" tangent vector dk, 



At the end of the day we have 



'(0) = ^[(/°^ 1 )(te fe ) 
= d k .f 

xf = 24(0)4/. 



t=o 



This lemma allows us to define the sum in T p M as 



2 X k d k + £ r fe 5 fe = £(X fe + n)3fc 



(1.17a) 
(1.17b) 
(1.17c) 

(1.17d) 
(1.17e) 

(1.18a) 
(1.18b) 

(1.19) 
□ 

(1.20) 



when Xk and are reals. 

The tangent space T p M is thus a vector space. 

1.2.5 Commutator of vector fields 

If X, Y e X(M), one can define the commutator [X, Y] in the following way. First remark that, if / : M — > R, 
the object X(f) is also a function from M to R by X(f)(x) = X x (f), so we can apply Y on X(f). The 
definition of [X, Y] x is 

[X,Y] x f = X x (Yf)-Y x (Xf). (1.21) 

UX = X'di andF = Yidj, then XY(f) = .\'r,(Y ' r,f) = .Y'r,V-'r,/ • .Y'V'r; 2 ,/. From symmetry 5?/ = 
the difference XYf - YXf is only X' l diY^ - Y l d l X^>, so that 

[X,YY = XY l -YX 1 (1.22) 

where X 1 and Y % are seen as functions from M to R. 

1.2.6 Some Leibnitz formulas 

See [1], chapter I, proposition 1.4. 
Lemma 1.11. 

// M and N are two manifolds, we have a canonical isomorphism 



T M (M xN)^T p M + T q N. 



Proof. A Z e Tr p ^(M x N) is the tangent vector to a curve (x(t), y(y)) in M x N. We can consider X e T p M 
given by X = x'(0) and Y e T g iV given by Y = y'(O). The isomorphism is the identification (X,Y) ~ Z. 
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Indeed, let us define X e T( pg j(M x N), the tangent vector to the curve (x(i),q), and Y e T^ pq ^{M x N), the 
tangent vector to the curve (p, y(t)). Then Z = X + Y because for any /: M x N — > R, 

= Xf + Yf. (1.23) 

t=o 

□ 

Proposition 1.12 (Leibnitz formula). 

Let us consider M, N, V , three manifold; a map tp : M x N —* V and a vector Z e T( P) g) (M x N) which 
corresponds (lemma 1.11) to (X,Y) e T p M + T q N . 

If we define tpi : M — > V and (p 2 ■ N — » V by <pi(p') = <p(p' , q) and ipi(q') = ¥?(p> <?')> we have the Leibnitz 
formula: 

dcp(Z) = dy x (X) + dtp 2 (Y). (1.24) 



Zf= Jt f(x(t),y(t)) 



dt 



/(*(*), y(o)) 



+ Jt f(x(0),y(t)) 



Proof. Since Z = X + Y, we just have to remark that 



dip(X) = ^<p(x(t),q) 



t=o 

so dcp(Z) = dip(X+Y) = dcpi(X) + dtp 2 (Y). □ 
One of the most important application of the Leibnitz rule is the corollary 4.6 on principal bundles. 

1.2.7 Cotangent bundle 

A form on a vector space V is a linear map a: V — » R. The set of all forms on V is denoted by V* and is 
called the dual space of V. On each point of a manifold, one can consider the tangent bundle which is a vector 
space. Then one can consider, for each x 6 M the dual space T*M := (T X M)* which is called the cotangent 
bundle. A 1-differential form on M is a smooth map u: M — * T*M such that oj x := lo(x) e T*M. So, for 
each x e M, we have a 1-form oj x : T X M — * R. 

Here, the smoothness is the fact that for any smooth vector field X e X(M), the map x — * oj x (X x ) is smooth 
as function on M. One often considers vector-valued forms. This is exactly the same, but ui x X x belongs to a 
certain vector space instead of R. The set of 1^-valued 1-forms on M is denoted by Q(M, V) and simply Q,(M) 
if V = R The cotangent space T*M of M at p is the dual space of T P M, i.e. the vector space of all the (real 
valued) linear 3 1-forms on T p M. In the coordinate system x:U^> M, we naturally use, on T*M, the dual 
basis of the basis {d/d x %, . . . d/d x t) of T p M. This dual basis is denoted by {dxi, . . . , dx n }, the definition being 
as usual: 

dx t (d 3 )=6j. (1.25) 

The notation comes from the fact that equation (1.25) describes the action of the differential of the projection 
Xi : U — > R on the vector 5 J . 

If (U a , tp a ) is a chart of M, then the maps 

(j) a : U a x R™ -> T*M (x, a) ^ a l dx % \ x (1.26) 

give to T*M a 2n dimensional manifold structure such that the canonical projection tt: T*M — > M is an 
immersion. 

When V is a finite-dimensional vector space, we denote by V* its dual 4 and we often use the identifications 
V ~ V* ~ T V V ~ T W V ~ T*V where v and w are any elements of V. Note however that there are no canonical 
isomorphism between these spaces, unless we consider some basis. 



1.2.8 Exterior algebra 

Here are some recall without proof about forms on vector space. If V is a vector space, we denote by A k V* the 
space of all the fc-form on V. We define a : A k V* x A l V* — > A k+l V* by 

(^ fe A V l )(vi, ■ ■ ■ , v k +i) = rjjj Yi s 9 n (< T ) UJ (v a{1) ,...,v a{k) )r](v a{k+1) ,v <Tik+1) ) (1.27) 

f eSk+i 

3 When we say a form, we will always mean a linear form. 
4 The vector space of all the linear map V —* R. 
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If {ei, . . . , e„} is a basis of V, the dual basis {a 1 , . . . , cr"} of is defined by a l (ej) = Sj. 
If J = {1 ^ i\ ^ . . . i). < n}, we write a 1 = a 11 a . . . er 4fc any fc-form can be decomposed as 



The exterior algebra is provided with the interior product denoted by i. It is defined by 

l(v ): A k W -> K k - l W 
{i(v )u))(vi, . . . ,Ufc_l) = cj(« ,fi, ■ ■ ■ 

1.2.9 Pull-back and push-forward 



(1.28) 



Let ip: M — » iV be a smooth map, a a fc-form on iV, and Y a vector field on N. Consider the map dip: T X M —> 
T V ( X )M. The aim is to extend it to a map from the tensor algebra of T X M to the one of T v mM. See [1] for 
precise definition of the tensor algebra. 

The pull-back of f on a fc-form a is the map 

tp*: fl k (N) -> fl k (M) 

defined by 

(dtp m vi,...,d(p m v k ) (1.29) 

for all m e M and v, e X(M ). 

Note the particular case k = 0. In this case, we take -instead of a- a function / : N — > R and the definition 
(1.29) gives ip*f: M -> R by 

The push-forward of 93 on a fc-form is the map 

n fe (M) -> n fc (iV) 
defined by tp, = (ip^ 1 )*. For t> e T n N, we explicitly have: 

(if*a) n (v) = a v -i (n) (dip' 1 v). 
Let now if: M — > iV be a diffeomorphism. The pull-back of on a vector field is the map 

ip* : X{N) -» X(M) 

defined by 

(¥>*y)(m) = [(c^- 1 )™ o F o ^(m), 

or 

(</?*!%-!(„) = (dv? _1 )„y„, 

for all n £ N and to e M. Notice that 

{dip^) n :T n N ^T^ 1(n) M, 

and that ip~ l (n) is well defined because if is an homeomorphism. 

The push-forward is, as before, defined by ip* = (y> -1 )*. In order to show how to manipulate these 
notations, let us prove the following equation: 

f*e = We- 

For ip: M —> N and Y in X(JV), we just defined ip* : X(N) -> X(M), by 

(ip*Y)^ (n) = (df-^Yn- (1.30) 

Take /: M -> TV; we want to compute /* = (/ _1 )* with : X(M) -» 3£(iV). Replacing the on the 

right places, the definition (1.30) gives us 



Uf^yx] =(d/) m x„ 

L J f (m) 



if X e X(Af), and to e M. 

We can rewrite it without any indices: the coherence of the spaces automatically impose the indices: 
(f~ 1 )*X = (df)X. It can also be rewritten as (/ _1 )* = df, and thus /* = df. From there to /*£ = (df)^, it is 
straightforward. 



20 



CHAPTER 1. GENERAL DIFFERENTIAL GEOMETRY 



1.2.10 Differential of k- forms 

The differential of a fc-form is defined by the following theorem. 
Theorem 1.13. 

Let M be a differ entiable manifold. Then for each fceN, there exists an unique map 

d: n k (M) -> n k+1 (M) 

such that 

(i) d is linear, 

(ii) for k = 0, we find back the d: C" X (M) -> fi<M) previously defined, 
(Hi) if f is a function and ui k a k-form, then 

d(foj k ) =df a uj k + fduj k , (1.31) 

(iv) d(oj k a rf) = duj k a rf + (-l) k uj k a drf , 

( v ) dod = Q. 

An explicit expression for dui k is actually given by 

dui k =Yj d ^i Adx 1 (1.32) 

if tu k = ^ojjdx 1 . An useful other way to write it is the following. If co is a fc-form and X%, . . . ,X p+ i some 
vector fields, 

p+i 

(k + l)dw(Xi, . . . , X p+1 ) = ^ (-l) i+1 XMX u ...X, X p+1 ) 

1=1 (1.33) 
+ Y J (-l) i+j uj([X i ,X j ],X 1 ,...,X i ,X j ,...,X p+1 ). 

i<j 

Let us show it with p = 1. Let lo = ujidx 1 and compute duj(X, Y) = diUJj(dx l a dx^)(X, Y). For this, we have to 
keep in mind that the d% acts only on cjj while, in equation (1.33), a term Xoj(Y) means -pointwise- the action 
of X on the function ui(Y) : M — > H. So we have to use Leibnitz formula: 

(d l uj j )X l Y j = {Xuj)Y 3 = X(uj j Y j )-uj :j XY j . 

On the other hand, we know that [X, Yf = XY 1 - YX\ so 

du)(X,Y) = Xuj(Y) -Yu)(X)-u([X,Y]). (1.34) 

1.2.10.1 Hodge operator 

Let us take a manifold M endowed with a metric g. We can define a map r: T*M — * T X M by, for a 6 T*M, 

(r(a), v) = a(v). 

for all v e T X M, where •) stands for the product given by the metric g. If we have a, ft e T*M, we can define 

(a,ft) = (r(a),r(ft)). 

With this, we define an inner product on A P (T*M): 

(a± a . . . a p , ftx A . . . ftp) = det<aii, ftj). 

v 

The Hodge operator is *: AP(T*M) K n - p (T*M) such that for any (f> e A P (T*M), 

(j) A (*V) = (4>, ip)n = Vldet^lda; 1 a . . . a dx n . (1.35) 
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1.2.10.2 Volume form and orientation 

Let M be a n dimensional smooth manifold. A volume form on M is a nowhere vanishing n-form and the 
manifold itself is said to be orientable if such a volume form exists. Two volume forms \x\ and /Z2 are describe 
the same orientation if there exists a function / > such that 5 /ii = //Ct2- 

Proposition 1.14. 

There exists only two orientations on a connected orientable manifold. 



Problem and misunderstanding 



Check if the statement of that proposition is correct. Find a reference. 

One says that the ordered basis (ui,- ■ ■ , v n ) of T X M is positively oriented with respect to the volume 
form fj, is fi x (vi, ■ ■ ■ ,v n ) > 0. 

1.2.11 Musical isomorphism 

In some literature, we find the symbols and oA What does it mean ? For X e X(M) and lo e Q 2 (M), the 
flat operation v" e Sl^M) is simply defined by the inner product: 

v° = i(v)uj (1.36) 
In the same way, we define the sharp operation by taking a 1-form a and defining a" by 

i(a t )uj = a. (1.37) 
An immediate property is, for all v e X(M), vft = v, and for all a e Q 1 (M), cA = w. 

1.2.12 Lie derivative 

Consider X e X(M) and a 6 fl p (M). Let <p t : M -» M be the flow of X. The Lie derivative of a is 



(1.38) 



t=o 



More explicitly, for x e M and » e TjM, 

(C x a) x {v) = lim i [(y*Qf)x('f ) - a x (v)] 
In the definition of the Lie derivative for a vector field, we need an extra minus sign: 

(£xY) x = —ip-t*Y<p t {x) 



(1.39) 



Why a minus sign ? Because Y Vt f x ) e T Vt r x ]M, but (dip-t)a ■ T a M — > T ip _ t ( a - ) M so that, if we want, <P-t*i^, t (a;) 
to be a vector at a;, we can't use i^t*. 

These two definitions can be embedded in only one. Let X e 3t(M) and <£>t its integral curve 6 . We know that 
ipt* is an isomorphism tp t * : T^-imM — > T X M . It can be extended to an isomorphism of the tensor algebras at 
ip^ 1 (x) and a;. We note it (pt- For all tensor field K on M, we define 

= fm[K x - (ip t K) x ]. 

On a Riemannian manifold (M,g), a vector field X is a Killing vector field if Cxg = 0. 
Lemma 1.15. 

Let f : (— e, e) x M — » H fee a differ entiable map with /(0, p) = /or all p e U . Then there exists g : (— e, e) x M —>■ 
R, a differ entiable map such that f(t,p) = tg(t,p) and 

.9(0, g) - 



5t 



t=o 



3 Recall that the space of n-forms is one-dimensional. 

3 i.e. for all x £ M, <£o( x ') = x an d ^Vii+t( x ')| ~ ^tp u {x)- 
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Proof. Take 



lo 8(ts) 

and use the change of variable s — > ts. □ 
Lemma 1.16. 

If (ft is the integral curve of X , for all function f: M — > H, i/iere raisfs a map g, gt(p) = g(t,p) such that 
f °<fit = / + tgt and g = Xf. 

Proof. Consider f(t,p) = f(<fit(p)) — f(p), and apply the lemma: 

f otpt = tg t (p) + f(p). 

Thus we have 

x f = Jim -[/(¥>t(p)) - /(p)] = ]™5t(p) = ffo(p)- 

□ 

One of the main properties of the Lie derivative is the following: 
Theorem 1.17. 

Let X, Y e X(M) and ift be the integral curve of X. Then 

[x,y] p = iimi[y-^y](^( P )), 

or 

C X Y=[X,Y]. 

Proof. Take / : M — * M and the function given by the lemma: gt : M — » R such that f o ip t = f + tg t and 
go = X/. Then put p(t) = ip^ 1 (p). The rest of the proof is a computation: 



(<Pt*Y) p f = Y(f o ipt) p ( t ) = (Yf) p (t) + t{Ygt) p (t)> 



Jim - t [Y p - (vt*Y) p ]f = lim ~[(F/) P - (F/) p(t) ] - \im(Y 9t)p(t) 

= x p (y/) - y p50 



(1.40) 



□ 



A second important property is 

Theorem 1.18. 

For any function f : M — * V , 

Cxf = Xf. 

Proof. If X(t) is the path which defines the vector X, it is obvious that at t = 0, X(t) is an integral curve to 
X, so that we can take X(t) instead of ipt in (1-38). Therefore we have: 



= Xf (1.41) 

t=o 



by definition of the action of a vector on a function. 

□ 



Chapter 2 

Lie groups and subgroups 



Most of this chapter come (often very directly) from [3] . Other sources are [6-9] . 
Do you know what is violet and commutative ? Answer in the footnote 1 . 

2.1 Lie groups 

A Lie group is a manifold G endowed with a group structure such that the inversion map i : G —> G, i(x) = x^ 1 
and the multiplication m: G xG — > G, m(x,y) = xy are differentiable. The Lie algebra of the Lie group G is 
the tangent space of G at the identity: Q = T e G. 

It is immediate to see that g >— >■ g~ x is a smooth homeomorphism and that, for any fixed go,gi, the maps 

9 <-> 9og, 
9 <-> 33o, 

9 >-> goggi 

are smooth homeomorphisms. When A a G, we define A -1 = {<? _1 st g e G}. 

2.1.1 Connected component of Lie groups 
Proposition 2.1. 

If G is a connected Lie group and IA, a neighbourhood of the identity e, then G is generated by IA in the sense 
that V<? 6 G, there exists a finite number of gi elA such that 

g = gi ■ ■ -9n- 

Notice that the number n is function of g in general. 

Proof. Eventually passing to a subset, we can suppose that IA is open. In this case, U^ 1 is open because it is 
the image of IA under the homeomorphism g i— > g^ 1 . Now we consider V = IA n lA^ 1 . The main property of this 
set is that V = V~ x . Let 

[V] = {gi...g„ st g t e V}; 

we will prove that [V] = G by proving that it is closed and open in G (the fact that G is connected then 
concludes) . 

We begin by openness of [V]. Let go = g\ ■ ■ • g n e [V]. We know that goV is open because the multiplication 
by go is an homeomorphism. It is clear that goV a [V] and that go = goe e goV. Hence go e goV c [V]. It 
proves that [V] is open because goV is a neighbourhood of go i n \V ~\. 

We now turn our attention to the closeness of [V]. Let h e [V]. The set hV is an open set which contains 
h and hV n [V] because an open which contains an element of the closure of a set intersects the set (it is 
almost the definition of the closure). Let go e hV n [V]. There exists a hi e V such that go = hh\. For this hi, 
we have hh\ = go = fll ■ * ■ <7m an d therefore 

h = g x ---g n K{ Y e [V]. 

This proves that h e [V] because h^ 1 e V from the fact that V = V~ x . □ 

Remark that this proof emphasises the topological aspect of a Lie group: the differential structure was only 
used to prove thinks like that A^ 1 is open when A is open. 

abelian grape ! 
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Proposition 2.2. 

Let G be a Lie group and Go, the identity component of G. We have the following: 
(i) Go is an open invariant subgroup of G, 
(ii) Go is a Lie group, 

(Hi) the connected components of G are lateral classes of Go- More specifically, if x belongs to the connected 
component G\, then G\ = xGo = Gox. 

Proof. We know that when Mi is open in the manifold M, one can put on Mi a differential structure of manifold 
of same dimension as M with the induced topology. Since Go is open, it is a smooth manifold. In order for Go 
to be a Lie group, we have to prove that it is stable under the inversion and that gh e Go whenever g, h e Go- 

First, Gg -1 is connected because it is homeomorphic to Go in G. The element e belongs to the intersection of 
Go and Gq , so Go u Gq 1 is connected as non-disjoint union of connected sets. Hence Go u Gq 1 = Go and we 
conclude that Gq 1 c Go- The set GoGo is connected because it is the image of Go x Go under the multiplication 
map, but e e GoGq, so GoGq £ Go and Go is thus closed for the multiplication. Hence Go is a Lie group. 

For all x e G, we have e = xex^ 1 e xGox^ 1 , but xGox^ 1 is connected. Hence xGox^ 1 c Go, which proves 
that Go is an invariant subset of G. 

Lateral classes xGo are connected because the left multiplication is an homeomorphism. They are moreover 
maximal connected subsets because, if xGo c H (proper inclusion) with a connected H, then Go c: x^H (still 
proper inclusion). But the definition of Go is that this proper inclusion is impossible. Therefore, the sets of the 
form xGo are maximally connected sets. It is clear that u ge agGo = G. 

Notice that the last point works with Gqx too. □ 



2.2 Two words about Lie algebra 
2.2.1 The Lie algebra of SU(n) 

Let consider G = SU(n); the elements are complexes n x n matrices U such that UW = 1 and detU = 1. An 
element of the Lie algebra is given by a path u : 1R — » G in the group with u(0) = 1. Since for all t, u(t)u(ty~ = 1, 



= ![«(*)«(*) 

= U <Nlo + lN 
= [d t u(t)]l + [d t u(t)]. 



t=o 



t (0)t 



(2-1) 



So a general element of the Lie algebra su(n) is an anti-hermitian matrix. 

An element of SU(n) has also a determinant equal to 1. What condition does it implies on the elements of 
the Lie algebra ? If g (t) is a path in SU(n) with g(0) = 1 we have 



det 



fgu(t) gu(t) ...\ 

/2l(*) 522 (t) 



V 



gu(t)M n (t) + g 12 (t)Mi 2 (t) + 



'■J 



where My is the minor of g. If we derive the left hand side we get 

sii(0)Mn(0) +511(0^(0) +5i 2 (0)M 12 (0) + 5 i2(0)M{ 2 (0) + . .. 



(2.2) 



(2.3) 



where the numbers g'^ (0) are the matrix entries of the tangent matrix, that is the matrix elements of a general 
element in su(n). Since g(0) = 1 we have Mn(0) = 1, <7n(0) = 1, Mi 2 (0) = and 312(0) = 0. Thus we have 



(detfl)'(O) =Xn +M 11 (0) 



(2.4) 



where X = g'(0). By induction we found that the trace of X appears. Thus the elements of su(n) have vanishing 
trace. 



2.2.2 What is g- l dg ? 

The expression g~ x dg is often written in the physical literature. In our framework, the way to gives a sense to 
this expression is to consider it pointwise acting on a tangent vector. More precisely, the framework is the data 
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of a manifold M, a Lie group G and a map g: M — » G. Pointwise, we have to apply g(x)~ 1 dg x to a tangent 
vector v e T X M. 

Note that dg x : T X M — » T g ^G # T e G, so But the product g(x)~ 1 dg x v is defined by 

gixy^v = ^[ffW _1 5(«(*))] t=0 e (2.5) 
2.2.3 Invariant vector fields 

If G is a Lie group, a vector field X e r ,x (TG) is left invariant if 

(dL g )X = X. (2.6) 

To each element X in the Lie algebra Q, we have an associated left invariant vector field given on the point 
g e G by the path 

X g (t)=ge tx . (2.7) 
In the same way, we associate a right invariant given by 

X g (t) = e tx g (2.8) 

The invariance means that (dLh) g X g = Xh g and {dRh) g X g = X g h- The invariant vector fields are important 
because they carry the structure of the tangent space at identity (the Lie algebra) . More precisely we have the 
following result: 

Theorem 2.3. 

The map X — > X e is a bijection between the left invariant vector fields on a Lie group and its Lie algebra T e G. 

Invariant vector fields are also often used in order to transport a structure from the identity of a Lie group 
to the whole group by A g (X g ) = A e (dL g -iX g ) where A e is some structure and X g , a vector at g. 

Proposition 2.4. 

Let G be a Lie group and Q the vector space of its left invariant vector fields. 



f i) The map 

Q: — > T e G 



(2.9) 



X I— > X e 
is a vector space isomorphism. 

(ii) We have [G,G] c Q and Q is a Lie algebra. Here, the commutator is the bracket of vector fields. 

Proof. No proof. □ 

2.2.4 Invariant vector field 

A vector field X on a Lie group G is left invariant if dL g (X) = X for every g e G. Here L g : G —> G is the 
left translation defined by L g (h) = gh. More explicitly, the left invariance is expressed by 

j t [ 9 X h (t)] t __ r X gh (2.10) 

where Xh(t) is the path defining the tangent vector Xh e T^G. 

We want to prove that the vector space of left invariant vector fields is isomorphic to the tangent vector 
space T e G to G at identity. If X e T e G, we introduce the left invariant vector field X L = dLX, more explicitly: 

d 



x ° = jtl^Lo- (2 - n) 



Then we consider ax ■ I — * G the integral curve of maximal length to X L trough X e . Here, I is the interval on 
which ax is defined. This is the solution of 

J t [ a x(to+t)] t=o = X ax(to) (2.12a) 

a x (0) = e. (2.12b) 



2G 
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Proposition 2.5. 

Let X e T e G. The integral curve has 1R as domain and for every s, t e 1R, 

a x (s + t) =a x (s)a x (t). (2.13) 
Proof. Let a be any integral curve for X L and y e G. If we put a\(t) = ya(t), we have 

d 



dt 



ai(t) =X£, (2.14) 
Jt=o 



so that «i is an integral curve for X L trough the point y. 

Let now / be the maximal domain of ax, and t\ e I. If we set x\ = ax(ti), the path 

ai(t) = xia x (t) (2.15) 

is an integral curve of X L trough X\ and has the same maximal definition domain /. On the other hand, the 
maximal integral curve starting at e being ax, the maximal integral curve starting at dxifx) is 

a 2 :t^a x (t + h). (2.16) 

Its domain is I — t\, but since it starts at x±, it has to be the same as a\, then I c / — tj which proves that 
I = R. 

For each s and £ in R, the maximal integral curve starting at ax(s) can be written as 

c(t) = a x (s)a x (t) (2.17) 

as well as 

d(t) = a x (s + t), (2.18) 

so again by unicity, ax(s +t) = ax(s)ax(t). □ 

2.2.5 Integral curve and exponential 

If ax is the integral curve to X L , we define the exponential 

exp: T e G — > G 

2.19 

X»a x (l). 

This definition works on Lie groups thanks to the group structure that allows to build a natural vector field 
X L from the data of a single vector X . On general manifolds, one has not a notion of exponential. However, if 
one has a Riemannian manifold, one consider the geodesic. 

In the case of groups for which the Killing form defines a scalar product, the notion of exponential associated 
with the Riemannian structure propagated from the Killing form coincides with the definition (2.19). 

2.2.6 Adjoint map 

The ideas of this short note comes from [10]. A more traumatic definition of the adjoint group can be found 
in [3], chapter II, §5. Let G be a Lie group, and Q, its Lie algebra. We define the adjoint map at the point 
x e G by 

Ad x :G^G 

(2 ' 20) 

Ada, y = xyx 

Then we define 

Ad x := (dAd x ) e : Q -» Q- 

the chain rule applied on Ad^j, = Ad^ o Ad y leads to Ad xy = Ad x o Ad y , and thus we can see Ad as a group 
homomorphism Ad: G — > GL(Q), Ad(x) = Ad x . 

Definition 2.6. 

This homomorphism is the adjoint representation of the group G in the vector space Q . 
Finally, we define 

ad:=d(Ad)i-.g ^L(g,g) 

where we identify TiGL(Q) with L(Q, Q). 
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Lemma 2.7. 

If f: G — > G is an automorphism of G (i.e.: f(xy) = f(x)f(y)), then df e is an automorphism of Q: df[X, Y] 
[dfX,dfY] 

Proof. First, remark that f(Ad x y) = Adj^ f(y). Now, Ad x X = (d Ad x ) e X , so that one can compute: 

df(Ad x X) = j t [f(Ad x X(t))] t=o 

= |[Ad /(x) /(X(*)) 

= (d Ad f (x) ) f(e) dfX 
= Ad /(x) dfX. 

On the other hand, we need to understand how does the ad work. 



(2.21) 



adXY 



dt 



Ad x(t 



(0 



t -o Y =dt[ M ^ Y 



i=0 



because Adx(t) '■ G G is linear, so that Y can enter the derivation (for this, we identify Q and TxG)- Since 
Adx(t) Y is a path in Q the true space is 



(adX)r = -[Ad x(t) y 



(adX)y = - 



For the same reason of linearity, df can get in the derivative in the expression <i/j| |^ Adx(t) Y~^ . Thus 

d 

df 
d 

",. ' '' ,A(,ii 

d 

= &d(dfX)dfY 
= [dfX,dfY] 

because f(X(t)) is a path which gives dfX. 



df(Ad x(t) Y) 

I dfY 
Jt=o 



| Ad /(*(< 



(2.22) 



□ 



One can show that [X, Y] is tangent to the curve 

c(t) = e 



Lemma 2.8. 

In tte case of Lie algebra, the bracket is given by the derivative of the adjoint action: 

d_ 

dt 



[Ad(e tx )Y] t _ Q = [X,Y] 



(2.23) 



(2.24) 



Proof. Let us make [X, Y] e act on a function /. Using the definition (1.39) and the property of theorem 1.17, 
we have 

[X,Y]J = ±\(d V X t )Y] J 



dt 
d_ 

dt 
d 

~dt 



[(^),f(e)(%(e))] 4=() / 
Y etX ■ (/ o )" 



(2.25) 



Now, we use the fact that, by definition, <pf (x) = xe , so that ipi (e ) = e e and we get 



[X,Y] e f 



d v d 
dt Yds 
d r d 

dt Y ds 



[/<*WV))]J M 

[/<.-w«>]J M 



d 
d 



/(e' Ad " > r ) 



(2.26) 



□ 
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2.3 Fundamental vector field 

If Q is the Lie algebra of a Lie group G acting on a manifold M (the action of g on x being denoted by x ■ g), 
the fundamental vector field associated with A e Q is given by 

A* = 4" \x ■ e~ 
dt L 

We always suppose that the action is effective. If the action of G is transitive, the fundamental vectors at point 
x e M form a basis of T X M. More precisely, we have the 

Lemma 2.9. 

For any v e T X M , there exists a Ae Q such that v = A*, in other terms 

Span{A* st A eg} = T X M. 



(2.27) 



Proof. The vector v is given by a path v(t) in M. Since the action is transitive, one can write v(t) = x ■ c{t) for 
a certain path c in G which fulfills c(0) = e. We have to show that v depends only on c'(0) e Q. We consider 



R: G x M — » M 
i?(p,x) = x -g, 



(2.28) 



so 



« = !H c W' x )] t=0 = dfl(^)[(dtc(*).«) + (c(0),x)]. (2.29) 

□ 



Lemma 2.10. 

If A, B e Q are such that A* = B* , and if the action is effective, then A = B. 
Proof. We consider once again the map (2.28) and we look at 

keeping in mind that c{t) = e~ tA . In order to treat this expression, we define 



R 1 :G^M, Ri(h) = R(h,x), (2.30a) 
R 2 :M^M, R 2 (y) = R(g, y). (2.30b) 



So 

v = dRi(X) + dR 2 {0) = dR lC '(0) 



tA„-tB\ 



and the assumption A* = B* becomes dR\A = dR\B. This makes, for small enough t, R\{e e 
x ■ e tA e~ tB = X] if the action is effective, it imposes A = B. □ 

Lemma 2.11. 

If we consider the action of a matrix group, R g acts on the fundamental field by 



dR g {AD = (MorV)! 



Proof. Just notice that e - tAd < 9 ^ A = Ad g -i( e - tA ) = g^e^g, thus 

(AdGT 1 )^ = l^.ge-^- 1 ^ = ,/./?, ;l Mf). (2.311 



□ 
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2.4 Exponential map 

A topological group is a group G equipped with a topological structure such that the maps (x, y) e G 2 — > 
xy e G and x 6 G — > x _1 e G are continuous. 

Remark 2.12. 

From the existence of an unique inverse for any element of G, the multiplication and the inversion are also open 
maps. 

A Lie group is a group G which is in the same times an analytic manifold such that the group operations 
(multiplication and inverse) are analytic. In particular, we do not suppose that they are diffeomorphism. 

The concept of normal neighbourhood will be widely used for the study of the relations between a Lie group 
and its algebra. Let M be a differentiable manifold. If V is a neighbourhood of zero in T p M on which the 
exponential exp p : T p M — » M is a diffeomorphism, then exp p V is normal neighbourhood of p. 

Lemma 2.13. 

Let G, H be two Lie groups with algebras Q and H. Let <j>: G — > H be a homomorphism differentiable at e, the 
unit in G. Then for all X e Q , the following formula holds: 

0(exp X) = exp(d<f> e X), 

It can be found in [10]. 

Proposition 2.14. 

Let G be a connected Lie group. 

(i) All the left invariant vector fields are complete. That means that the map X >— > e x is defined for every 

x e g. 

(ii) The map exp: Q —> G is a local diffeomorphism in a neighbourhood of in Q. 

Proof. (i) The flow is a one parameter subgroup. Thus if e tx is defined for t e [0, a], by composition, e 2a is 
defined. So e tx is defined for every value of t in R. 

(ii) Let us consider the manifold G x Q and the vector field S defined by 

^ (g , x) =X g ®Q€T g (G)®T x g ^T {9tX) (Gxg). (2.32) 
The flow of that vector field is given by 

$ t (g,X)=(geMtX),X). (2.33) 
In particular, H is a complete vector field, and we consider the global diffeomorphism 

$i:Gx$-»Gx6 

2.34 

(g,X)~(gexp(X),X). 

On the point (e,X) we have $i(e, X) = (exp(A), X). Thus the exponential is the projection on the first 
component of $i(e,X) and we can write 

exp(A) = pr x o$i(e, X). (2.35) 

It is a smooth function since both the projection and $i are smooth. 

Now, the differential (dexp)o is the identity on Q, so that the theorem of inverse function makes exp a 
local diffeomorphism. 

□ 

Theorem 2.15. 

For any p 6 M , there exist a S > and a neighbourhood W of p in M such that for every q e W , we have 

• exp g is a diffeomorphism on B§(0) c T q M , 

• exp 9 B$ (0) contains W 

This theorem says that everywhere on a differentiable manifold, one can find a neighbourhood which is a 
normal neighbourhood of each of its points. Such a neighbourhood is said a totally normal neighbourhood. 
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Lemma 2.16. 

In a Lie group, e is an isolated fixed point for the inversion. 

Proof. One can use an exponential map in a neighbourhood of e. In this neighbourhood, an element g can be 
written as g = e x for a certain X e g. The equality g = g~ x gives (because the exponential is a diffeomorphism) 
X = —X } so that X = and g = e. □ 

Lemma 2.17. 

Let g be a Lie algebra and A, a linear operator on g (see as a common vector space) such that Mt e R, the map 
e tA is an automorphism of g. Then A is a derivation of g. 

Proof. Let us consider X, Y e g; the assumption is 

e tA [X,Y] = [e tA X,e tA Y]. 

Since e tA is a linear map, it has a "good behavior" with the derivations: 

Using on the other hand the linearity of ad, we can see 

(&d(e tA X))(e tA Y) 

as a product "matrix times vector". Then 



^-([e tA X,e tA Y]) = ^-((ade tA X)Y) + ^ ( (adX)(e tA Y)) , x 

dt\ L ' J A=o dtV ' )t=o dtV n ')t=a (2.36) 

= (sidAX)Y + (ad X)(AY). 



Finally, A[X,Y] = [AX,Y] + [X, AY]. 

As notational convention, if G and H are Lie groups, their Lie algebra are denoted by q and [). 



□ 



Lemma 2.18. 

Let g be a Lie algebra ans s be a subset of g. The algebra of the group generated by e s is the algebra generated 
by S. 



2.5 Lie subgroup 



Definition 2.19. 

Let G be a Lie group. A submanifold H of G is a Lie subgroup of G when 
(i) as group, H is a subgroup ofG, 
(ii) H is a topological group. 
Remark 2.20. 

The definition doesn't include that H has the same topology as G (or the induced one). In some literature, the 
definition of a Lie subgroup include the fact for H to be a topological subgroup. This choice make some proofs 
much easier and others more difficult; be careful when you try to compare different texts. 

Lemma 2.21. 

A Lie subgroup is a Lie group. 
(without proof) 

Theorem 2.22. 

If G is a Lie group, then 

(i) iffy is the Lie algebra of a Lie subgroup H of G, then it is a subalgebra of g, 
(ii) Any subalgebra of g is the Lie algebra of one and only one connected Lie subgroup of G. 



Problem and misunderstanding 



2. 



A mon avis, il faut dire "connexe et simplement connexe ", et non juste "connexe ". 
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Proof. First item. Let i : H — » G be the identity map; it is a homomorphism from H to G, thus di e is a 
homomorphism from () to g. Conclusion: t) is a subalgebra of g. 

Characterization for fj. Before to go on with the second point, we derive an important characterization of f) 
: formula (2.37). Consider exp H : F) — > H and exp G : g — > G; from unicity of the exponential, for any X e f), 
exp^ X = exp G X, so that one can simply write "exp" instead of "exp^" or "exp G ". 

Now, if X e f), the map t — > expiX is a curve in iJ. But it is not immediately clear that such a curve in H is 
automatically build from a vector in f) rather than in g. More precisely, consider & X e g such that t — > exptX 
is a path (continuous curve) in H. By lemma 1.4, the map t — » exptX is differentiable and thus by derivation, 
X e f). Up to here we had shown that 

t) = {X e g : the map t — * exptX is a path in H}. (2.37) 

Thus f) is a Lie subalgebra of g. 

Second item. For the second part, we consider f) any subalgebra of g and H , the smallest subgroup of G which 
contains exp (). We also consider a basis {Xl, . . . , X„} of g such that {X r+ i, . . . , X„} is a basis of f). 

By corollary 3.204, the set of linear combinations of elements of the form X(M) with M = (0, . . . , 0, m r+ i, . . . , m r ) 
form a subalgebra of U(g). If X = x\Xi + . . . + x n X n , we define \X\ = {x\ + . . . + x 2 n )^ 2 (x ( e R). 

Let us consider a S > such that exp is a diffeomorphism (normal neighbourhood) from Bg = {X e g : 
\X\ < 5} to a neighbourhood 7V e of e 6 G and such that Vx, y, e 7V e , 

(xy) k = J] Cf (2.38) 

M,N 

holds 2 . We note V = exp(f) n B$) c N e . The map 

exp(a; r+ iX r+ i + ... +x n X n ) (x r +i, ■ ■ • , x n ) 

is a coordinate system on V for which U is a connected manifold. But t) n B$ is & submanifold of B$, then V 
is a submanifold of N e and consequently of G. 

Let x, y e V such that xy e iV e (this exist: x = y = e); the canonical coordinates of x?/ are given by 
(2.38). Since x k = yk = for 1 ^ fc ^ r, (xy)k = for the same because for (xy)k to be non zero, one need 
mi = . . . = m r = rix = . . . = n r = - otherwise, x M or is zero. Now we looks at C^ N for such a k (say 
fc = 1 to fix ideas) : [k] = (Su, . . . , <5u.) = (1, 0, . . . , 0) and by definition of the C's, 

X(M)X(N)=Y 1 Cf IN X(P). 
p 

But we had seen that the set of the X(A) with A = (0, . . . , 0, a r+ i, . . . , a„) form a subalgebra of {7 (g). Then, 
only terms with P = (0, . . . , 0,p r+ i, . . . ,p n ) are present in the sum; in particular, gJSL = for k = 1, . . . , r. 
Thus ^nJV e cy. 

The next step is to consider V, the set of all the subset of H whose contains a neighbourhood of e in V . We 
can check that this fulfils the six axioms of a topological group : 

(i) The intersection of two elements of V is in V; 

(ii) the intersection of all the elements of V is {e}; 

(iii) any subset of H which contains a set of V is in V; 

(iv) If U e V, there exists a U\ e V such that U\U\ a U because V V n N e cV; 

(v) if U e V, then U -1 e V because the inverse map is differentiable and transforms a neighbourhood of e into 
a neighbourhood of e; 

(vi) if U e V and h e i? , then Wi/i" 1 e V. 

To see this last item, we denote by log the inverse map of exp: B$ — > AT e . By definition of V, it sends V 
on f) n Bs- If X e g, there exists one and only one X' e g such that he tx h^ 1 = e tx for any feR. Indeed we 
know that he x hr x = e AdhX , then X' must satisfy e tx = e Adhtx . If it is true for any t, then, by derivation, 
X' = Ad h X. 

The map X — » X' is an automorphism of g which sent f) on itself. So one can find a 5i with < 5% < S such 
that 

hexp(B$ 1 n f))/i _1 c V. 



2 The validity of this second condition is assured during the proof of theorem 3.206 which is not given here. 
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Indeed, he^h^ 1 c f), so that taking Si < 8, we get the strict inclusion. We can choose Si even smaller to satisfy 
he Bs ^h^ 1 c N e . Since the map X —> \og(he x h^ 1 ) from -B,5 in [, to Bg n f) is regular, the image of Bg 1 n f) is 
a neighbourhood of in 1). Thus he Bs ^h~ x is a neighbourhood of e in V. Finally, hUh^ 1 e V and the last 
axiom of a topological group is checked. 

This is important because there exists a topology on H such that H becomes a topological group and V is 
a family of neighbourhood of e in H . In particular, V is a neighbourhood of e in H . 

For any z e G, we define the map 4> z : zN e — > Bs by 

z (ze* lJfl+ - +!B »*») = (a*, . . . , x n ), (2.39) 

and we denote by ip z the restriction of <f> z to zV. If z e _ff , then y> z sends the neighbourhood zV^ of z in iJ to 
the open set Bs n f) in R™ _r . Indeed, an element of is a ze z with Z 6 [) n 5,5 which is sent by ^ to an 
element of () n B^. (we just have to identify £1X1 + . . . + x n X n with (xi, . . . , x n )). 

Moreover, if Zi,z 2 e H, the map ip Zl o is the restriction to an open subset of \) of <^ Zl o <f> Z2 . Then 
</? Zl o t^" 1 is diffcrentiable. Conclusion: (_ff, tp z : z e H) is a differentiablc manifold. 

Recall that the definition of f) was to be a subalgebra of jj; therefore V = e l,nSa is a submanifold of G. But 
the left translations are diffcomorphism of H and H is the smallest subgroup of G containing e^. Thus iJ is a 
manifold on which the multiplication is diffcomorphic and consequently, H is a Lie subgroup of G. 

Rest to prove that the Lie algebra of H is () and the unicity part of the theorem. 

We know that dim H = dimf) and moreover for i > r, the map t — > exptXi is a curve in H. Now, the fact 
that f) is the set of X e q such that £ — > exptX is a path in H show that X, e (). Then the Lie algebra of H is 
f) and H is a connected group because it is generated by exp f) which is a connected neighbourhood of e in H . 

We turn our attention to the unicity part. Let Hi be a connected Lie subgroup of G such that T e H\ = f). 
Since exp^ X = exp^ X, H = Hi as set. But exp is a differentiable diffeomorphism from a neighbourhood of 
in 1) to a neighbourhood of e in H and Hi, so as Lie groups, H and i?i are the same. 

□ 



We state a corollary without proof : 
Corollary 2.23. 

If Hi and H 2 are two Lie subgroups of the Lie group G such that Hi = H 2 as topological groups, then Hi = H 2 
as Lie groups. 

Proposition 2.24. 

Let Gi and G 2 be two Lie groups with same Lie algebra such that tt (Gi) = 7To(G2) and 7Ti(Gi) = -Ki(G 2 ), then 
G\ and G 2 are isomorphic. 

Proof. The assumptions of equality of Lie algebras and of the n make that the universal covering Gi and G 2 
of Gi and G 2 are the same. But we know that Gi = Gi/-K\{Gi). Now equality 7Ti(Gi) = tti(G 2 ) concludes that 
C. f/j. □ 

Lemma 2.25. 

Let g admit a direct sum decomposition (as vector space) g = m © n. Then there exists open and bounded 
neighbourhoods U m and U n of in m and n such that the map 

4>: U m xU n ^ G (A, B) ^ e A e B (2.40) 

is a diffeomorphism between U m x U n and an open neighbourhood of e in G. 

Proof. Let {Xi, . . . , X n } be a basis of g such that I, e m for 1 ^ i ^ r and Xj e n for r < j ^ n. We consider 
{ti, . . . ,t n ], the canonical coordinates of exp(xiXi + . . . +x r X r ) exp(x r+ iX r+ i + . . . + x n X n ) in this coordinate 
system. By properties of the exponential, the function tpj defined by tj = fj{x\, . . . ,x n ) is differentiable at 
(0, . . . , 0). If Xi = SijS, then ti = 5ijs and the Jacobian of 

d((fl,...,tp n ) 

d(xi, ...,x n ) 

is 1 for xi = . . . = x n = 0. Thus dip e is a diffeomorphism and so ip is a locally diffeomorphic. □ 
Theorem 2.26. 

Let G be a Lie group whose Lie algebra is g and H, a closed subgroup (not specially a Lie subgroup) of G. Then 
there exists one and only one analytic structure on H for which H is a topological Lie subgroup of G. 
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Remark 2.27. 

A topological Lie subgroup is stronger that a common Lie subgroup because it needs to be a topological subgroup: 
it must carry exactly the induced topology. In our definition of a Lie group, this feature doesn't appears. 

Proof. Let f) be the subspace of g defined by 

f) = {X e g st W e R, e tx e if}. (2.41) 

We begin to show that f) is a subalgebra of g; i.e. to show that t{X + Y) £ t) and t 2 [X, Y] e (j if X, Y e f). 
Remark that lei) and sel implies sX e f). Consider now X, Y e f) and the classical formula : 

t t \" i 2 1 

exp(-X)e X p(-r) = exp(i(X + F) + — [X,Y]+o(-j )), (2.42a) 
n n J In n z 

cxp(--X)exp(--F)exp(-X)exp(-y)^ = exp ft 2 \X,Y] + o(—) \ . (2.42b) 
n n n n J V n J 

The left hand side of these equations are in if for any n; but, since if is closed, it keeps in if when n — > oo. 
The right hand side, at the limit, is just exp(t(X + Y)) and exp(t 2 [X,Y~\), which keeps in if for any t. Thus 
X + Y and [X, Y] belong to f). The space t) is thus a Lie subalgebra of g. 

Let if* be the connected Lie subgroup of G whose Lie algebra is f) (existence and unicity from 2.22). From 
the proof of theorem 2.22, we know that if* is the smallest subgroup of G containing exp f), then it is made up 
from products and inverses of elements of the type e x with X e f), and thus is is included in if by definition of 
f). So, if* <z if. 

We will show that if we put on if* the induced topology from G and if H denotes the identity component 
of if , then if* = H as topological groups. For this, we first have to show the equality as set and then prove 
that if N is a neighbourhood of e in if*, then it is a neighbourhood of e in Hq. In facts, the equality as set 
can be derives from this second fact. Indeed, since H is a connected topological group, it is generated by any 
neighbourhood of e, so if one can show that any neighbourhood N of e in if* is a neighbourhood of e in H, 
then H* is a neighbourhood of e in H and then 7J should be generated by if*, so that ffo c if* (as set). 
Moreover, the most general element of if * is product and inverse of e x with I e [) and is connected to e by 
the path e tx (t: 1 — > 0). Then if* <z if , and if* = ffo as set. Immediately, if* = ffo as topological groups 
from our assertion about neighbourhoods of e. Let us now prove it. 

We consider a neighbourhood N of e in if * and suppose that this is not a neighbourhood of e in if. Thus 
there exists a sequence Ck e H\N such that Ck — > e in the sense of the topology on G. Indeed, a neighbourhood 
of e in the sense of if must contains at least a point which is not in N because if we have an open set of if 
around e included in TV, then iV is a neighbourhood of e for if. So we consider a suitable sequence of such open 
set around e and one element not in TV in each of them. There is the Cfc's 3 . 

Using lemma 2.25 with a decomposition = f) © m (i.e. m : a complementary for \) for g), one can find 
sequences Ak e U m and B & e £i„ such that 

c k = e Ak e Bk . 

Here, U m is an open neighbourhood of in m and lAh, an open neighbourhood of in fj. 

As e Bk e N and Ck e H\N, A k ¥= and limA^ = limfffc = (because (A, B) — * e A e B is a diffeomorphism 
and e°e° = e - and also because all is continuous and thus has a good behaviour with respect to the limit). The 
set lAm is open and bounded -this is a part of the lemma. Then there exist a sequence of positive reals numbers 
rfc e such that r^A^ e U m and (r k + V)Af. $ U m . We know that U m is a bounded open subset of the vector 
space m, then the whole sequences r^A^ and (r^ + l)Ak are in a compact domain of m. Then -by eventually 
considering subsequences- there are no problems to consider limits of these sequences in m : r^Ak — » A 6 m 
(not necessary in U m ). Since Ak — * 0, the point A is the common limit of r k Ak 6 U m and of (r/s + l)Ak $ U m . 
Thus A is in the boundary ofU m ; in particular, A # 0. 

On the other hand, consider two integers j?, g with g > 0. One can find sequences Sk,tk 6 N and ^ tk < q 
such that prk = qsk + th- It is clear that 

lim — A k = 0, (2.43) 

fe-»oo q 

thus 

P P^k 

exp - A = lim exp Ak = lim(exp Ak) Sk , 

g a 

which belongs to if. By continuity, exptA e if for any t 6 R and finally A 6 f); this contradict ^4 ^ so that 
A e m (because by definition, Ae m and the sum g = f) ©m is direct). 

By its definition, H* has an analytic structure of Lie subgroup of G; but we had just proved that the induced 
topology from G is the one of ffo which by definition is a submanifold of G. So the set ffo = if* becomes 



3 Je crois qu'on utilise I'axiome du choix. 
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a submanifold of G whose topology is compatible with the analytic structure: thus it is a Lie subgroup of G. 
From analyticity, this structure is extended to the whole H. 



Problem and misunderstanding 3. 

Est-ce bien vrai, tout ga ? En particulier, je n'utilise pas que Hq est ouvert dans H (ce qui est un tho de topo 
classique : je ne vois pas pourquoi Helgason fait tout un cinema -que je ne comprends pas- dessus). En prenant 
N = H* , on a juste demontre que Hq est un voisinage de e dans H , mais ga, on le savait bien avant. 

The unicity part comes from the corollary 2.23. □ 

With the notations and the structure of theorem 2.26, the subgroup H is discrete if and only if f) = {0}. 
Indeed, recall the definition (2.41) : 

f) = {X e : Vf e H,e tx e H), 
and the fact that there exists a neighbourhood of e in H on which the exponential map is a diffcomorphism. 

Remark 2.28. 

This fact should not be placed after the following lemma. In fact, we use here just the existence of normal neigh- 
bourhood (which is a common result) while the following lemma gives much more than normal neighbourhood. 

The lemma (without proof) : 

Lemma 2.29. 

Let G be a Lie group and H, a Lie subgroup of G (q and f) are the corresponding Lie algebras). If H is a 
topological subspace of G (cf remark 2.20), then there exists an open neighbourhood V of Q in Q such that 

(i) exp is a diffeomorphism between V and an open neighbourhood of e in G, 

(ii) exp(V n h) = (cxpV) n H. 



Now a theorem with proof. 
Theorem 2.30. 

Let G and H be two Lie groups and ip: G — > H a continuous homomorphism. Then ip is analytic. 

Proof. The Lie algebra of the product manifold G x H as g x f) is given in 1.11. We define 

K = {(g,<p(g)) : g e G} c G x H. (2.44) 

It is clear that K is closed in G x H because G is closed and ip is continuous. By theorem 2.26, there exists 
an unique differentiable structure on G x H such that if is a topological Lie subgroup of G x H (i.e. : Lie 
subgroup + induced topology). The Lie algebra of K is 

t = {{X, Y) e g x t) : Vi e R, (e tx , e tY ) e K}. (2.45) 

Let No be an open neighbourhood of in f) such that exp is diffeomorphic between No and an open neighbour- 
hood N e of e in H. We define Mq and M e in the same way, for G instead of H. We can suppose ip(M e ) a N e : 
if it is not, we consider a smaller M e : the openness of N e and the continuity of <p make it coherent. 
The lemma 2.29 allow us to consider Mq and Nq small enough to say that 

exp : (Mo x Nq) n I -» (M e x N e ) n K 

is diffeomorphic. Now, we are going to show that for any leg, there exists an unique Yet) such that (X, Y) e {. 
The unicity is easy: consider (X, Y\), (X, Y%) 6 t; then (0, li — Y2) e 6 (because a Lie algebra is a vector space). 
Then the definition of £ makes for any t e R, (e,exp£(!i — Y2)) 6 K. Consequently, expt(Yi — Y2) = <fi(e) = e 
and then Y 1 -Y 2 = 0. 

In order to show the existence, let us consider a r > such that X r = (l/r)X keeps in Mq. This exists 
because the sequence X r — » (then it comes Mq from a certain r). From the definitions, exp is diffeomorphic 
between Mo and M e , then expXr e M e and <p(expX r ) e N e because ip(M e ) a N e . 

From this, there exists an unique Y r e iVo such that expl^ = ip(expX r ) and an unique Z r e (Mo x Nq) n £ 
satisfying exp Z r = (exp X r , exp Y r ). But exp is bijective from Mo x Nq, so that Z r = (X r ,Y r ) and we can 
choose Y = rY r as a Y e F) such that (X,Y) e 5 (it is not really a choice: the unicity was previously shown). 
We denotes by ip : — > t) the map which gives the unique Yet} associated with X e g such that (X, Y) e t. 
This is a homomorphism between and rj. 
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By definition, (X,ip(X)) e £, i.e. (exp tX, exp tip (X)) e K or 

tp(exptX) = expttp(X). (2.46) 

Let us now consider a basis {X\, . . . , X n } of g. Since tp is a homomorphism, 

^((expiiXi)(expt 2 X 2 ) . . . (expi„X„)) = ( exp tii>{Xi)) . . . (expt n ip(X n )) (2.47) 

Now, we apply lemma 2.25 on the decomposition of g into the n subspace spanned by the n vector basis (this 
is n applications of the lemma), the map 

(expiiXi) . . . (expt n X n ) -> (t x , . . . ,t n ) 

is a coordinate system around e in G. In this case, the relation (2.47) shows that tp is differentiable at e. Then 
it is differentiable anywhere in G. □ 

Proposition 2.31. 

Let G be a Lie group and H, a Lie subgroup of G (g and f) are the corresponding Lie algebras). We suppose 
that H has at most a countable number of connected components. Then 

f) = {X e g : Vi e R,e* x e H} (2.48) 

Proof. We will once again use the lemma 2.25 with n = f) and m, a complementary vector space of t) in g. We 
define 

V = expU m expUh 

where U m and Uh are the sets given by the lemma. We consider on V the induced topology from G. If we define 

A = {A e Um : e A e H}, 

we have 

H n V = [J e A e Uh . (2.49) 

First, the definition of V makes clear that the elements of the form exp A exp Uh are in V . They are also in H 
because exp A e H (definition of A) and exp% still by definition. In order to see the inverse inclusion, let us 
consider a h e H nV. We know that 

(A, B) exp A exp B (2.50) 

is a diffeomorphism between U m x % and a neighbourhood of e in G which we called V. Thus any element 
of V (a fortiori in V n 7J) can be written as exp A exp I? with A e W m and B 6%. Then /i = e^e s for some 
A e U m , B e Uh. Since 7? is a group and e B e in order the product to belongs to H, e A must lies in H : 
Ae A. 

Remark 2.32. 

Note that since (2.50) is diffeomorphic, the union in right hand side of (2.49) is disjoint. Each member of this 
union is a neighbourhood in H because it is a set hexpUh where expUh is a neighbourhood of e in H. 

Now we consider the map ir : V — » U m , 

n(e x e Y ) = X 

if X e U m and Y eUh- This is a continuous map which sends H n V into A. The identity component of H n V 
(in the sense of topology of V) is sent to a countable subset oiU m . Indeed by remark 2.32, identity component 
of H n V is only one of the terms in the union (2.49), namely A = 0. But we know that 7r _1 (o) = expUh, thus 
exp Uh is the identity component of H n V for the topology of V. 

Let us consider & X e g such that exp tX e H for any tel, and the map <p: R — > G, ip(t) = exp tX. This is 
continuous, then there exists a connected neighbourhood U of in IR such that <p(U) c V. Then tp(U) a H nV 
and the connectedness of (p(U) makes ip(U) c expUh- But cxpUh is an arbitrary small neighbourhood of e in 
H; the conclusion is that tp is a continuous map from R into H. Indeed, we had chosen X such that exptX e H. 

Moreover, we know that 

e (t +e)X = e toX e eX^ 

but expeX can be as close to e as we want (this proves the continuity at to). Then tp is a path in H. 

In definitive, we had shown that exptX e H implies that t — » exptX is a path. Now equation (2.37) gives 
the thesis. 

□ 
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Corollary 2.33. 

Let G be a Lie group and Hi, Hi, two subgroups both having a finite number of connected components (each for 
his own topology). If Hi = H2 as sets, then Hi = H2 as Lie groups. 

Proof. The proposition shows that Hi and H2 have same Lie algebra. But any Lie subalgebra of g is the Lie 
algebra of exactly one connected subgroup of G (theorem 2.22). Then as Lie groups, Hi = i?2o- Since Hi 
and H2 are topological groups, the equality of they topology on one connected component gives the equality 
everywhere (because translations are differentiable) . □ 

Definition 2.34. 

A differentiable subgroup is a connected Lie subgroup. 
Corollary 2.35. 

Let G be a Lie group, and K , H two differentiable subgroups of G. We suppose K a H . Then K is a 
differentiable subgroup of the Lie group H . 

Proof. The Lie algebras of K and H are respectively denoted by t and t). We denote by K* the differentiable 
subgroup of H which has t as Lie algebra. The differentiable subgroups K and K* have same Lie algebra, and 
then coincide as Lie groups. □ 

Consider the group T = S 1 x S 1 and the continuous map 7 : 1R — » T given by 

7 (i) = (e rf ,e lQt ) 

with a certain irrational a in such a manner that 7 is injective and T = 7(H) is dense in T. 

The subset L is not closed because his complementary in T is not open: any neighbourhood of element p e T 
which don't lie in T contains some elements of T. We will show that the inclusion map l: T — > T is continuous. 
An open subset of T is somethings like 

= (e lU ,e tV ) 
where U, V are open subsets of R. It is clear that 

L~ x {0) = {y(t) st t e U + 2fc7r, at e V + 2mir}, 

but the set of elements t of R which satisfies it is clearly open. Then T has at least the induced topology from 
T (as shown in proposition 1.3). In fact, the own topology of T is more than the induced: the open subsets of 
L whose are just some small segments clearly doesn't appear in the induced topology. Thus the present case is 
an example (and not a counter-example) of the next theorem at page 36. 

This example show the importance of the condition for a topological subspace to have exactly the induced 
topology. If not, any Lie subgroup were a topological Lie subgroup because a submanifold has at least the 
induced topology. We will go further with this example after the proof. 

Theorem 2.36. 

Let G be a Lie group and H, a Lie subgroup of G. 

(i) If H is a topological Lie subgroup of G, then it is closed in G, 

(ii) If H has at most a countable number of connected components and is closed in G, then H is a topological 
subgroup of G. 

Proof. First point. It is sufficient to prove that if a sequence h n e H converges (in G) to g e G, then g e H 
(this is almost the definition of a closed subset). We consider V, a neighbourhood of in g such that 

• exp is diffeomorphic between V and an open neighbourhood of e in G, 

• exp(y n h) = (cxpV) n H. 

This exists by the lemma 2.29; we can suppose that V is bounded. Consider U, an open neighbourhood of in 
g contained in V such that exp — U expU a exp V. 

Since h n — > g, there exists a N e N such that n ^ N implies h n e gexpU (i.e h n is the product of g by an 
element rather close to e; since the multiplication is differentiable, the notion of "not so far" is good to express 
the convergence notion). From now we only consider such elements in the sequence. So, hj^h n e (exp V) n H 
(n > N) because 

hTf h n e exp —Ug^gexpU cz expV. 
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(note that H is a group, then h~ x e H) From the second point of the definition of V, there exists a X n e V nfy 
such that h~^h n = expX n for any n ^ N. 

Since V in bounded, there exists a subsequence out of (Xi) (which is also called Xi) converging to a certain 
Z e g. But f) is closed in g because it is a vector subspace (we are in a finite dimensional case), then Z e f) and 
thus the sequence (hi) converges to hn exp Z\ therefore g e H. 

Second point. The subgroup H is closed in G and has a countable number of connected component. Since H 
is closed, theorem 2.26 it has an analytics structure for which it is a topological Lie subgroup of G. We denotes 
by H' this Lie group. 

The identity map /: H — > H 1 is continuous (see error ??). Thus any connected component of H is contained 
in a connected component of H', the it has only a countable number of connected components. By corollary 
2.23, H = H 1 as Lie group. 

□ 

Now we take back our example with G = S 1 x S 1 , H = 7(H). In this case, the theorem doesn't works. Let 
us see why as deep as possible. We have q = R © R = R 2 and f) = R, a one-dimensional vector subspace of 
0. (t) is a "direction " in g) First, we build the neighbourhood V of in g. It is standard to require that exp 
is diffeomorphic between V and an open around (1, 1) 6 S 1 xS 1 . It also must satisfy e ynf ' = e v n H . This 
second requirement is impossible. 

Intuitively. We can see fcgasa little disk tangent to the torus. The exponential map deposits it on the 
torus, as well that e v covers a little area on G. Then e v n H is one of these amazing open subset of T which 
are dense in a certain domain of G. 

On the other hand, V n [) is just a little vector in f); the exponential deposits it on a small line in G. This 
is not the same at all. Then lemma 2.29 fails in our case. Let us review the proof of this lemma until we find a 
problem. 

Let Wq egbea neighbourhood of which is in bijection with an open around e in G. We consider Nq, an 
open subset of H such that Nq c Wq and No is in bijection with N e , a neighbourhood of e in G. Until here, no 
problems. But now the proof says that there exists an open U e in G such that N e = U e n H. This is false in 
our case. Indeed, N e = e N ° is just a segment in G while any subset of G of the form U e n H is an "amazing" 
open. 

So we see that deeply, the obstruction for a Lie subgroup to be a topological Lie subgroup resides in the fact 
that the topology of a submanifold is more than the induced topology, so that we can't automatically find the 
open U e in G. 
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Chapter 3 

Lie algebras 



Sources [8, 9, 11-14]. 
Definition 3.1. 

A Lie algebra is a vector space g on K(= R,€) endowed with a bilinear operation (x,y) i— > [x, y\ from q x q 
with the properties 

(i) [x,y] = -[y,x] 

(ii) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0. 
The second condition is the Jacobi identity. 

3.1 Adjoint group 

Let a be a real Lie algebra. We denote by GL(a) the group of all the nonsingular endomorphism of o : the 
linear and nondegenerate operators on o as vector space. An element a e GL(a) does not specially fulfils 
somethings like o-[X, Y] = [aX,aY]. The Lie algebra gl(a) is the vector space of the endomorphism (without 
non degeneracy condition) endowed with the usual bracket (&dA)B = [A, B] = A a B — B a A. The map 
X — > a.dX is a homomorphism from a to the subalgebra ad(a) of g[(a). 

The group Int(a) is the analytic Lie subgroup of GL(a) whose Lie algebra is ad(a) by theorem 2.22. This is 
the adjoint group of o. 

Proposition 3.2. 

The group Aut(o) of all the automorphism of a is a closed subgroup o/GL(a). 

Proof. The property which distinguish the elements in Aut(o) from the "commons" elements of GL(a) is the 
preserving of structure: f[A, B] = [ipA,(pB]. These are equalities, and we know that a subset of a manifold 
which is given by some equalities is closed. □ 

Now, theorem 2.26 provides us an unique analytic structure on Aut(o) in which it is a topological Lie 
subgroup of GL(a). From now we only consider this structure. We denote by d(a) the Lie algebra of Aut(a) : 
this is the set of the endomorphism D of a such that W e R, e tD 6 Aut(a). By differencing the equality 



e tD [X,Y] = [e tD X,e tD Y] 



(3.1) 



with respect to t, we see 



1 that D is a derivation of a : 



D[X, Y] = [DX, Y] + [X, DY] 



(3.2) 



for any X , Yea. Conversely, consider D, any derivation of a; by induction, 




i+j = k 



(3.3) 



As usual, if we consider a basis of o as vector space, the expression in the right hand side of 

[e tD X,e tD Y] =8.d(e tD X)e tD X 



can be seen as a product matrix times vector, so that Leibnitz works. 
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where by convention, D° is the identity in a. This relation shows that D fulfils condition (3.1), so that any 
derivation of a lies in d(a). Then 

d(a) = {derivations of a}. 



The Jacobi identities show that 
From this, we deduce : 



ad(a) <z d(a). 



Int(a) c Aut(o). (3.4) 

(cf. error ??) Indeed the group Int(a) being connected, it is generated 2 by any neighbourhood of e; note that 
Aut(a) has not specially this property. We take a neighbourhood of e in Int(a) under the form expl^ where 
V is a sufficiently small neighbourhood of in ad(a) to be a neighbourhood of in d(a) on which exp is a 
diffeomorphism. In this case, expV c Aut(o) and then Int(o) c Aut(a). 

Elements of ad(a) are the inner derivations while the ones of Int(a) are the inner automorphism. 

Let O be an open subset of Aut(a); for a certain open subset U of GL(a), O = U n Aut(a). Then 

r^O) = O n Int(a) = U n Aut(a) n Int(a) = U n Int(a). (3.5) 

The subset U n Int(a) is open in Int(a) for the topology because Int(a) is a Lie 3 subgroup of GL(o) and thus 
has at least the induced topology. This proves that the inclusion map t: Int(a) — * Aut(a) is continuous. 

The lemma 1.4 and the consequence below makes Int(ct) a Lie subgroup of Aut(o). Indeed Int(a) and Aut(a) 
are both submanifolds of GL(o) which satisfy (3.4). By definition, Aut(a) has the induced topology from 
GL(a). Then Int(a) is a submanifold of Aut(a). This is also a subgroup and a topological group (Int(a) is not 
a topological subgroup of Aut(a), cf remark 2.20). Then Int(a) is a Lie subgroup of Aut(ct). 

Schematically, links between Intg, adg, Autg and dg are 

Intg< — adg (3.6a) 
Autg — > dg. (3.6b) 

Remark that the sense of the arrows is important. By definition dg is the Lie algebra of Autg, then there exist 
some algebras g and g' with Aut g Autg' but with dg = dg', because the equality of two Lie algebras doesn't 
implies the equality of the groups. The case of Intg and adg is very different: the group is defined from the 
algebra, so that adg = adg' implies Intg = Intg' and Intg = Intg' if and only if adg = adg'. 

Proposition 3.3. 

The group Int(a) is a normal subgroup o/Aut(a). 

Proof. Let us consider a s e Aut(o). The map a s : Aut(o) — » Aut(a), a s (g) = sgs^ 1 is an automorphism of 
Aut (a). Indeed, consider g, h e Aut(a); direct computations show that a s (gh) = a s (g)a s (h) and [a s (g), a s (h)] = 
<7 S ([<7, h]). From this, (da s ) e is an automorphism of d(a), the Lie algebra of Aut(a). For any D e d(a) we have 

(da s ) e D = ^sD^s- 1 ] ^sDs- 1 . (3.7) 



Since s is an automorphism of a and ad(o), a subalgebra of gl(o), 

sadAs" 1 = ad(sA) (3.8) 

for any X e a, s e Aut(a). Since ad(o) a d(a), we can write (3.7) with D = &dX and put it in (3.8) : 

(dcr) e ad X = s ad As -1 = ad(s ■ X). 

We know from general theory of linear operators on vector spaces that if A, B are endomorphism of a vector 
space and if A -1 exists, then Ae B A~ 1 = e ABA . We write it with A = s and B = ad X : 

adX adX -1 s&dXs' 1 adfs-X) 

<7. s ■ e = se s = e = e y ', 



sot that 



e adX _ e ad(sX) 



(3.9) 

Ont the other hand, we know that Int(o) is connected, so it is generated by elements of the form e adx 
for X e o. Then Int(a) is a normal subgroup of Aut(a); the automorphism s of a induces the isomorphism 
g — > sgs -1 in Int(a) because of equation (3.9). □ 



See proposition 2.1 
3 Is it true ?? 
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More generally, if s is an isomorphism from a Lie algebra o to a Lie algebra b, then the map g — * sgs^ 1 
is an isomorphism between Aut(o) and Aut(b) which sends Int(o) to Int(b). Indeed, consider an isomorphism 
s: a —> b and g e Aut(a). If g e Int(o), we have to see that sgs^ 1 e Int(b). By definition, Int(a) is the analytic 
subgroup of GL(o) which has ad(a) as Lie algebra. We have g = e adA , then sgs -1 = e ad ( Sj4 ) which lies well in 
Int(b). 

Lemma 3.4. 

The adjoint map is an homomorphism ad: g — » GL(g). In other terms for every X, Y e g we have 

[ad(X),ad(Y)] = ad([X,Y]) (3.10) 

as operators on g. In particular the algebra acts on itself and g carries a representation of each of its subalgebra. 

Proof. Using the fact that ad(X) is a derivation and Jacobi, for Z e g we have 

[ad(X),ad(y)]Z = &d(X)&d(Y)Z - ad(F) ad(X)Z (3.11a) 
= [[X,Y],Z] + [Y,[X,Z]]-[[Y,X],Z]-[X,[Y,Z]] (3.11b) 
= &d([X,Y])Z. (3.11c) 

□ 



3.2 Adjoint representation 

Let G be a Lie group and g e G; one can consider the map I: G x G —> G given by I(g)h = ghg~ x . Seen as 
1(g) : G — > G, this is an analytic automorphism of G. We define : 

Ad( 5 ) = dl(g) e . 

Using equation <p(exp X) = exp dip e (X) with ip = 1(g), 

ge x g- 1 = exp[Ad( ff )X] (3.12) 

for every g e G and Xeg. The map g — > Ad(g) is a homomorphism from G to GL(g). This homomorphism is 
called the adjoint representation of G. 

Proposition 3.5. 

The adjoint representation is analytic. 

Proof. We have to prove that for any leg and for any linear map uj: q — »■ R, the function uj(Ad(g)X) is 
analytic at g = e. Indeed if we take as uj , the projection to the zth component and X as the jth basis vector 
(g seen as a vector space), and if we see the product Ad(g)X as a product matrix times vector, (Ad(g)X)i is 
just Ad(g)ij. Then our supposition is the analyticity of g — » Ad(g)ij at g = e. 

Now we prove it. Consider / e C' X (G), analytic at g = e and such that Yf = co(Y) for any Y e g. Using 
equation (3.12), 



u,(Ad(g)X) = (Ad(g)X)f = | [/(e 4 Ad(9)X )] t _ Q = ^[f ^ tX 9^)\ =q , (3.13) 

which is well analytic at g = e. □ 
Proposition 3.6. 

Let G be a connected Lie group and H, an analytic subgroup of G. Then H is a normal subgroup of G if and 
only if fj is an ideal in g . 

Proof. We consider X, Y e g. Formula exp t X exp tY exp — tY = exp(tY +t 2 [X, Y] +o(t 3 )) and equation (3.12) 
give 

exp (Ad(e tx )ty) = exp (tY + t 2 [X, Y] + o(t 3 )^j . 
Since it is true for any X,Y e g, Ad(e tx )tY = tY + t 2 [X, Y]; thus 

Ad(e tx ) = l+t[X,Y]+o(t 2 ). (3.14) 



d 



'L'analicite de Ad, el le vient par prolongement analytique depuis juste un point ? 
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Since we know that dAd e : g — > gi(g) is a homomorphism (Ad is seen as a map Ad: G — > GL(rj)), taking the 
derivative of the last equation with respect to t gives 

dAd e pO=adA. (3.15) 

Then Ad(e x ) = e adx . Since is connected, an element of G can be written as exp X for a certain leg 5 . The 
purpose is to prove that gexpXg -1 = exp(Ad(g)A) remains in H for any g e G if and only if f) is an ideal in g. 
In other words, we want Ad(g)X e t) if and only if f) is an ideal. We can write g = e Y for a certain Y e g. Thus 

Ad( 5 )A = Ad(e Y )X = e &dY X. 

Using the expansion 



A' 

we have the thesis. 

□ 

Lemma 3.7. 

Let G be a connected Lie group with Lie algebra g. If (p: G — > X is an analytic homomorphism (X is a Lie 
group with Lie algebra pj, then 

(i) The kernel cp (e) is a topological Lie subgroup of G; his algebra is the kernel of dtp e . 
(ii) The image <p(G) is a Lie subgroup of X whose Lie algebra is dip(g) a y. 

(Hi) The quotient group G/ip^ 1 (e) with his canonical analytic structure is a Lie group. The map gtp^ 1 (e) >— » 
<p(g) is an analytic isomorphism G/tp^ 1 (e) — > (f(G). In particular the map ip: G — > <p(G) is analytic. 



Proof. First item. We know that a subgroup H closed in G admits an unique analytic structure such that H 
becomes a topological Lie subgroup of G. This is the case of t^ _1 (e). We know that Z e g belongs to the Lie 
algebra of <^ _1 (e) if and only if tp(ex.ptZ) = e for any t e R. But ip(exptZ) = exp(td<p(Z)) = e if and only if 
dtp(Z) =0. 

Second item. Consider X±, the analytic subgroup of X whose Lie algebra is dip(g). The group <p(G) is generated 
by the elements of the form (p(exp Z) for Z e g. The group Xi is generated by the exp(d<pZ). Because of lemma 
2.13, these two are the same. Then <p(G) = X\ and their Lie algebras are the same. 

Third item. We consider H, a closed normal subgroup of G; this is a topological subgroup and the quotient 
G/H has an unique analytic structure such that the map G x G/H — * G/H, (g, [x]) — > [gx] is analytic. We 
consider a decomposition g = f) © m and we looks at the restriction i/j : m — > G of the exponential. Then there 
exists a neighbourhood U of in m which is homomorphically send by rj) into an open neighbourhood of e in G 
and such that 7r: G — » G/H sends homomorphically tp(U) to a neighbourhood of po e G/H (cf. lemma ??). 
We consider U, the interior of U and B = tp(U). The following diagram is commutative : 

GxG/H ^G/H (3.17) 

G/H x G/H 

with [x]) = [g~ x x], (tt x I)(g, [x]) = ([g], [x]) and a([g], [x]) = Indeed, 

a o (tt x I)(g, [x]) = a([g], [x]) = [g^x]. 

In order to see that a is well defined, remark that if [h] = [g] and [y] = [x] [<? _1 x] = because H is a 

normal subgroup of G. 

Now, we consider go,xo 6 G and the restriction of (tt x /) to (goB) x (G/H). Since tt is homeomorphic on 
ip(U) and B = ip(U), on goB, n is a diffeomorphism (because the multiplication is diffcomorphic as well) 



Problem and misunderstanding 4. 

Why is the ix a diffeomorphism ? I understand why it is qn homeomorphism, but no more. This is related to 
problem ??. 



5 Because G is generated by any neighbourhood of e and there exists such a neighbourhood of e which is diffcomorphic to a 
subset of g by exp. 
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This diffeomorphism maps to a neighbourhood N of ([go], [xo]) in G/H x G/H . From the commutativity, 
we know that a = $ o (ir x I) , so that a is analytic. Consequently, G/H is a Lie group. On N, a is analytic, 
then a(N) is analytic. 

All this is for a closed normal subgroup H of G. Now we consider H = (p~ 1 (e) and f), the Lie algebra of H . 
From the first item, we know that the Lie algebra of H is the kernel of dip : (] = d(^ _1 (0) which is an ideal in g. 

From the second point, the Lie algebra of G/H is d7r(g) which is isomorphic to g/f); the bijection is 
r y(dTr(X)) = [X] e g/f). In order to prove the injectivity, let us consider 7(A) = 7(B); A = g?7t(X), B = dir(Y). 
The condition is [X] = [Y]; thus it is clear that dn(X) = dniY) 

Let us consider on the other hand the map Z + f) — » dip(Z) for Z e g 6 . In other words, the map is 
[Z] —> dip(Z). This is an isomorphism g/t) — > dip(g), which gives a local isomorphism between G/H and <£>(G). 
This local isomorphism is [<?] — > tp(g) for 5 in a certain neighbourhood of e in G. 

Since [g] — > tp(g) has a differential which is an isomorphism, this is analytic at e. Then it is analytic 
everywhere. 

□ 

Corollary 3.8. 

If G is a connected Lie group and if Z is the center of G, then 

(i) Ad<3 is an analytic homomorphism from G to Int(G), with kernel Z , 

(ii) the map [g] — > Adc(g) is an analytic isomorphism from G/Z to Int(g) (the class [g] is taken with respect 
toZ). 



Proof. First item. A connected Lie group is generated by a neighbourhood of identity, and any element of a 
suitable such neighbourhood can be written as the exponential of an element in the Lie algebra. So Int(g) is 
generated by elements of the form exp(adA) = Ad(exp X); this shows that Int(g) <z Ad(G). In order to find 
the kernel, we have to see Ad^ 1 (e) by the formula 

e^)x =ge x g -\ 

We have to find the g e G such that MX e g, Adc(g)X = X. We taking the exponential of the two sides and 
using (3.12), 

ge x g- 1 = e x . (3.18) 
Then g must commute with any e x e G : in other words, g is in the kernel of G. 

Second item. This is contained in lemma 3.7. Indeed G is connected and we had just proved that Adg : G — > 
Int(g) with kernel Z; the third item of lemma 3.7 makes G/Z a Lie group and the map [g] — > Ada(g) an analytic 
isomorphism from G/Z to Adc(G) = Int(g). □ 

Lemma 3.9. 

Let G\ and G2 be two locally isomorphic connected Lie groups with trivial center (i.e. gi = g2 = g and 
Z(Gi) = {e}). In this case, we have G\ = Gi = Int(g) where Intg stands for the group of internal automorphism 
of 3- 

Proof. We denote by Go the group Intg. The adjoint actions Ad^ : Gi — > Go are both surjective because of 
corollary 3.8. Let us give an alternative proof for injectivity. Let Z\ = ker(Adi) = {g e Gi st Ad(g)X = 
X, MX e g}. Since Gi is connected, it is generated by any neighbourhood of the identity in the sense of 
proposition 2.1; let Vq be such a neighbourhood. Taking eventually a subset we can suppose that Vq is a normal 
coordinate system. So we have 

fexp^pOgr 1 = exp gi (A) 

for every X e Vq. Using proposition 2.1 we deduce that gxg -1 = x for every x 6 Gi, thus g e Z(Gi). That 
proves that ker(Adi) <z Z(Gi). The assumption of triviality of Z(Gi) concludes injectivity of Adj. □ 

Corollary 3.10. 

Let q be a real Lie algebra with center {0}. Then the center o/Int(g) is only composed of the identity. 

Proof. We note G' = Int(g) and Z his center; ad is the adjoint representation of g and Ad', ad', the ones of G' 
and ad(g) respectively. We consider the map 6: G'/Z — » Int(ad(g)), #([<?]) = Ad'(g). By the second item of the 
corollary 3.8, [g] — > Adc(g) is an analytic homomorphism from G' to Int(g') where g' is the Lie algebra of G'; 
this is ad(g). So 9: G'/Z — > Int(g') is isomorphic. 

Now we consider the map s: g — > ad(g), s(X) = ad(AT); this is an isomorphism. We also consider S: G' —> 
GL(ad(g)), S(g) = s o g o s" 1 . The Lie algebra of S(G') is ad(g') = ad (ad(g)). Then S(G') is the subset 



Note that g and f) are not groups; by [X], we mean [X] — {X + h st h £ f)}. 
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of GL(adg) whose Lie algebra is ad (adg), i.e. exactly Int(adg). So S is an isomorphism S: G' — > Int(adg). 
From all this, 

S(e adx ) = soe adx os- 1 = e ad '( adx ) = Ad'(e adx ). (3.19) 

With this equality, S^ 1 o 9: G'/Z — > G' is an isomorphism which sends [g] on g for any g e Z. Then Z can't 
contains anything else than the identity. □ 

If we relax the assumptions of the trivial center, we have a counter-example with q = R 3 and the commu- 
tations relation 

[X U X 2 ] = X 3 , [X U X 3 ] = [X 2 ,X 3 ] = 0. 

The group Int(fl) is abelian; then his center is the whole group, although g is not abelian. 

Note that two groups which have the same Lie algebra are not necessarily isomorphic. For example the 
sphere S 2 and R 2 both have R 2 as Lie algebra. But two groups with same Lie algebra are locally the same. 
More precisely, we have the following lemma. 

Lemma 3.11. 

If G is a Lie group and H , a topological subgroup of G with the same Lie algebra (t) = q), then there exists a 
common neighbourhood A of e of G and G on which the products in G and H are the same. 

Proof. The exponential is a diffeomorphism between [/eg and V a G and between U' c f) and W a H 
(obvious notations). We consider an open Ocl) such that O a U a U' . The exponential is diffcomorphic from 
O to a certain open A in G and H. Since H is a subgroup of G, the product e x e Y of elements in A is the same 
for H and G. (cf error ??) □ 

Under the same assumptions, we can say that H contains at least the whole Go because it is generated by 
any neighbourhood of the identity. Since H is a subgroup, the products keep in H . 

For a semisimple Lie group, the Lie algebras c*(g) and ad(g) are the same. Then Int(g) contains at least the 
identity component of Aut(g). Since Int(g) is connected, for a semisimple group, it is the identity component 
of Aut(fl). 

3.3 Killing form 

The Killing form of Q is the symmetric bilinear form : 

B{X,Y) = Tr{&AX o adF). (3.20) 

It is invariant in the sense of 

B ((ad S)X, Y) = -B (X, (ad S)Y) , (3.21) 

VA, Y, SeG. 
Proposition 3.12. 

// ip: Q — > Q is an automorphism of Q, then 

B(<p(X),<p(X))=B(X,Y). 



Proof. The fact that ip is an automorphism of Q is written as <p o ad X = &d(ip(X)) o ip, or 

&d(tp(X)) = ip o&dX o ip- 1 . 

Then 

Tr(ad(</?(A)) o ad(y(Y))) = Tr(<£ oadlo p~ x o^adVo P~ V ) 

= Tr(adAoadF). ( ' ' 

□ 

Remark 3.13. 

The Killing 2-form is a map B : Q x Q — » R. When we say that it is preserved by a map f:G^>G, we mean 
that it is preserved by df : B(df-,df-) = B (■,■). 



An other important property of the Killing form is its bi-invariance. 
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Theorem 3.14. 

The Killing form is bi-invariant on G. 
Remark 3.15. 

The Killing form is a priori only defined on Q = T e G. For A, B e T g G, one naturally defines 

B g (A, B) = B(dL g -iA, dL g -iB). (3.23) 
This assures the left invariance of B. Now we prove the right invariance. 
Proof of theorem 3.14- Because of the left invariance, 

B(dR g X,dR g Y) = B{dL g -idR g X,dL g -idRgY) = B(Ad g -i X,M g -i Y). 
But Ad 9 -i = d(Adg-i) and Ad g i is an automorphism of G. Thus by lemma 2.7 and proposition 3.12, 

B(Ad(g~ 1 )X,Ad(g~ 1 )Y)=B(X,Y). (3.24) 

□ 

Lemma 3.16. 

Let g be a Lie algebra and i an ideal in g. Let B : g x g — > IR be the Killing form on g and B' : i x i — » R, the 
one of i. Then B' = -B|i X i, i.e. the Killing form on g descent to the ideal i. 

Proof. If W is a subspace of a (finite dimensional) vector space V and <j>: V — > W and endomorphism, then 
Tr0 = Tr(0|w). Indeed, if {Xi, . . . ,X n } is a basis of V such that {Xi, . . . ,X r } is a basis of W, the matrix 
element <j)kk is zero for k > r. Then 

n r 

Tr = ^ 0ii = XI ^" = ^(^Iw)- 

Now consider X, Y e i; (adX o adF) is an endomorphism of g which sends g to i (because i is an ideal). 
Then 

B'(X,Y) = Tr ((&dX oady)|t) =Tr(adXoadT) = B(X,Y). 

□ 

We are not going to (not completely) prove an useful formula for some matrix algebras: B(X,Y) = 
2nTi(XY) (proposition 3.17). We follow [15]. We consider a simple subalgebra g of gl(V) for a certain 
vector space V and a nondegenerate ad-invariant symmetric 2-form /. Then there exists a S 6 GL(g) such that 

f{X,Y) =B(SX,Y) (3.25a) 
B(SX, Y) = B(X, SY). (3.25b) 

If we consider a basis of g, we can write f(X, Y) (and the Killing) in a matricial form 7 as 

f(X, Y) = fijX^, B(X, Y) = ByPP. 

Since B is nondegenerate, we can define the matrix (_B y ) by B^Bjk = 81. It is easy to see that the searched 
endomorphism of g is given by SjJ = fkjB^ 1 . 

Using the invariance (3.21) of the Killing form and (3.25b), we find 

B((adX oS)Y,Z) = -B((S o ad X)Z,Y) 

for any X, Y, Z e g. Now using (3.25a), 

f((S- 1 oadXaS)Y,Z)=-f((adX)Z,Y) = f ((ad Z)X,Y) = f (Z, (ad X)Y) . (3.26) 

Since / is nondegenerate, we find adXo5 = SoadX. It follows from Schurs'lemma that S = XI. Note that 
f(X,Y) = XB(X,Y); this proves a certain unicity of the Killing form relatively to his invariance properties. 

Now we consider f(X,Y) = Tr(XY). This is symmetric because of the cyclic invariance of the trace and 
this is ad-invariant because of the formula Tr([et, 6]c) = Tr(a[6, c]) which holds for any matrices a, 6, c. 

The newt step is to show that / is nondegenerate; we define 

q 1 - = {X e g st f(X, Y) = VT e g}. 

7 We systematically use the sum convention on the repeated subscript. 
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The simplicity of g (g has no proper ideals) makes g equal to or g. Indeed consider Z e g- 1 . For any X, Y e g, 
we have 

= f(Z, [X,Y]) = f([Z,X],Y). 

Then [Z,X] e g- 1 and g x is an ideal. We will see that the reality is g x = (cf. error ??). Let us suppose 
g x = g and consider the lemma 3.52 with A = B = g. We define 

A/ = {Aegst [A,g]cg}=g. 

If X e M satisfies Tr(XY) = for any Y e M, then X is nilpotent. Here, J e Mis not a true condition because 
M = g. Since g 1 - = g, the trace condition is also trivial. Then g is made up with nilpotent endomorphisms of 
V. Then lemma 3.30 makes all the X e g ad-nilpotent, so that g is nilpotent. (cf. remark 3.33) 

By the third item of proposition 3.29, Z(g) # which contradicts the simplicity of g. Then g 1 - = and / 
is nondegenerate. Finally, 

B(X,Y) = ATr(A,Y~) (3.27) 

for a certain real number A. With a certain amount of work (in [8, 15] for example), one can determine the 
exact value of A when g is the Lie algebra ofn xn matrices with vanishing trace. 

Proposition 3.17. 

If g is the Lie algebra of n x n matrices with vanishing trace, then 

B(X,Y) = 2nTr(AY~). 

3.4 Solvable and nilpotent algebras 

If g is a Lie algebra, the derived Lie algebra is 

3>g = Span{[AT,y] st X,Y eg}. 

We naturally define fflg = g and & n g = @(@ n ~ 1 g) this is the derived series. Each @ n g is an ideal in g. We 
also define the central decreasing sequence by a = a, a p+1 = [a, a p ]. 

Definition 3.18. 

The Lie algebra g is solvable if there exists a n ^ such that Sl n g = {0}. A Lie group is solvable when its Lie 
algebra is. 

The Lie algebra g is nilpotent if g n = for some n. We say that g is ad-nilpotent if a,d(X) is a nilpotent 
endomorphism of g for each leg. 

Do not confuse nilpotent and solvable algebras. A nilpotent algebra is always solvable, while the algebra 
spanned by {^4, B} with the relation [^4, J5] = B is solvable but not nilpotent. 

If g 7^ {0} is a solvable Lie algebra and if n is the smallest natural such that 3> n g = {0}, then ^ n_1 g is a 
non zero abelian ideal in g. We conclude that a solvable Lie algebra is never semisimple (because the center of 
a semisimple Lie algebra is zero). 

A Lie algebra is said to fulfil the chain condition if for every ideal f) ^ {0} in g, there exists an ideal f)i in 
f) with codimension 1. 

Lemma 3.19. 

A Lie algebra is solvable if and only if it fulfils the chain condition. 

Proof. Necessary condition. The Lie algebra g is solvable (then £Fg # g) and f) is an ideal in g. We consider t)i, a 
subspace of codimension 1 in f) which contains It is clear that f)i is an ideal in [) because [Hi, H] e S't) a 
Sufficient condition. We have a sequence 

{0} = g„ c g n _i <= . . . <= g = g (3.28) 

where g r is an ideal of codimension 1 in g r -i- Let A be the unique vector in g r _i which don't belong to g r . 
When we write [X, Y] with X, Y e g r _i, at least one of X or Y is not A (else, it is zero) then at least one of 
the two is in g r . But g r is an ideal; then [X, Y] e g r . Thus 2>{g r -\) a g r and 

@ n g = <2) n - lr 2)g c ® n - 1 gi <=...<= g n = 0. 



□ 
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Theorem 3.20 (Lie theorem). 

Consider g, a real (resp. complex) solvable Lie algebra and a real (resp. complex) vector space V / {0}. If 
7r: g — > Ql(V) is a homomorphism, then there exists a non zero vector in V which is eigenvector of all the 
elements ofir(g). 



Problem and misunderstanding 5. 

It is strange to be stated for real and complex Lie algebras. Following [8], this is only true for complex Lie 
algebras while there exists other versions for reals ones. 

Proof. Let us do it by induction on the dimension of g. We begin with dimg = 1. In this case, tt is just a map 
7r: g — » Ql(V) such that ix(aX) = air(X). We have to find an eigenvector for the homomorphism ir(X) : V — > V. 
Such a vector exists from the Jordan decomposition 3.48. Indeed, if there are no eigenvectors, there are no 
spaces Vi and the decomposition V = 2 Vi can't be true. 

Now we consider a general solvable Lie algebra g and we suppose that the theorem is true for any solvable 
Lie algebra with dimension less that dimg. Since g is solvable, there exists an ideal f) of codimension 1 in g; 
then there exists a eo # e V which is eigenvector of all the tt(H) with flef). So we have A: (j — > K naturally 
defined by 

ir(H)e a = X(H)e . 

Now we consider X e g\f) and e_i = 0, e p = ir(X) p eo for p = 1,2, .. . We will show that Tr(H)e p = X(H)e p 
mod (eo, . . . , e p -i) for all H e fj and p ^ 0. It is clear for p = 0. Let us suppose that it is true for p. Then 

ir(H)e p+ i = ir(H)ir(X)e p 

= n([H,X])e p + Tr(X)n(H)e p 
= X([H,X])e p +n(X)X{H)e p 

mod (e , . . . , e p -i,n(X)e , ■ ■ ■ , 7r(X)e p _i). 



(3.29) 



But we can put ir([H,X]) and ir(X)ei into the modulus. Thus we have 

ir(H)e p+1 = X(H)e p+ i mod (e , . . . , e p ). 

Now we consider the subspace of V given by W = Span{e p } p= i ! .... The algebra 7r(f)) leaves W invariant and 
our induction hypothesis works on (tt(§),W); then one can find in W a common eigenvector for all the tt(H). 
This vector is the one we were looking for. □ 

Corollary 3.21. 

Let g be a solvable Lie group and tt a representation of g on a finite dimensional vector space V . Then there 
exists a basis {e±, . . . , e„} of V in which all the endomorphism tt(X), X e g are upper triangular matrices. 

Proof. Consider e\ e V, a common eigenvector of all the n(X), X e g. We consider E\ = Spanjei}. The 
representation tt induces a representation tt\ of g on the space V jE\. If V/Ei # {0}, we have a e2 e V such 
that {e% + Ei) e V/E\ is an eigenvector of all the n^X). 

In this manner, we build a basis {ei, . . . , e n } of V such that ir(X)ei = mod (ei, . . . , &i) for all X e g. In 
this basis, n(X) has zeros under the diagonal. □ 

Theorem 3.22. 

Let V be a real or complex vector space and g, a subalgebra of g\(V) made up with nilpotent elements. Then 
(i) g is nilpotent; 

(ii) 3v # in V such that VZ e g, Zv = 0; 

(Hi) There exists a basis ofV in which the elements of g are matrices with only zeros under the diagonal. 



Proof. First item. We consider a Z e g and we have to see that ad B Z is a nilpotent endomorphism of g. Be 
careful on a point: an element X of g is nilpotent as endomorphism of V while we want to prove that &dX is 
nilpotent as endomorphism of g. We denote by Lz and Rz, the left and right multiplication; since we are in a 
matrix algebra, the bracket is given by the commutator: &dZ = Lz — Rz- We have 

(ad Zf{X) = J] (-If Q Z p - i XZ i (3.30) 
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There exists a k e N such that Z k = 0. For this k, (a,dZ) 2k+1 is a sum of terms of the form Z p ~ l XZ l : either 
p — i either i is always bigger than k. But ad B Z is the restriction of ad Z (which is defined on jjl(V)) to g. Then 
g is nilpotent. 

Second item. Let r = dimg. If r = 1, we have only one Z e g and Z fc = for a certain (minimal) A: 6 N. We 
take v such that w = Z k ~ 1 v / (this exists because A; is the minimal natural with Z k = 0). Then Zw = 0. 

Now we suppose that the claim is valid for any algebra with dimension less than r. Let f) be a strict 
subalgebra of g with maximal dimension. If H e f), ad g H is a nilpotent endomorphism of g which sends f) 
onto itself. Thus ad g H induces a nilpotent endomorphism H* on the vector space g/f). We consider the set 
A = {H* st H e f)}; this is a subalgebra of gf(g/f)) made up with nilpotent elements which has dimension 
strictly less than r. 

The induction assumption gives us a non zero u e g/f) which is sent to by all A, i.e. (ad g H)u = in g/f). 
In other words, u e g\f) is such that (ad H)u e fj. 

The space f) + Kl (here, K denotes R or (D) of g is a subalgebra of g. Indeed, with obvious notations, 



The first term lies in f) because it is a subalgebra; the second and third therms belongs to f) by definition of X. 
The last term is zero. Since f) is maximal, f) + Kl = g. Then (3.31) shows that f) is also an ideal. Now we 
consider 



Since dim f) < r, W {0} from our induction assumption. Furthermore, for e e W, HXe = [H, X]e + XHe = 0. 
Then X ■ W c W . The restriction of X to W is nilpotent. Then there exists a v e W such that Xv = 0. For 
him Hv = because v 6 W and Xv = by definition of X. Then Gv = for any G e f) + Kl = g. 
Third item. Let ei be a non zero vector in V such that Zei = for any Z e g (the existence comes from the 
second item). We consider E\ = Spanei. Any Z e g induces a nilpotent endomorphism Z* on the vector space 
V/Ex. If V/Ex ^ {0}, we take a e 2 e V\Ei such that e 2 + E ± e V/E x fulfils Z*(e 2 + E x ) = for all Z 6 g. 
By going on so, we have Ze\ = 0, Ze^ = mod (ex, . . . , ej_i). In this basis, the matrix of Z has zeros on and 
under the diagonal. □ 

Corollary 3.23. 

Let us consider V , a finite dimensional vector space on K and q, a subalgebra of gl(V) made up with nilpotent 
elements. Then if s ^ dim V and e g, we have X\X^ . . . X s = 0. 

Proof. We write the X^B in a basis where they have zeros on and under the diagonal. It is rather easy to see 
that each product push the non zero elements into the upper right corner. □ 

Corollary 3.24. 

A nilpotent algebra is solvable. 

Proof. The algebra ad B (g) is a subalgebra of gf(g) made up with nilpotent endomorphisms of g. The product 
of s (see notations of previous corollary) such endomorphism is zero. In particular g is solvable. □ 

We recall the definition of the central decreasing sequence: a = a, a p+1 = [a, a p ]. 

Corollary 3.25. 

A Lie algebra a is nilpotent if and only if a m = {0} for m >■ dim a. 

Proof. The direct sense is easy: we use corollary 3.23 with g = ad(a) (dimg = dim a). Since g is nilpotent, for 
any Xi e g we have X\ . . . X s , so that a m = 0. The inverse sense is trivial. 



[H + kX, H' + k'X] = [H, H'] + adH(k'X) - ad H'(kX) + kk'[X, X]. 



(3.31) 



W = {ee V st e fj,fl"e = 0}. 



□ 



Corollary 3.26. 

A nilpotent Lie algebra o ^ {0} has a non zero center 



Proof. If m is the smallest natural such that a m = 0, a 



m — 1 



is in the center. 



□ 



Lemma 3.27. 

If i and j are ideals in g, then we have a canonical isomorphism ip: (i + j)/j 



i/(i n j) given by 



</>([£]) 



= I 



if x = i + j with i e i and j e j. Here classes with respect to j are denoted by [.] and the one with respect to 
(i n j) by a bar. 
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Proof. We first have to see that tp is well defined. If x' = i + j + j 1 , "0(1X1) = * because j + j' e j. If x = i' + f 
(an other decomposition for x = i + j), i = j , j' — j = i — z' e j n i. Then i = %' + j' — j = V . 

Now it is easy to see that tp is a homomorphism. □ 

Proposition 3.28. 

Let g and g' be Lie algebras. 

(i) If q is solvable then any subalgebra is solvable and if <p: g — > g' is a Lie algebra homomorphism, then 0(g) 
is solvable in g'. 

(ii) If \ is a solvable ideal in g such that g/i is solvable, then g is solvable. 
(Hi) Ifi and j are solvable ideals in q, then i + j is also a solvable ideal in g. 

Proof. First item. If f) is a subalgebra of g, then 2> k \) a 3) k Q, so that t) is solvable. Now consider f) = 0(g) cz g'. 
This is a subalgebra of g' because [h, h'] = [<p(g), 4>(g')] = <P([g, g']) 6 f). It is clear that &{<P{q)) cz (f>(@(g)) and 

^ 2 (0(g)) = 9(9<Ka)) c ^(^(fl)) c 0^(g) = 0(^ 2 (g)). (3.32) 

Repeating this argument, ^ fc ([)) cz <p(@ k g). So () is also solvable. Note that (p([g,g']) = [c/>(g), cp(g')] a 
Then 

^ fc 7r(g) =ir(@ k Q). (3.33) 

Second item. Let n be the smallest integer such that ^ n (g/i) = 0; we look at the canonical homomorphism 
tt: g -> g/i. This satisfies 3> n (ir(g)) = 7r(^"g) = 0. Then ® n {%) c i. If = 0, then ^™+«g = 0. 
Third item. The space i/(i n j) is the image of i by a homomorphism, then it is solvable and (i + is also 
solvable. The second item makes i + j solvable. □ 

Now we consider g, any Lie algebra and s a maximum solvable ideal i.e. it is included in none other solvable 
ideal. Let us consider i, an other solvable ideal in g. Then i + s is a solvable ideal; since 5 is maximal, i + s = s. 
Thus there exists an unique maximal solvable ideal which we call the radical of g. It will be often denoted by 
Radg. If /3 is a symmetric bilinear form, his radical is the set 

S = {x eg st P(x,y) = Vy 6 g}. (3.34) 

The form j3 is nondegenerate if and only if S = {0}. 

Proposition 3.29. 

Let q and g' be Lie algebras. 

(i) If q is nilpotent, then his subalgebras are nilpotent and if <p: g — > g' is a Lie algebra homomorphism, then 
0(g) is nilpotent. 

(ii) If q/Z(q) is nilpotent, then g is nilpotent. For recall, 

Z(q) = {z e g st [x, z] = Oyx e g}. 

(Hi) If g is nilpotent, then Z(g) # 0. 



Proof. The proof of the first item is the same as the one of 3.28. Now if (g/Z(g))™ = 0, then g™/Z(g) = 0; 
thus g™ cz Z(q), so that g™ +1 = [g, Z(g)] = 0. Finally, if n is the smallest natural such that g™ = 0, then 
[g"- 1 , g ] = 0andg ,! - 1 cZ(g). * ~ □ 

The condition to be nilpotent can be reformulated by 3n e N such that VX;, 7 eg, 

(adlio...oadX tl )F = 0, 

in particular for any X e g, there exists a n e N such that (adX)™ = 0. An element for which such a n exists 
is ad-nilpotent. If g is nilpotent, then all his elements are ad- nilpotent. 
Some results without proof : 

Lemma 3.30. 

If X e 0l(V) is a nilpotent endomorphism, then a,dX is nilpotent. 
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Remark 3.31. 

The inverse implication is not true, as the unit matrix shows. 
Theorem 3.32 (Engel). 

A Lie algebra is nilpotent if and only if all his elements are ad-nilpotent. 

For a proof see [8] . 
Remark 3.33. 

The combination of these two last results makes that if g a gl(V) is made up with nilpotent endomorphisms of 
V, then g is nilpotent as Lie algebra. 

3.5 Flags and nilpotent Lie algebras 

Here we give a "flag description" of some previous results. In particular the chain (3.28). If V is a vector space 
of dimension n < oo, a flag in V is a chain of subspaces = Vq c V\ c . . . c V n —x cV„=j with dimVfe = k. 
If a; £ EndV" fulfils x(Vi) a VS, then we say that x stabilise the flag. 

Theorem 3.34. 

If g is a subalgebra of qI(V) in which the elements are nilpotent endomorphisms and if V ^ 0, then there exists 
a v e V, v # such that gv = 0. 

Proof. This is the second item of theorem 3.22. □ 
Corollary 3.35. 

Under the same assumptions, there exists a flag (Vj) stable under g such that gVi c Vi_i . In other words, there 
exists a basis of V in which the matrices of g are nilpotent; this basis is the one given by the flag. 

Proof. Let v # such that gv = which exists by the theorem and V\ = Span?;. We consider W = V /V\\ the 
action of g on W is also made up with nilpotent endomorphisms. Then we go on with V\ and W\ = W/V2,. ■ ■ □ 

Lemma 3.36. 

If g is nilpotent and if i is an non trivial ideal in g, then in2(g) ^0. 

Proof. Since i is an ideal, g acts on i with the adjoint representation. The restriction of an element &dX for 
X e g to i is in fact a nilpotent element in gl(i). Then we have alei such that gl = 0. Thus Jein 2(g). □ 

Theorem 3.37. 

Let g be a solvable Lie subalgebra of gl(V). IfV¥=0, then V posses a common eigenvector for all the endomor- 
phisms of g . 

Proof. This is exactly the Lie theorem 3.20 □ 
Corollary 3.38 (Lie theorem). 

Let g be a solvable subalgebra ofgl(V). Then g stabilize a flag of V . 

Proof. This corollary is the corollary given in 3.21. 

We consider v± the vector given by theorem 3.37. Since it is eigenvector of all g, Spanui is stabilised by g. 
Next we consider V2 in the complementary which is also a common eigenvector,. . . □ 

Corollary 3.39. 

If g is a solvable Lie algebra, then there exists a chain of ideals in g 

= g <= 0i c . . . <z g n = g 

with dimg/j = k. 

Proof. If <f>: g — > gl(V) is a finite-dimensional representation of g, then <fi(g) is solvable by proposition 3.29. 
Then 0(g) stabilises a flag of V. Now we take as <f> the adjoint representation of g. A stable flag is the chain of 
ideals; indeed if g^ is a part of the flag, then MH e g ad-ffg^ c g^ because the flag is invariant. □ 

Corollary 3.40. 

If g is solvable then X 6 2#g implies that ad B X is nilpotent. In particular S>g is nilpotent. 
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Proof. We consider the ideals chain of previous corollary and an adapted basis: {Xi, . . . , X n } is such that 
{X\, . . . ,Xi} spans g;. In such a basis the matrices of ad(g) are upper triangular and it is easy to see that 
in this case, the matrices of [adg,adg] are strictly upper triangular: they have zeros on the diagonal. But 
[adg,adg] = ad s [g,g]. Then for X e ad fl @q, ad g X is nilpotent. A fortiori, ad@ g X is nilpotent and by the 
theorem of Engel 3.32, &q is nilpotent. □ 

The following lemma is computationally useful because it says that if X is a nilpotent element of a Lie 
algebra, then g ■ X is also nilpotent with (at most) the same order. 

Lemma 3.41. 

The following formula 

holds for all g e G and X ,Y e Q, 

The proof is a simple induction on n. 



ad( 5 -XfY = g- a d(X) n (g- 1 -Y) 



(3.35) 



3.6 Semisimple Lie algebras 

A useful reference to go trough semisimple Lie algebras is [16]. Very few proofs, but the statements of all the 
useful results with explanations. 

Definition 3.42. 

A Lie algebra is semisimple if it has no proper abelian invariant Lie subalgebra. A Lie algebra is simple if it 
is not abelian and has no proper Lie subalgebra. 

In that definition, we say that a Lie subalgebra f) is invariant if ad(g)f) <z fj. 

There are a lot of equivalent characterisations. Here are some that are going to be proved (or not) in the 
next few pages. A Lie algebra is semisimple if an only if one of the following conditions is respected. 

(i) The Killing form is nondegenerate. 

(ii) The radical of g is zero (theorem 3.56). 

(iii) There are no abelian proper invariant subalgebra. 



Problem and misunderstanding 



6. 



/ think that in the following I took the degenerateness of Killing as definition. 

The Killing form is a convenient way to define a Riemannian metric on a semisimple 8 Lie group. 
Corollary 3.43. 

An automorphism of a semisimple Lie group is an isometry for the Killing metric. Stated in other words, 

Aut(G) c IsoG. (3.36) 

Proof. By lemma 2.7, if / is an automorphism of G, df is an automorphism of Q . Now, by proposition 3.12, / 
is an isometry of G. □ 

Proposition 3.44. 

Let q be a semisimple Lie algebra, a an ideal in g, and a 1 - = {X e g st B(X, A) = OVA e a}. Then 
(i) a 1 - is an ideal, 
(ii) q = a ©a 1 , 
(iii) a is semisimple, 

Proof. First item. We have to show that for any leg and Pea 1 , [X, P] e cr 1 , or V Y e a, B(Y, [X, P]) =0. 
From invariance of B, 

B(Y,[X,P]) = B(P,[Y,X])=0. 

Second item. Since B is nondegenerate, dim a + dim a -1 " = dimg. Let us consider Zeg and X , Y e a n a -1 ". 
We have B(Z, [X, YJ) = B([Z,X],Y) = 0. Then [X, Y] = because B(Z, [X,Y]) = for any Z and B is 
nondegenerate. Thus o n a 1 is abelian. It is also an ideal because a and are. 



8 In this case, B is nondegenerate. 
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Now we consider b , a complementary ofnno ing, Zeg and Teano. The endomorphism E = ad T o ad Z 
sends ana 1 to {0}. Indeed consider A e ana- 1 ; (ad Z)A e nno 1 because it is an ideal, and then (ad Toad Z)A = 
because it is abelian. 

The endomorphism E also sends [) to o n a 1 (it may not be surjective); then Tr(adT o adZ) = and 
a n a 1 = {0}. Since B is nondegenerate, dim o + dim o 1 = dimg. Then a © a 1 - = g is well a direct sum. 
Third item. From lemma 3.16, the Killing form of g descent to the ideal a; then it is also nondegenerate and 
a is also semisimple. □ 

Corollary 3.45. 

A semisimple Lie algebra has center {0}. 

Proof. If Z e kerg, adZ = 0. So B(Z, X) = for any leg. Since B is nondegenerate, it implies Z = 0. □ 
Corollary 3.46. 

// g is a semisimple Lie algebra, it can be written as a direct sum 



where the Qi are simples ideals in g. Moreover each simple ideal in g is a direct sum of some of them. 

Proof. If g is simple, the statement is trivial. If it is not, we consider a, an ideal in g. Proposition 3.44 makes 
g = a © a x . Since a and are semisimple, we can once again brake them in the same way. We do it until we 
are left with simple algebras. 

For the second part, consider b a simple ideal in g which is not a sum of g^. Then [g^, b] c g, n b = {0}. 
Then b is in the center of g. This contradict corollary 3.45. □ 

Proposition 3.47. 

If g is semisimple then 

ad(g) = 5(g), 

i.e. any derivation is an inner automorphism : 

Proof. We saw at page 40 that ad(g) a 5(g) holds without assumptions of (semi)simplicity. Now we consider 
D, a derivation: MX e g, 



Then ad(g) is an ideal in 5(g) because the commutator of &dX with any element of 5(g) still belongs to ad(g). 
Let us denote by o the orthogonal complement of ad(g) in 5(g) (for the Killing metric). The algebra ad(g) is 
semisimple because of it isomorphic to g. Since the Killing form on ad(g) is nondegenerate, a n ad(g) = {0}. 
Finally flea implies [D, &dX]e an ad(g) = {0}. Then ad(DX) = for any X e g, so that D = 0. This shows 



If V is a finite dimensional space, a subspace W in V is invariant under a subset G <z Hom(V, V) if sW <z W 
for any s e G. The space V is irreducible when V and {0} are the only two invariant subspaces. The set G 
is semisimple if any invariant subspace has an invariant complement. In this case, the vector space split into 
V = 2i Vi with Vi invariant and irreducible. 

Theorem 3.48 (Jordan decomposition). 

Any element A e Hom(V r , V) is decomposable in one and only one way as A = S + N with S semisimple and N 
nilpotent and NS = SN . Furthermore, S and N are polynomials in A. More precisely : 

If V is a complex vector space and A e Hom(y, V) with Ai, . . . , A r his eigenvalues, we pose 



Q = 01 © ■ • ■ ®Qt 



&A{DX) = [D,eAX]. 



that a = {0}, so that ad(g) = 5(g). 



□ 



Vi = {veV st (A-Xil) k v 



for large enough k). 



Then 



(i)V = ^UV l , 



(ii) each Vi is invariant under A, 



(in) the semisimple part of A is given by 



r 



r 



2 \ v - 



for VieVi, 
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(iv) the characteristic polynomial of A is 

dct(Al -A) = (A - Ai) dl ... (A - A r ) d " 

where di = dim Vi (1 ^ i ^ r). 
3.6.1 Jordan decomposition 

If V is a finite dimensional vector space, we say that an element of End V is semisimple when it is diagonalisable. 
We know that two commuting semisimple endomorphism are simultaneously diagonalisable. So the sums and 
differences of semisimple elements still are semisimple. 

Let E]~i be the (n + 2) x (n + 2) matrix with a 1 at position (fc, I) and anywhere else: (Eki)ij = SkiSy. An 
easy computation show that 

EkiE a b = Si a Ekb, (3.37) 

and 

[Eki,E rs ] = o~i r Eks — S s kE r i. (3.38) 
Now we give a great theorem without proof. 

Theorem 3.49 (Jordan decomposition). 

Let V be a finite dimensional vector space and x 6 End^. 

(i) There exists one and only one choice of x s ,x n e End(y) such that x = x s + x n , x s is semisimple, n n is 
nilpotent and [x s ,x n ] = 0. 

(ii) There exists polynomials p and q without independent term such that x s = p(x), x n = q(x); in particular 
if y 6 End V commutes with x, then it commutes with 

(Hi) If Aa B c 7 are subspaces ofV and if x(B) <z A, then x s (B) <z A and x n (B) <z A. 

As an example consider the adjoint representation of $l(V). As seen in lemma 3.30, if x e gl(V) is nilpotent, 
then ad x is also nilpotent. 

Lemma 3.50. 

If x e gl(^) is semisimple, then &dx is also semisimple. 

Proof. We choose a basis {vi, ■ ■ ■ ,v n } of V in which x is diagonal with eigenvalues oi, . . . , a„. For Ql(V), we 
consider the basis {Eij} in which Eij is the matrix with a 1 at position (i,j) and zero anywhere else. This 
satisfies [Eki,E rs ] = Si r Ek s — S s kE r i. We easily check that Eki(vi) = SuVk- Since we are in a matrix algebra, 
the adjoint action is the commutator: (adx)Eij = [x, Sy]; as we know that x = akE^k, 

(adx)Eij = a k [Ekk,Eij] = (a, - a 3 -)J5y (3.39) 

which proves that &dx has a diagonal matrix in the basis {Eij} of Ql(V). Furthermore, we have an explicit 
expression for his matrix: the eigenvalues are [ai — aj). 

□ 

Lemma 3.51. 

Let x e End V with his Jordan decomposition x = x s + x n . Then the Jordan decomposition of ad x is 

&dx = adx s + a,dx n . (3.40) 



Proof. We already know that adx s is semisimple and adx n is nilpotent. They commute because [adx s , adx n ] = 
ad[x s , x n ] = 0. Then the unicity part of Jordan theorem 3.49 makes (3.40) the Jordan decomposition of ad a;. □ 

3.6.2 Cartan criterion 

Let us recall a result: 2$q = g 1 , [@Q, S>q\ c g 2 ; then £) k g <z g k . Thus if g is nilpotent, it is solvable. On the 
other hand, by the Engel theorem 3.32, @q is nilpotent if and only if all the ad@ B x are nilpotent for x e 
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Lemma 3.52. 

Let A cz B be two subspace of gl(V) with dimV < oo. We pose 

M ={xe gl(V) st [x,B] cz A}, 
and we suppose that x e M verify Tr(x o y) = for all y e M. Then x is nilpotent. 

Proof. We use the Jordan decomposition x = x s + x n and a basis in which x s takes the form diag(ai, . . . , a m ); 
let {v\, . . . ,v m } be this basis. We denotes by E the vector space on (Q spanned by {ai, . . . , a m }. We want to 
prove that x s = 0, i.e. E = 0. Since E has finite dimension, it is equivalent to prove that its dual is zero. In 
other words, we have to see that any linear map / : E — > Q is zero. 

We consider y e gl(^), an element whose matrix is diag(f(ai) 1 . . . , f(a m )) and (E^j), the usual basis of 
Ql(V). We know that 

(adx s )Eij = - a 3 )E i:j , (3.41a) 
(ady)E ij = (f(oi) - fia^E^. (3.41b) 

It is always possible to find a polynomial r on 1R without constant term such that r(a,i — dj) = /(a«) — f{oj}- 
Note that this is well defined because of the linearity of / : if at—aj = at — a/, then /(a.) — /(a 3 -) = /(a^) — /(a;). 
Since adx s is diagonal, r(adx s ) is the matrix with r(adx s )u on the diagonal and zero anywhere else. Then 
r(adx s ) = ady. By lemma 3.51, adx s is the semisimple part of adx, then ady is a polynomial without constant 
term with respect to adx (second point of theorem 3.49). 

Since (ady)B cz A, y e M and Tr(xy) = 0. It is easy to convince ourself that the s n part of x will not 
contribute to the trace because x n is strictly upper triangular and y is diagonal. From the explicit forms of x s 
and y, 

Tr(a:y) = J] a */( a i) = °- 

i 

This is a (Q-linear combination of element of E : we have to see it as <Zj being a basis vector and /(a,) a 
coefficient, so that we can apply / on both sides to find = J\ /(a^) 2 . Then for all i, f(a.i) = 0, so that / = 
because the a, spans E. □ 

Theorem 3.53 (Cartan criterion). 

Let q be a subalgebra of qI(V). We suppose that Tr(xy) = Vx 6 j/eg. Then g is solvable. 

Proof. It is sufficient to prove that 2#q is nilpotent indeed if we write & k Q cz g k with instead of g, & k+1 Q cz 
{@Q) k . If is nilpotent, (%)" = and & n+1 Q = so that q is solvable. 

Let us consider x e @!q. We have to prove that it is ad-nilpotent (see the Engel theorem 3.32). Let A = @g, 
B = g and M = {x e gl(V) st [acjg] c: Sig}. By definition of @q, g cz M. The lemma 3.52 will conclude that 
x e &g is nilpotent if Tr(xy) = for any y e M. Here we just have this equality for y e g. 

A typical generator of &g is [x, y] with x, y e g. Take a z e M; by the formula Tr([a;, y]z) = Tr(x[y, z]), the 
trace that we have to check is 

Tr([x, y]z) = Tv(x[y, z\) = Tr([y, z\x). (3.42) 
But with z e M, [y, z] e Stfg, then Tr([a;, y]z) = Tr([y, z]x) = 0. Thus we are in the situation of the lemma. □ 

Corollary 3.54. 

A Lie algebra g for which Tr(adx o ad y) =0 for all x e 2#g, y e g is solvable. 

Proof. We consider f) = adg; this is a subalgebra of gl(V) such that a e and b e f) imply Tr(a6) = 0. In 
order to see it, remark that a e £Ff) can be written as a = [adx, ady] = ad[x,y] for certain x, y e g. Then 
Tr(a6) = Tr(ad[x, y] adz) with x, y, z 6 g\ this is zero from the hypothesis. Then t) = adg is solvable. 

It is also known that ker(ad) = Z(g) is also solvable. Now we consider m a complementary of Z(g) in g : 
g = Z ©m. The Lie algebra ad(m) is solvable and the homomorphism 4>: adm ^ m defined by </>(adx) = x is 
well defined. From the first item of the proposition 3.28, m is solvable. With obvious notations, an element of 
&m can be written as [m,m'] (because Z(g) don't contribute to 2>g). Then S$g = Sim, so that g is as much 
solvable than m. □ 

Lemma 3.55. 

The radical of a Lie algebra is non zero if and only if it has at least non zero abelian ideal. 

Proof. The radical of g is its unique maximal solvable ideal. An eventually non empty abelian ideal should be 
in the radical. 

Let us now consider that the radical is non zero, and consider the derived series of Radg. Since Radg is 
solvable, we can consider n, the minimal integer such that St n Radg = 0. Then S n ~ x Radg is a non zero abelian 
ideal. □ 
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Theorem 3.56. 

A Lie algebra is semisimple if and only if its radical is zero. 

Proof. Direct sense. We suppose Rad = and we consider S, the radical of the Killing form : 

S = {X e st B(X, Y) = \/Y e q}. 

By definition, for any X e S and Y e 0, Tr(adX oadF) = 0. The Cartan criterion makes ad S solvable and the 
corollary 3.54 makes S solvable. 

Now, the ad-invariance of the Killing form turns S into an ideal, so that 5* a Rad(0) because any solvable 
ideal is contained in Rad0. From the assumptions, RadS 1 = 0, then S c Rad0 = 0. This shows that the Killing 
form is nondegenerate. 

Inverse sense. We suppose 5 = and we will show that any abelian ideal of is in S. In this case, if A is a 
solvable ideal with <3 n A = 0, then S> n ~ x A is an abelian ideal, so that l 3l n ~ 1 A = 0. By induction, A = 0. 
Let I be an abelian ideal of 0, X e I and 7 eg. Then &dX o g,dY is nilpotent because for Z e g, 

(adXadFadXadF)Z = (adXadT) ([X, [Y,Z]]) = (adX) [Y,Xi] = (adX)X 2 = 0. (3.43) 
Then = Tr(adXadF) = B(X,Y) and X e S, so that I cz S = 0. 

□ 

3.6.3 More about radical 

If is a Lie algebra whose radical is r, we say that a subalgebra s of is a Levi subalgebra if = r ©s. 
Any Lie algebra posses a Levi subalgebra 9 . 

Lemma 3.57. 

If a is an ideal in a Lie algebra g, then 

Rad a = (Rad r) n a. 



Before to begin the proof, let us recall that lemma 3.27 gives us an isomorphism ip: (a + b)/a — * b/(a n b) 
when a and b are ideals in 0. 

Proof of the lemma. If r is the radical of 0, then the radical of g/t is zero, so that r/r is semisimple. Let a be 
an ideal in 0, then (a + t)/t is an ideal in the semisimple Lie algebra gt, so that it is also semisimple. From the 
isomorphism, a/(a n r) is also semisimple and jnt must contains the radical of a. Indeed if a solvable ideal of 
a where not in o n r, then this should give rise to a non zero solvable ideal in a/ (a n r) although the latter is 
semisimple. Then a n r = Rad a. □ 

Proposition 3.58. 

If A is a compact group of automorphisms of the Lie algebra q, then there exists a Levi subalgebra of Q which is 
invariant under A. 

Proof. Let t be the radical of 0; we will split our proof into two cases following [r, r] = or not. 
The radical is abelian. In this first case we consider an induction with respect to the dimension of 0. We 
consider = g/[v, r] and r = r/[r, r] : these are algebras with one less dimension that and r. We denote by 
7r: — > g the natural projection. 

We begin to prove that t is the radical of g. It is clear from the Lie algebra structure on a quotient that r 
is an ideal because r is. It is also clear that r is solvable. We just have to see that r is maximal in 0. For this, 
suppose that fulisa solvable ideal in 0. Then it is easy to see that r u X is an ideal in 0. Taking commutators 
in r u X, we always finish in e 0, i.e. in [r, t]. Taking again some commutators, we finish on e because r 
is solvable. This contradict the maximality of r. 

Since A is made up of automorphisms, it leaves r invariant, so that it also acts on g as an automorphism 
group: aX = aX for a e A and X e g. From the induction assumption, we can find a Levi subalgebra s in g : 
s©r = g. In this case, the radical of 7r _1 (s) is [r, t]. Indeed in the one hand, r ns = 0, so that 7r _1 (r ns) = [r, r]. 
In the other hand 7r _1 (f ns) = 7r _1 (r) n7r _1 (s) = rn7r _1 (s). The lemma 3.57 conclude that Rad7r _1 (s) = [r,r]. 

Now A is a compact group of automorphism which leaves invariant 7r _1 (s), so we have a Levi subalgebra s 
of 7r _1 (s) invariant under A. We will see that this is in fact a Levi subalgebra of the whole g, i.e. we have to 
prove that s © r = g. From the definition of s, 

s©[r,r] =tt- 1 (s), 



Reference needed. 
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and by definition of s, 



Then 

g = 7r _1 (s) ©r + [r,r] = s © [t, t] © t + [t, t] = s © t. (3.44) 

We can now pass to the second case: [t, r] = 0. 
The radical is not abelian. Let So and s be Levi subalgebras of g. For X e So, we write 

X = f(X) + x 5 

with respect to the decomposition g = s © r. This defines a linear map /: So — > r. For any X, Y e So, 
[X S ,X S ] = [X, Y] - [X, f(y)] - [f(X), Y] because r is abelian. Since 10 , [X„ X s ] = [X, Y]„ 

f([X, Y]) = [X, /(F)] - [f(X), Y]. (3.45) 

Now let us consider a map /: So — »■ r which satisfy this equation. Then the map X — > X — f(X) is an 
isomorphism between So and his image which is a Levi subalgebra of g. Indeed 

[X,Y]^[X,Y]-f([X,Y]) 

= [X,Y]-[XJ(Y)]-[f(X) 7 Y] (3.46) 
= [X-f(X),Y-f(Y)]. 

Now we consider V, the space of all the linear maps So — > r which fulfil the condition (3.45). We have a 
bijection between V and the Levi subalgebras of g : for any Levi subalgebra we associate the map / 6 V given 
by X = f(X)+X s . 

So our proof can be reduced to find a fixed point of V under the action of A. In order to do that, we will 
see that A is a group of affine transformations on V. Consider a. a € A and /o, fo, f a be the elements of V 
corresponding to So, s and a(s). We take a, X e So and we denote by a(X) the So-component of ot(X) with 
respect to the decomposition g = r © So : 

a(X) = a(X)+f3(X). 

This also defines (3: g — > r and —j3(X) is the r-component of a(X) with respect to g = r©a(so). Since /q* just 
correspond to this decomposition, fQ-(a(X)) = —f3(X), so that 

a(X) = fZ(a(X))+a(X) 

= f$(a(X)) + a(f(X j) - a(f(X)) + a(X). ( ' J 

Since X — f(X) e s, a(X) — a(f(X)) e a(s), then /^(afX)) + a(X) is the r-component of a(X) with respect 
to g = r © a(s). Then 

fZ(a(X)) + a(f(X)) = f a (a(X)) = f a (a(X)). 

Since X was taken arbitrary, f a = fff + a o / o a -1 . Then the map V —> V, f —> f a is an affine transformation 
with translation equals to f° and linear part being / — > a o / o a. 

A general result shows that a compact group of affine transformations on a vector space has a fixed point. 

□ 



3.6.4 Compact Lie algebra 

We consider g, a real Lie algebra and f), a subalgebra of g. Let K* be the analytic subgroup of Int(g) which 
corresponds to the subalgebra ad fl (h) of ad B (g). 

Definition 3.59. 

We say that f) is compactly embedded in g if K* is compact. A Lie algebra is compact when it is compactly 
embedded in itself. 

The analytic subgroup of Int(jj) which corresponds to ad (g), by definition, is Int(g). Then the compactness 
of g is the one of Int(g). 

Remark 3.60. 

The compactness notion on a Lie group is defined from the topological structure of the Lie group seen as a 
manifold. It is all but trivial that the compactness on a Lie group is related to the compactness on its Lie 
algebra; the proposition 3.65 will however make the two notions related in the natural way. 



C'est pas clair pourquoi on a a. 
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Remark 3.61. 

The topology on K* is not necessary the same as the induced one from Int(g) and Int(g) has also not necessary 
the induced topology from GL(g). However the next proposition will show that the compactness notion is well 
the one induced from GL(g). 

Proposition 3.62. 

We consider K, the same set and group as K* , but with the induced topology from GL(g). Then K is compact 
if and only if K* is compact. 

Note however that K* and K are not automatically the same as manifold. 

Proof. K* compact implies K compact. The identity map i: K* — » GL(g) is analytic, and then is continuous 
because Int(g) is by definition an analytic subgroup of GL(g) and K* an analytic subgroup of Int(g). If we 
have a covering of K with open set Oi n K of K (0, is open in GL(g)), the continuity of i make the finite 
subcovering of K* good for K. 

K compact implies K* compact. If K is compact, then it is closed in GL(g). As set, K* is closed in GL(g) and 
by definition it is connected. Then by the theorem 2.36, K* is a topological subgroup of GL(g). Consequently 
K* and K are homeomorphic and they have same topology. □ 

A lemma without proof 11 . 
Lemma 3.63. 

If G is a compact group in GL(n,lR) ; then there exists a G-invariant quadratic form on IR™. 

Proposition 3.64. 

Let q be a real Lie algebra. 

(i) If q is semisimple, then g is compact if and only if the Killing form is strictly negative definite, 
(ii) If it is compact then it is a direct sum 

g = Z©[g,g] (3.48) 
where Z is the center of g and the ideal [g, g] is compact and semisimple. 



Proof. If the Killing form is nondegenerate. We consider g, a Lie algebra whose Killing form is strictly 
negative definite. Up to some dilatations (and a sign), this is the euclidian metric. Then O(B), the group 
of linear transformations which leave B unchanged is compact in the topology of GL(g) : this is almost the 
rotations. From equation (3.36), Aut(g) <z 0(B). With this, Aut(g) is closed in a compact, then it is compact. 
Then Int(g) is closed in Aut(g) -here is the assumption of semi-simplicity- and Int(g) is compact. 
If q is compact. Since g is compact, Int(g) is compact in the topology of Aut(g); then there exists an 
Int(g)-invariant quadratic form Q. In a suitable basis {X\, . . . , X n } of g, we can write this form as 

for X = J]xiXi. In this basis the elements of Int(g) are orthogonal matrices and the matrices of ad(g) are 
skew-symmetric matrices (the Lie algebra of orthogonal matrices). Let us consider a X e g and denote by 
aij(X) the matrix of ad(A). We have 

B(X,X) = Tr(adAoadX) = J]J]^(X)a Jl (X) = -^a^(X) 2 ^ 0. (34Q) 

i 3 ij 

Then the Killing form is negative definite 12 . On the other hand, B(X, X) = implies ad(A) = and X e Z(g). 
Thus g 1 - c Z. If g is semisimple, this center is zero; this conclude the first item of the proposition. 
Now Z is an ideal and corollary 3.46 decomposes g as 

g = Z@g'. (3.50) 

Let us suppose that the restriction of B to g' x g' is actually the Killing form on g' (we will prove it below). 
Then the Killing form on g' is strictly negative definite; then g' is compact. 

J'ai meme pas trouve d'enonce de ce theoreme. 

12 Here we use "negative definite" and "strictly negative definite"; in some literature, the terminology is slightly different and one 
says "semi negative definite" and "negative definite". 
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Now we prove that the Killing form on g descent to the Killing form on g'. Remark that Z is invariant 
under all the automorphism. Indeed consider Z e Z, i.e. \X, Z] = 0. If a is an automorphism, 

[X, aZ] = afa^X, Z] = 0. 

Here the difference between Int(g) and Aut(g) is the fact that Int(g) is compact; then we can construct a 
Int(g)-invariant quadratic form Q, but not a Aut(g)-invariant one. We consider an orthogonal complement 
(with respect to Q) g 1 of Z: 

g = g'® ± Z. (3.51) 
The algebra g' is also invariant because for any Z e Z, 

Q(Z,aX) = Q(a~ 1 (Z),X)=0. 

It is also clear that Z is invariant under adg because (adX)Z = 0. Finally g' is invariant as well under ad(g). 
Indeed a e ad(g) can be written as a = a'(Q) for a path a(t) e Int(g). We identify g and his tangent space (as 
vector spaces), 




If X e g', a(t)X e g' for any t because g' is invariant under Int(g) 13 . Thus a(t)X is a path in g' and his 
derivative is a vector in g'. 

All this make g' an ideal in g; then the Killing form descent by lemma 3.16. Now if X e g, we have 

B(X,X) = Tr(adA oadl) =^ i a ij (X)a ji (X) = -^ayiX) 2 ; (3.52) 

ij ij 

then B(X, X) ^ and the equality holds if and only if ad X = i.e. if and only if X e Z. Thus B is strictly 
negative definite on g'. 

Up to now we have proved that g' is semisimple (because B is nondegenerate) and compact (because B is 
strictly negative definite). 

It remains to be proved that g' = [g,g] = &{g)- From corollary 3.46, &g has a complementary o which is 
also an ideal: g = 9$g + a. Then [g, a] <z @g and [g, o] <z o n 9$g : {0}. Then a c Z, so that 

g = Z + $ig (non direct sum). (3.53) 

Now we have to prove that the sum is actually direct. The ideal Z has a complementary ideal b : g = Z ®b 
and 

^0 = [0,0] c [g,Z] +[g,b] a b. 

Then &!g a b which implies that 2#g n Z = {0} because the sum g = Z © b is direct. Then the sum (3.53) is 
direct. 

□ 

Proposition 3.65. 

A real Lie algebra g is compact if and only if one can find a compact Lie group G which Lie algebra is isomorphic 
to g. 

Proof. Direct sense. Since g is compact, g = Z ® Slg with 3>g = g' compact and semisimple; in particular, 
the center of g' is {0}. Since Z is compact and abelian, it is isomorphic to the torus S* 1 x . . . x S 1 . Since g' is 
compact, Int(g') is compact, but the Lie algebra if Int(g') is -by definition- ad(g'). The center of a semisimple 
Lie algebra is zero; then ad X' = implies X = (for X e g'). Then ad is an isomorphism between g' and adg'. 

All this shows that -up to isomorphism- Z and [g, g] are Lie algebras of compact groups. We know from 
lemma 1.11 that the Lie algebra of G x H is g © f). Thus, here, g is the Lie algebra of the compact group 
S 1 x ... x S 1 x Int(g). 

Reverse sense. We consider a compact group G and we have to see the its Lie algebra g is compact. If G is 
connected, Ado is an analytic homomorphism from G to Int(g). If G is not connected, the Lie algebra of G is 
T e Go {Gq is the identity component of G) where Go is connected and compact because closed in a compact. □ 

Proposition 3.66. 

Let g be a real Lie algebra and Z, the center of g. We consider t, a compactly embedded in g. If t n Z = {0} 
then the Killing form of g is strictly negative definite on t. 

13 As physical interpretation, if something is invariant under a group of transformations, it is invariant under the infinitesimal 
transformations as well. 
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Proof. Let B be the Killing form on g and K the analytic subgroup of Int(g) whose Lie algebra is ad g (6). By 
assumption, K is a compact Lie subgroup of GL(g). Then there exists a quadratic form on g invariant under 
K, and a basis in which the endomorphisms ad fl (T) for T e f are skew-symmetric because the matrices of K 
are orthogonal. If the matrix of adT is (ay), then 

B(T,T) =Y i a ij (T)a ji (T) = -£4( T ) < 0, (3.54) 

ij ij 

and the equality hold only if adT = i.e. if T e Z. From the assumptions, t n Z = {0}; then B(T,T) = if 
and only if T = 0. □ 



3.7 Cartan subalgebras in complex Lie algebras 

About Cartan algebra, one can read [8, 11, 12, 17]. 

In this section g will always denotes a complex finite dimensional Lie algebra. 

Definition 3.67. 

When b, is a subalgebra of q, the centralizer of f) is the set 

2(l)) = {xeflsi[x,f)]cf)}. (3.55) 
More generally if g is a Lie algebra and if a, b are two subset of g, the centraliser of a in b is 

Z b (a) = {X eb st [X, a] = 0}. (3.56) 
If a is a subalgebra of g, its normalizer is 

n a = {X g g st [X, a] cz a}. (3.57) 

One can check that a is an ideal in n . 
Definition 3.68. 

A subalgebra f) of a Lie algebra g is a Cartan subalgebra if it is nilpotent and if it is its own centralizer: 
[x,b,] c Fj implies x e f). 

Our first task is to show that every Lie algebra has a Cartan algebra. 

Lemma 3.69 (Primary decomposition theorem). 

Let V be a complex vector space and A: V — * V be linear map. Then we have the direct sum decomposition 

V=®V X (A) (3.58) 

AeC 

where V\(A) = {v st (A — Xl) n v = for some n e N} 

This is the result that restricts ourself to complex Lie algebras when proving that Cartan subalgebras exist. 
Notice that the sum in (3.58) is reduced to the eigenvalues of A since gA(^4) = when A is not an eigenvalue. 
Indeed if (A - Al) Y = then (A - Al)"" 1 !" is an eigenvector for A with eigenvalue A. 

For any AeC and legwe consider the space 

Qx (X) = {Y e g st (ad(X) - Al)™Y = for some n}. (3.59) 
The primary decomposition theorem implies the decomposition 

= ©0aW (3.60) 

A 

for each X e g. 
Lemma 3.70. 

For each X e g and A, /x e (D we have 

[ SA (I),g M (I)]cg A+(I (I). (3.61) 
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Proof. Let X\ e Q\{X) and X^ e q^(X). Using the fact that &d(X) is a derivation we have 

ad(X)[X A ,X Al ]-(A + Ai )[X A ,X M ] = [(ad(X)- M l)X A ,X M ] + [x A , (ad(X) + M l)X M ] (3.62) 
and by induction 1 we find 

( a dZ-{X+ f x)l) n [X x ,X^] = Y i (i)[(adZ-\I) i X Xi {uiZ-ijJ) n - i X f i] (3.63) 

i=o W 

which vanishes when n is large enough. □ 

We say that X is regular if dimgo(X) is the smallest with respect to the others dim (Jo DO- 
The following proposition shows that every complex Lie algebra has a Cartan Lie subalgebra. 

Proposition 3.71. 

If X is regular in Q then the subalgebra Qq(X) * s Cartan. 

Proof. Since X e Qo(X) we have &d(X)Q\(X) a g A (X). Thus we see ad(X) as a linear operator on g\(X). The 
operator ad(X)| 0x (x) is nonsingular 15 when A # 0. Indeed all the eigenvalues of ad(X) on Q\(X) are equal to 
A because 

(ad(X) -»1)Y = (3.64) 

implies Y e g^^X). If Y e Q\(X) it only occurs when fj, = A since the sum (3.58) is direct. 

For each eigenvalue A we have a neighborhood U\ of X in Qo(X) such that for all Y e U\, ad(F) is 
nonsingular on Q\(X). We consider U = {~\ X U\ which is a non empty open set since the intersection is taken 
over the eigenvalues of ad(X) that are in finite numbers. 

Let us prove that the restriction to go(X) of the linear operator ad(y) is nilpotent for each Y eU. First we 
have 

Qo(Y) c q (X) (3.65) 

because by construction ad(F) cannot be nilpotent on the other spaces Q\(X). But by hypothesis the element X 
is regular, thus the inclusion (3.65) cannot be strict. Thus 0o(^) c 00 (Y) which means that ad(F) is nilpotent 
on O (X). 

Now the fact for ad(y) to be nilpotent means the vanishing of a polynomial determined by the coefficients 
of the matrix of ad(Y"). Since this polynomial vanishes on the open set U, it vanishes identically, so that ad(Y") 
is nilpotent on Qq(X). It results that 0o(^) is a ad-nilpotent algebra and the Engel's theorem 3.32 concludes 
that Qo(X) is nilpotent. 

We still have to prove that Qo(X) is its own centralizer. Since Qq(X) is a subalgebra we have the inclusion 

0o(X)^Z( Qo (X)). (3.66) 

Let Z e Z(rj (X)). For each Y e Qo(X) we have [Z,Y] e Qo(X). In particular with Y = X we have 
ad(X)Z e go(X). Thus 

a,d(X) n Z = adpC)"- 1 ad(X)Z (3.67) 

SBo(X) 

and there exists a n such that ad(X) n ~ 1 ad(X)Z = 0. □ 

If g is a Lie algebra, the group of inner automorphism is the subgroup of Aut(g) generated by the elements 
of the form e ad W with leg. 

Theorem 3.72. 

The group of inner automorphisms of g acts transitively on the set of Cartan subalgebras. 

For a proof, see [18]. In particular they have all the same dimension and the definition of the rank as the 
dimension of its Cartan algebra make sense. In [18] we have a more abstract definition of the rank, see page 
III-2. 

Proposition 3.73. 

//(] is a Cartan subalgebra of the complex Lie algebra g, there exists a regular element X e g such that f) = Qq(X). 
For a proof, see [18]. 

14 this is made more explicitly in the proof of theorem 3.77. 
15 it means that ad(Y) is invertible. 
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Proposition 3.74. 

A Cartan subalgebra is a maximal nilpotent subalgebra. 

Proof. Let f) be a Cartan subalgebra of g and n, a nilpotent algebra which contains f). Let {Xi, . . . , X n } be a 
basis of g chosen in such a way that the p first vectors form a basis of fj while the r first, a basis of n (r > p of 
course). As notational convention, the subscript i,j are related to f) and u,t to n©t). 

Let us first suppose dimn = dim f) + 1 and let X u be the basis vector of n which is not in f). Since f) is 
Cartan, we can find Xi e [) such that Y = [X,,X] ^ Pj. Then Y has a X^-component and this contradict the 
fact that adX is nilpotent. 

The next case is n = t) © X u ®X t . In this case we can find a Xi e f) such that Y = [X u , Xj] f). The fact 
to be nilpotent makes that Y has no Xz-component, so that it has a X-component. Now it is clear that for 
any X, e f), [Y, X,] still has no X^-component (because (adX o adXj) has to be nilpotent), but has also no 
X-component. Then for any X el), [Y, X] e f) with Y f). There is a contradiction. 

Now the step to the general case is easy: if dimn = dimf) + m, we consider Xi,... , X TO e f) and A = 
(adX o adX m )X u . This is not in f) although [A, X] e f) for any lei). □ 

Proposition 3.75. 

If Q is a semisimple Lie algebra, a subalgebra f) is Cartan if and only if the two following conditions are satisfied: 

(i) f) is a maximal abelian subalgebra 

(ii) the endomorphism &d(H) is diagonalizable for every H 6 (). 

3.8 Root spaces in semisimple complex Lie algebras 

In this section we particularize ourself to complex semisimple Lie algebras. A very good reference about complex 
semisimple algebras including the reconstruction via the Cartan matrix and Chevalley-Weyl basis is [18]. 

3.8.1 Introduction and notations 

Real and complex Lia algebras deserve quite different treatment with root space. We review here the main steps 
in both cases, emphasising the differences. We restrict ourself to semisimple Lie algebras. See [16]. 

3.8.1.1 Complex Lie algebras 

If g is a complex semisimple Lie algebra, we choose a Cartan subalgebra [) and the root spaces are given by 

Q a = {X e g st [H, X] = a(H)XVH e f>}. (3.68) 
The dimension of t) is the rank of q. Then the root space decomposition reads 

= f)©©0a (3.69) 

where $ is the set of roots. 

3.8.1.2 Real Lie algebras 

If g is a real semisimple Lie algebra we consider a Cartan involution and the Cartan decomposition g = t®p. 
Then we choose a maximally abelian subalgebra a in p and we define 

Oa = {X e st [J, X] = a{J)XMJ e a}. (3.70) 

The rank of is the dimension of a. The root space decomposition then reads 

= 0o@©0A (3.71) 

where E is the set of A e a* such that A ^ and 0a ¥= 0. 
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3.8.1.3 Notations 

We summarize the notations that will be used later. Let f) be a Cartan algebra in the complex semisimple Lie 
algebra g. An element a e f)* is a root if the space 

g a = {X egst ad(H)X = a{H)x, Vif e J)} (3.72) 

is non empty. 

(i) $ is the set of all the roots. We consider an ordering notion on $ and $ + = II is the set of positive roots. 

(ii) An element in <I> + is simple if it cannot be written as the sum of two positive roots, 
(hi) A is the set of simple roots 16 . The simple roots are denoted by {ai, . . . , a{\. 

3.8.2 Root spaces 

We are considering a complex semisimple Lie algebra g with a Cartan subalgebra f). 

Definition 3.76. 

For each a e f)* we define 

g a = {x e g st Mh e fj, (ad ft — a(h)) n x = for some n e N}. (3.73) 
If g a is not reduced to 0, we say that a is a root and g a is a root space. 

Corollary 3.84 will provide an easier formula for the root spaces when the algebra g is complex and semisimple. 
Theorem 3.77. 

Let g be a complex Lie algebra with Cartan subalgebra f). If a, (3 e g* then 
(i) [8a, 8p] = Qa+p, 
(ii) flo = f). 

Proof. For z e t) and x, y £ g we have 

(adz - (a + P)(z))[x,y] = [(adz - a(z))x,y] + [x, (adz - /3(z))y]. (3.74) 
Now suppose that for some n, 

( adz _ (Q + P)(z)) n [x,y] = 2 Q Q [(adz - a{z)) k {x), (adz - /3(z))"- fc (y)] 

If we apply (adz — (f3 + a)(z)) n to this equality we find 
( a dz-((3 + a)(z)r +1 [x,y] 



(3.75) 



S („) (K ad * - a(*))(ad« - «(^)) fc W, (adz - /3(z))"- fc (y)] 
f [(adz - a(z))(adz- a(z)) k (x), (adz - ^(z))""^ 1 (y)]) 
Z{ n + 1 ) [(adz - a(^)) fc (x), (adz - /3(z))" +1 - fc (y)]. 



(3.76) 



This formula shows that [g Q ,B/3] c fla+^- Indeed let x e g Q , y £ Qp and n be large enough, 

(adz - (a + P){z)) n [x,y] = 0. (3.77) 

Now we turn our attention to the second part. Let us apply the Lie theorem 3.20 to the action of g on 
the quotient go/f)- There exists [A ] e 0o/f) such that h[X ] = X(h)[X ] where the bracket stand for the class. 
Since f) is nilpotent on go we have A = identically. Looking outside the class, the existence of a non vanishing 
[Ao] e g/i) such that ft.[Ao] = means that there exists Ao e $jo\f) such that [h, Xq] e f) for every h 6 f). This 
contradicts the fact that f) is its own centralizer. □ 



16 The symbol A has not a fixed signification in the literature. As example, in [19] the symbol A is the set of roots while in [9] it 
denotes the set of simple roots. 
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Proposition 3.78. 

The complex Lie algebra decomposes into the root spaces as 

= © fla- (3.78) 

ash* 

Proof. Let H e f). We consider the primary decomposition (3.60) with respect to the operator a,d(H): 

= 0A (ff). (3.79) 

A 

If H 1 e f) the operator ad(iJ') acts the space Q\(H) because H' e Qq(H) so that 

[J7', flA (J7)]<=fl X (ff). (3.80) 
Thus we can write the primary decomposition of Q\(H) with respect to the operator a,d(H') knowing that 

( SX (H))JH') = {Xe Q X (H) st (ad(ff') - ») n X = 0} = g x (H) n fl M (ff')- (3-81) 
What we get is the decomposition 

= ©®0A( J ff)n flM ( J ff'). (3.82) 

A /J 

We continue the decomposition with H", H m , . . . until each ad(-ff) with H e t) has only one eigenvalue on each 
of the summand of the decomposition 

0= © 0\ 1 (Hi)n...n B x t (Hi). (3.83) 

Ai,...,A, 

For each Z-uple (Ai, . . . , A;), the eigenvalue of Hi on g\ 1 n . . . n gj, is A;. Thus we can see A as a 1-form on f) 
and write 

= ©0a (3.84) 

A 

with 

A = {X e g st (ad(if) - X(H)) n X = 0}. (3.85) 

□ 

Corollary 3.79. 

If X a e g a and Xp e with a + (3 ¥= 0, then B(X a , Xp) = 0. 

Proof. From the second point of proposition 3.77, we have adX a o ad Xp : — > g fli+a+ p. If a + j3 ^ 0, the fact 
that the sum (3.84) is direct makes the trace of a.dX a o adX^ zero. □ 

Since g is semisimple, the restriction of the Killing form on f) is nondegenerate 17 . Thus we can introduce, 
for each linear function <f>: f) — » (D, the unique element t^ e f) such that 

(f)(h) = B(t^,h) (3.86) 

for every ft, e fj. This element is nothing else that the dual <j>* with respect to the Killing form. Indeed 

t;(h) = B(t 4 ,,h)=<l>(h), (3.87) 

so that ft = cf). Incidentally, this proves that when </> runs over a basis of I)*, the vector t^ runs over a basis of 
f). The space f)* is endowed with an inner product defined by 

(a, P) = B(t a ,tp) = p(t a ) = a(t p ). (3.88) 

Lemma 3.80. 

If X £ g a and Y 6 g- a , then 

[X,Y] =B(X,Y)t a . (3.89) 

Proof. By theorem 3.77(i), [X, Y] e go = !)■ Now we consider ft, 6 f) and the invariance formula (3.21). We find: 

B(h, [X,Y]) = -B([X,h],Y) = a(h)B(X,Y) = B(h,t a )B(X,Y) = B(h,B(X,Y)t a ). (3.90) 

The lemma is proven since it is true for any ft e [} and B is nondegenerate on f). □ 



^Because the Killing form is zero on each space Q a with a ^ 0. 
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The elements t a allow to introduce an inner product on f)* and hence on the roots by defining 

(a,/3)=B(t a ,tp). (3.91) 

Lemma 3.81. 

If a and (3 are roots we have the formula 

(a ) 0)=£(dimfl T )(a,7)G0,7). (3.92) 

Proof. We consider for g a basis in which all the elements are part of one of the root spaces and we look at the 
endomorphism ad(t Q ) of q. This is diagonal and has zeros on the entries corresponding to f). The other entries 
on the diagonal are of the form "f(t a ). Thus 

) = 2(dinifl 7 )7(ta)7(^)- (3-93) 

Thus we have (a,/3) = B(t a ,tp) = 2 7S $(dimg 7 )(a,7)(/3,7). □ 

Proposition 3.82. 

Let a and j3 be roots. We have 

(i) (a,P) e Q, 
(ii) (a, a) >- 0. 
The proof comes from [19] page 826. 
Proof. Let a, /3 e $ and consider the space 

V = fl(3+mQ . (3.94) 

If X Q e g a and X_ Q e g_ Q with [X a , X_ a ] = t a we have, for all v e V, 

[X a ,v]eV (3.95a) 
[X- a ,v]eV (3.95b) 
eV. (3.95c) 

Thus we can consider the restrictions to V of the operators &d(X a ), ad(X_ Q ) and a,d(t a ). Since ad is an 
homomorphism we have, as operator on V, 

ad(f a ) = [&d(X a ),ad(X~ a )], (3.96) 

and then Tr (&d(t a )\ v ) = 0. 

Let us compute that trace on the basis {u^ } where e Qp+ka- Since 

ad(t a )4° = 08 + ka)(t a )v^ (3.97) 



we have 



= Tr (&d(t a )\ v ) (3.98a) 
= J] dim fl/3+feQ (/? + fca)(t a ) (3.98b) 



fcez 



^ dim/3+to ((a, /3) + (a, a)) (3.98c) 



fcez 



and 



^] dimfl^+fcc (a,/3) = -(a,a) I J] fedimg^+fe^ . (3.99) 

AeN Bsz: 
If (a, a) = then we have (j3, a) = for every f3 e hence B(t a ,tp) = which contradicts non degeneracy of 
the Killing form. We conclude that (a, a) # 0. By the formula of lemma 3.81 we get 

(a, a) = Yi dim 0/3 (") P f- (3.100) 

/3e$ 
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Replacing in that formula the value of (ct,/3) taken from formula (3.99) we found 

B 2 

(a, a) = ^] dim 0,3 — (a, a) 2 (3.101) 

and then (a, a) e The fact that (a,j3) is rational follows. 

Notice that the sign of B is not guaranteed because it's not sure because we do not know whether there are 
more positive or negative terms in the sum of the right hand side of (3.99). □ 

Proposition 3.83. 

Let a be a root of the complex semisimple Lie algebra g. Then 
(i) dimrj Q = 1, 

(ii) the only integer multiple of a to be roots are +a. 
Proof. Let X a e g a and consider the vector space 

V = €t a © <CX a © g ma . (3.102) 

m<0 

Let y e g_ Q be chosen in such a way that LXTq,,?/] = t a ; by lemma 3.80 this is only a matter of normalization. 
The space V is invariant under a,d(X a ) and ad(y). Indeed 

(i) &d(X a )t a = -a(t a )X a e <DX a ; 

(ii) &d(X a )X a = 0; 

(iii) ad(X Q )g mQ c fl( m+ i) Q ; if m < — 1, (rn + 1) < 0, while if m — — 1 we know that the commutator Q— Q ] 
is included in <Ct a e V; 

(iv) a,d(y)t a e jj_ Q 

(v) &d(y)X a = —t a by definition; 

(vi) &d(y)g ma a fj (m _i )Q . 

Since ad: g — » GL(g) is an homomorphism (lemma 3.4) we have 

[adpf Q ),ad(y)] = ad(t a ) (3.103) 

and then Tr (ad(t Q )) = because the trace of a commutator is zero 18 . Since V is an invariant subspace, the 
trace of &d(t a ) restricted to V is also vanishing. Let us compute that trace on the basis {X a , t a , ^"m a } m <o 
where i takes as many values as the dimension of g mct . 

We have a,d(t a )X_ a = —a(t a )X- a , a,d(t a )t a = and &d{t a )Xl na = ma(t a )X ma , thus the trace is 

00 

= a(t a )(- 1 + XI mdim fl™«)- (3-104) 

m — 1 

Notice that the sum is in fact finite since the dimension of g is finite. We know that a(t a ) = B(t a ,t a ) ^ 0, so 
that equation (3.104) is only possible with dimg Q = 1 and dimg ma = for m # 1. □ 

A very similar proof can be found in [19], page 827. 

Corollary 3.84. 

In the case of semisimple complex Lie algebra, 
(i) the root spaces are given by 

g a = {X e g stVhe f), [h, X] = a(h)X}; (3.105) 
(ii) for every x a e g a , and for every h e f), we have 

[h,x a ] = a(h)x a . (3.106) 



3 Prom the cyclic invariance of the trace. 
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Proof. Let Ieg a , we have 

(&d(h)-a(h)) n X = 0, (3.107) 

so 

(ad(fc) - a(h)) (ad(/i) - a(/i))" _1 A = 0. (3.108) 

V 

In particular the vector v = (ad(/i) — a(/i))" X belongs to Q a . Since the latter space has dimension one, the 
vector v is a multiple of X and consequently equation (3.108) shows that 

(ad(/i) - a(h))v = (ad(h) - a{h))X = 0. (3.109) 

The second point is only an other way to write the same. □ 

Lemma 3.85. 

// H is an element of t) with a(H) = for every root, then H = 

Proof. Consider the decompositions (not unique) H = 2 a e$ a at a and H' = ^p^a'ptp- Then 

B{H, H') = J] a a a' fi B{t a ,t p ) (3.110a) 

ct,p 

= Y,a'^(a a ,t a ) (3.110b) 

= Y i a' p P(H) (3.110c) 



= 0. (3.110d) 

Such an element is thus Killing-orthogonal to the whole space rj but we already know the rj is orthogonal to 
each space g a (a 0). By non degeneracy of the Killing form we must have H = 0. □ 

Proposition 3.86. 

The set of roots of a complex semisimple Lie algebra spans the dual space f)*. 

Proof. Consider a basis {Hi} of f) with {H Q , . . . , H m ) = Span($) and {H m+ i, . . . , H r ] be outside of Span$. A 
root reads a = Sfelo a kH*. Thus a(H m+1 ) = 0, which implies that H m+ i = by lemma 3.85. □ 

Corollary 3.87. 

A Cartan algebra f) of a complex semisimple Lie algebra is abelian. 

Proof. Let H', H" e f) and consider H = [H', H"], a root a and X a e g a . On the one hand we have 

[[H',H"],X a ] = -a(H')[X a ,H']+a(H')[X a ,H"]=0 (3.111) 

and on the other hand we have [[H 1 , H"], X a ~{ = [H, X a ] = a(H)X a . We deduce that a(H) = for every root 
and then that H = by lemma 3.85. □ 

We denote by $ the set of roots. These are the elements A e f)* such that Q\ is non trivial. We suppose to 
have chosen a positivity notion on t)*, so that we can speak of <I> + , the set of positive roots. 
A positive root is simple is it cannot be written as the sum of two positive roots. 



3.8.3 Generators 

We are going to build the Chevalley basis of the complex semisimple Lie algebra q. That will essentially be a 
choice of a basis vector in each of the root spaces. We are following the notations summarized in point 3.8.1.3. 

Now, for each root a, we pick e a e j a . We will see that, up to renormalization, we can set the in nice 
commutation relations. 



Lemma 3.88. 

If a and (3 are roots such that a + /3 ^ 0, then 

B{e a ,e )=O. (3.112) 

If fa 6 Q- a we also have B(e a , f a ) ^ 0. 
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Proof. By definition B{e a , ep) = Tr (ad(e a )oad(e^)). If we apply ad(e Q ) oad(e ( g) to an clement of e 7 (including 
0o = f)), we get an element of Q a+ p + ~ r Thus the trace defining the Killing form is zero and B(e a , ep) = when 
a +(3 = 0. 

Since the Killing form is nondegenerate, we conclude that B(e a , e_ Q ) #0. □ 
Corollary 3.89. 

Let g be a semisimple complex Lie algebra and f) be a Cartan subalgebra of q. Let a be a root of q and 
ha = [fla,0-a]- There exist an unique H a 6 f) Q such that a(H a ) = 2. 

Proof. We have [e a , f a ] = B(e a , f a )t a and the lemma 3.88 shows that the Killing form is non zero. Multiplying 
by a suitable number provides the result. □ 

The element H a e f) defined in this lemma is the inverse root of a. 

Lemma 3.90. 

Let {/3i, ...,/3i] be a choice of elements in f)* such that the set {tp 1 , ...jt^} is a basis of I). Thus the roots can 
be decomposed as 

i 

a = J] a k p k (3.113) 
fc=i 

with afc 6 Q. 

Proof. Let a = Xl=i a kPk- We know that the vectors tp i form a basis of (), so we have the decomposition 
= Yik a ktp k - Indeed 

B{h^kt 0k ) =Y i akB(h,t Pk ) =^ flfc ft(/i) = a(h). (3.114) 

k k k 

For each k = 1,2, ... ,1 we have 

/ 

(a kl a) = ^a k (a k ,aj). (3.115) 

This is a system of linear equations for the / variables a k . Since the coefficients (a k , a) and (a k , ctj) are rational 
by proposition 3.82, the solutions are rational too. □ 

Remark 3.91. 

The lemma 3.90 deals with a quite general basis of f). We will see in the proposition 3.101 that in the case of 
the basis of simple roots, the coefficients a k are integers, either all positive or all negative. 

3.8.4 Subalgebra s((2); 

For each nonzero root a el)*, we choose e Q e Q a and f a e in such a way to have 

B(e a ,f a )= 2 (3.116) 

and then we pose 

K = p7I~ I > *°- ( 3 - 117 ) 

Notice that these choices are possible because the Killing form is non degenerated on \). 
The following comes from page 82 of [9] 

Proposition 3.92. 

For each root, the set {e a , f a , h a } generates an algebra isomorphic to sl(2,JV), i.e. they satisfy 

[h a ,e a ] = 2e Q (3.118a) 
[h a J a ] = -2f a (3.118b) 
[e a ,fa] = h a (3.118c) 

(3.118d) 

Proof. Since a(t a ) = B(t a ,t a ) we have a(h a ) = 2. Now the computations are quite direct. The first is 

[h a ,e a ] = a(h a )e a = 2e a . (3.119) 

For the second, 

[K, fa] = -a(ha)f a = -2f a . (3.120) 
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For the third, we know that [e a , f a ] e f); thus B[X, [e a , / Q ]) = whenever X e Q\ with A ^ 0. Let h e (). Using 
the invariance of the Killing form, 

B(h,[e a ,f a ]) =B([h,e a ],f a ) = a(h)B(e a , f a ) = B(t a ,t a )B(e a ,f a ) = B(B(e a , f a )t a ,h). (3.121) 

Thus 

[e a ,f a ] = B(e a ,f a )f a = h a . (3.122) 

□ 

Remark that we used the non degeneracy of the Killing form in a crucial way. The copy of sl(2, R) formed 
by {e a , fat h-a} is denoted by sl(2, R) Q . 

Proposition 3.93. 

In the universal enveloping algebra, 

[h J ,f* +1 ] = -(k + l)a l (h J )f* +1 (3.123) 

as generalisation of the previous one. 

Proof. We use an induction over k. Since ad(/ij) is a derivation in U(g), the induction hypothesis and the 
definition relation [h, fi\ = —cti(h)fi with h = hi, we have 

ad(^)# +1 = (ad^/^+Zfad^)/*- 

= _ fca + i(hj)fifi - ai {h )f1 +1 (3.124) 
= -(k + l)a i (h j )tf+\ 

□ 

Now the Lie algebra g can be seen as a sl(2, R)-module. As an example, for each choice of (3 e <£>, the algebra 
sI(2)q, acts on the vector space 

y = @ fl(3+fea . (3.125) 

fesZ 

The vector space g carries thus several representations of st(2); this fact will be used in a crucial way during 
the proof of proposition 3.99. 

3.8.5 Chevalley basis 

The Chevalley basis corresponds to an other choice of normalization of the element e a , h a . If we set 

H a = K a t a (3.126a) 
E a = N a e a (3.126b) 

with 

?. 



(a, a) 

N n = 



(3.127) 



B(e ,e_ a )(o! ) a)' 



then we have the Chevalley relations: 

[E a ,E_ a ] = H a (3.128a) 

[H a ,Ep] = ?j^Ep (3.128b) 
(a, a) 

[H a ,H fj ] = 0. (3.128c) 

The last relation is only the fact that the Cartan subalgebra t) is abelian. 

If {tti}i = i t ...^ is the set of simple roots, we consider the notation = E at) X[~ = E_ ai , Hi = H ai and we 
introduce the Cartan matrix 

A, = 2 -}^±. (3.129) 

\OLi,Oti) 
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Reduced to the simple roots the relations (3.128) become 

[H i ,X±] = ±A ij X* (3.130) 
[Hi, Hj] =0. 

The first relation comes from the fact that Q!j — aj is not a root when on and aj are simple roots. 
Remark 3.94. 

The idea behind the Chevalley relations is that the algebra g is generated by the elements X^, Hi and the 
commutation relations (3.130). Even if these elements do not form a basis (while the elements E a , H a do), one 
can define a function on g by giving its values on Xf- and Hi providing one has a canonical way to extend it 
on commutators. 

The definition ?? of standard cobracket works in this way. 

Remark 3.95. 

Notice that these relations do not give the value of 

(3.131) 

when a + 8 is a root. 



Problem and misunderstanding 7. 

It has to be possible to compute N a< p, but I do not know how. The answer is given in equation (3.358) but I 

don't know where I got them. Maybe there are some hints in [ } (II faut ajouter Cornwell a la bibliographic et 
enlever le probleme 11). 



Problem and misunderstanding 



8. 



It seems that A^ is the larger integer k such that on + kotj is a root. This is the justification of the other Serre 's 
relations that read 

ad i-^(X±)X± = 0. (3.132) 
That relation has to be written with the Chevalley 's ones. 

One can choose the coefficients in a more scientific way [18]. Let a be a positive root, let H a be the inverse 
root of a and e a e g a . We have 

[eaiep] = \ N ^ e ^ if a + /3 is a root 

I if a + B is not a root. 

We are going to find a multiple E a of e Q in such a way to have in the same time 

[E a ,E_ a ]=H a (3.134a) 

N aJ = -N_ a ._ p . (3.134b) 

Let cr be an involutive automorphism of q such that : — id. First we have cr(g Q ) = g_ Q because 

[h, a(e a )] = a[o-(h),e a ] = —aa(h)e a = —a(h)a(e a ) (3.135) 

for every ftel) and e Q £ g Q . From corollary 3.89 there exist a number a a such that 

[e a ,a(e a )] = a a H a . (3.136) 

We pose 

E Q = 1 e a (3.137a) 
\/-a a 

E_ a = -a{E a ). (3.137b) 

With that choice we immediately have [E a ,E_ a ] = H a . We also have N a ./3 = — iV_ Qi _^; in order to see it, 
consider 

[aE a , aE p ] = a[E a , E fj ] = N a . p a(E a+0 ) = -N a ,pE- a -p. (3.138) 
But the same is also equal to 

[-E_ a , = [E_ ai E_ p ] = N_ a ^ p E_ a ^. (3.139) 
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Proposition 3.96. 

With these choices we have 

N a , p = +(p+l) (3.140) 
where p is the largest integer j such that f3 — ja is a root. 



Problem and misunderstanding 



9. 



/ don't know a proof of that, but [18] gives a reference. 

From proposition 3.80 we know that t a e t) a , so that H a is a multiple of H a . The proportionality factor is 
easy to fix since 

a(H a ) = 2 definition of H a 



Thus H a = , 2 -, t a and 



again by the definition (3. 



ct(t a ) = (ct, a) definition (3.88). ^ ^ 



[H a ,E p ] = (3(H a )E = -^-f3(t a ) = 2 -^§- (3.142) 



3.8.6 Coefficients in the Cartan matrix 

In this section we search to give the form of the coefficients in the Cartan matrix. We will show that the values 
of (a, /3) are quite restricted. 

Remark 3.97. 

The notations are not standard. Here the symbol A denotes the set of simple roots while the set of all roots is 
denoted by In the book [19], the symbol A is the set of all roots. This makes quite a difference ! 



Definition 3.98. 

If a and [3 are roots of the complex semisimple Lie algebra q, then the a-string containing j3 is the set of roots 
of the form a + k(3 with k &7L. 

Among other things, the following proposition shows that a string has no gap. 

Proposition 3.99. 

Let a, (5 e Then there exits integers p, q such that {/3 + ka}- p <:kf:q is the a-string containing fj. The numbers 
p and q satisfy 

P - q = 2 P4 (3.143) 



and the form 

is a nonzero root. 

Proof. We consider the vector space 



(a, a) 
203, a) 



(a, a) 



a (3.144) 



V = <§)Q P+ka (3.145) 

keTL 



and the Lie algebra sl(2) a which acts on V. Simple computation using the fact that (3(h a ) = 2(a, f3)/(a,a) 
shows that 

[l-h a ,ep +ka ] = ( ; +k j e p+ka . (3.146) 



2 \{a,a) 

Thus the matrix of ad(|/i a ) is diagonal and has no multiplicity in its eigenvalues. We deduce that the repre- 
sentation if irreducible. From general theory of irreducible representations of s((2) we know that there exists 
an half-integer number j such that the diagonal entries of a.d(^h a ) take all the values from — j to j by integer 
steps. Thus the a-string containing fj has the form {/3 + fca}_ p <;fc^ g where p and q satisfy 

^ P =-j (3.147a) 



(a, a) 
(a, a) 



+ q = j. (3.147b) 
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Summing we get 

(3.148) 

(a, a) 

If A is an eigenvalue of ad(|/i a ), then —A is also an eigenvalue (this is still from the irreducible representation 
theory of s((2)). The number (a, f3)/(a, j3) is obviously an eigenvalue (with k = 0), thus the string contains a k 
such that 

^4 +fc = _^4. (3.149) 

(a, a) (a, a) 

The solution is k = — 2(a, f3)/(a, a) and we deduce that 

p-2^la (3.150) 
(a, a) 

is a root of g. □ 

Proposition 3.100. 

Let a, j3 be two roots. Then we have 

2(a,[3) 



0,±1,±2,±3. (3.151) 



(a, a) 

Proof. First, equation (3.143) shows that 2 ^"'^ is integer. If a = +f3, the result is 2. If a ^ +/3, the vectors t a 
and tjg are linearly independent and the Schwarz inequality shows 

(a,(3) 2 = \B(t a ,t fi )\ < B(t a ,t a )B(t p ,t p ) = (a,a)(p,p). (3.152) 

Thus 



2(a,, 



(a, a) 



2{a,[3) 



(A/3) 



<%%^^4. (3.153) 



Consequently the number |2(a, J 9)/(a, a)\ being integer can only take the values 0, 1, 2 and 3. Notice that the 
inequality in (3.152) and (3.153) are strict since on is not collinear to ay. □ 

3.8.7 Simple roots 

As seen before, $ admits an order inherited from f)jj^. A root a > is simple if it cannot be written as a sum 
of two positive roots. 

Theorem 3.101. 

Let {ai, . . . , ai} be the set of simple roots. Then every root 6 $ can be decomposed into 

i 

/? = 2 n ^ ( 3 - 154 ) 

i = l 

where non vanishing the numbers m 6 7L are either all positive or all negative. 

Proof. Let f3 be positive. If it is not simple, the one can decompose it into two positive roots: 

f3 = ~f + 5 (3.155) 

with 7,(5 > 0. If 7 and/or 6 are not simple, they can be decomposed further. This process has to be finite, 
indeed if the process is not finite, the decomposition of at least one positive root has to contains itself (because 
there are finitely many of them) while it is impossible to have 7 = 7 + 0; with a > 0. □ 

Two corollaries: a root is either positive or negative (this is part of the definition of positivity) and when a 
root is positive, its decomposition into simple roots has only positive coefficients. 

Lemma 3.102. 

If a — (5 are simple roots with a ¥= (3, then (3 — a is not a root and B(h a , hp) ^ 0. 

Proof. Define 7 = j3 — a e A (and not $ because a 0). If 7 > 0, the fact that (3 = 7 + a contradict the 
simplicity of /3 while if 7 < 0, in the same way a = /3 — a contradict the simplicity of a. 

Since j3 — a is not a root, j3 a = and /3 a ^ thus formula 2(3(h a ) = (f3 a — /3 a )a(h a ) gives 

2B(h a ,hp) = {fi a - /3 a ) B{h a ,h a ). (3.156) 
Now proposition 3.145 gives the result. □ 
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Lemma 3.103. 

The simple roots are linearly independent. 

Proof. In the definition of a simple root, we need an order notion on A which is then seen as a subset of ()]r. 
But the roots are real thereon. Then the right notion of "independence" for the simple root is the independence 
with respect to real combinations. 

If one has a combination don = (sum over i) with at least one non zero among the c"s by putting the 
negative c l 's at right, one can write 

a 1 on = VoLj 

with a 1 , b 3 ^ 0. Let us consider 7 = a l cti and h 1 . For every ft e I), we have 

B(h, hy) = 7(A) = a 4 ai(/i 7 ). 

but hy = a J h a , then 

B{hy,hy) = a 1 a 3 on(h a A = a l a? B(h ai ,h ai ). (3.157) 

Since the on are all simple roots, the right hand side is negative, but proposition 3.145 makes the left hand side 
positive. Thus 7 = 0. □ 

Theorem 3.104. 

If {ax, . . . ,a r } is the set of all the simple roots, then dim f)R = r and every /3 e <E> can be decomposed as 

r 

P = Yj niCti 

where the Hi are integers either all positive either all negative. 

Proof. Let f3 be a non simple positive root. Then it can be decomposed as f3 = 7 + S with 7, S > O.We can 
also separately decompose 7 and S and continue so until we are left with simple roots. We have to see why 
the process stops. Since there are only a finite number of positive root, if the process does not stop, then the 
decomposition of (at least) one of the positive roots 7 contains 7 itself. So we have a situation 7 = 7 + 0; for a 
certain positive a. This contradict the notion of order. 

In particular Span^jai} = {positive roots}. Thus it is clear that 

Span H {oj} = $. 

□ 



3.8.8 Weyl group 

References about Weyl group: [6]. See also [19], page 530. 
If a is a root of g we define the symmetry of a as 

Sa:tl *" 1) * (3 1581 

where H a e f) is the inverse root of a. Since a(H a ) = 2 we have s a (a) = —a. The group generated by the 
symmetries and the identity is the Weyl group. 

From what is said around equation (3.141) and the definition (a, f3) = a(tp), we have 

s a (p) = [3 - ^^-a. (3.159) 
(a, a) 

We know from proposition 3.99 that s a (/3) is a root while there are only finitely many roots; thus the Weyl 
group is finite since there are only a finite number of maps from a finite set to itself. 
The symmetries associated to roots are involutive: 

s^=id. (3.160) 

Indeed 

sl(P) = s a {P - P(H a )a) 

= [3 - p{H a ) - (p - p{H a )a){H a )a (3.161) 
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if we take into account a(H a ) = 2. 

Relative to the symmetry s ai we have the symmetry Sj on f) defined by 

Si (h) = h - a.i(h)Hi (3.162) 

where Zief) and Hi is the inverse root of on . 
Remark 3.105. 

The simple roots on are not orthogonal. 

Let A be a reduced abstract root system on a real finite dimensional vector space V. The group W generated 
by the s a : a e A is the Weyl group. 

Proposition 3.106. 

The elements s ai are isometries oft}*, i.e. 

(a CH (a),8 ai (p))=(a,P). (3.163) 
Proof. For the sake of shortness, let us write 

TH.a = -. r. (3.164) 

(Oil, on) 

We have t Sa ^ =t a — ni <a t ai . Thus 

^(^(aji^ds)) = B(t a — rii ia t at ,tp — n i: pt ai ) (3.165) 

distributing and taking into account the fact all the relations like B(t a ,t ai ) = (a, a,), the right hand side 
reduces to B(t a ,tp) = (a, (3). □ 

When $ is the root system, one can chose many different notions of positivity; each of them bring to different 
simple systems. It turns out that the action of the Weyl group on a simple system produces the simple system 
of an other choice of positivity on <E>. 

Lemma 3.107. 

If s aid = s ai (3, then a = fl. 



O = a-0- V " (3-166) 



Proof. The hypothesis s Q . (a — /3) = provides 

2 (a-P,a j )_ 

so that a = j3 + zaj for some zeC. Thus we have 

s a] (a) = s a] (/?) + zs aj (aj) = s aj (a) - za r (3.167) 
Thus z = and a = p. □ 
Proposition 3.108. 

Let on a simple root. The set <J> + \{aj} is stable under s ai , i.e. 

s Qi ($+\K}) =$+\{a,:}. (3.168) 
Proof. Let A e <i> + be a positive root. By theorem 3.101 we have 

A=J]o J a i (3.169) 

3 

with a,j ^ 0. Since A ¥= on we have dj > for some j i. Indeed the only multiple of on to be a root are and 
+ojj. Since A e <E> + and A on, none of these three solutions are taken into consideration. 
Let's apply s ai on both sides of (3.169): 



Sa,(A) = S at {Yj a 3 a o) 

j 

= 2 a j s aA a j) + a i s a z ( a i) 



^ (3.170) 

n. — 



v 1 2 ( a *' a i) 
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Since a root is either positive or negative, the coefficients are either all positive or all negative. Since all the 
coefficients (apart for the one of Q!j) are the same as the ones of A, the root (3.170) is positive. 
We still have to prove that s ai (X) ^ on. Indeed if s ai (X) = ai we have 

A = s az s ai (X) = s ai (a>i) = -an, (3.171) 

which contradicts the positivity of A. 

Up to now we proved that s ai (<J> + \{a4) <z <& + \{a;4- If A 6 <!> + \{a:i}, then 

a = s ai (A) e s ai c $+\{a,} (3.172) 

and s ai (a) = X, so that A is the image by s ai of a e <& + \{ai}- □ 

Theorem 3.109. 

The map s aj : $ + \{aj} — * & + \{aj} is bijective. 

Proof. Surjectivity is proposition 3.108 while injectivity is lemma 3.107. □ 



Lemma 3.110 ([19], page 533). 

We consider the half sum of the positive roots: 



~ 2>. (3.173) 



2 



We have 

(i) If aj is a simple root, s aj S = 8 — otj. 
(ii) If aj is a simple root, (6, otj) = ^{oij,otj). 
Proof. We compute s aj 5 dividing the sum into two parts: 

s ^ 5 = \ Ti Sa A a ) + \ s <*ii<*j) (3.174a) 



2 



\ ^ oc-\aj. (3.174b) 



2 ^ + 2 



The second inequality is from the fact that s Qj . is bijective on <!> + \{a :) } by theorem 3.109. Adding a subtracting 
^ we get 

Sa] 8 = \ ^ a-f -f (3.175) 

Using the proposition 3.106, we have 

(5, aj) = (s aj S, s aj aj) = (8 - aj, -aj) = -(8, aj) + (a^o,-), (3.176) 
consequently, 2(8, a j) = (aj,aj) and the result follows. □ 

3.8.9 Abstract root system 

The material about abstract root system mainly comes from [6]. 
Definition 3.111. 

An abstract root system in a finite dimensional vector space V endowed with an is a subset QofV such that 

• $ is finite and Span $ = V , 

• For every a 6 there is a symmetry s a of vector a leaving $ stable. 

• For every a, j3 e <!>, the vector s a (/3) — j3 is an integer multiple of a. 

The abstract system is reduced when ae$ implies 2a $ $. It is irreducible is $ doesn't admits non trivial 
decomposition as $ = <&' u $" with (a, (3) = for any a e <£>' and j3 e <E>". We use the notation $ := <I> u {0}. 
The following is a consequence of all we did up to now. 

Theorem 3.112. 

The root system of a complex semisimple Lie algebra is a reduced abstract root system. 

The Weyl group of $ is the subgroup of GL(V) generated by the transformations s a with a e <E>. 
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3.8.9.1 Link with other definitions 

The definition 3.111 is not the "usual" one (in [16], page 14 for example). We show now that we retrieve the 
usual features of an abstract. 

Lemma 3.113. 

An abstract root system admits a bilinear positive symmetric non degenerate form which is invariant under its 
Weyl group. 

Proof. If (., .)i is a bilinear positive non degenerate symmetric form on the vector space V, the form 

(a, 13) = J] (wa,wp)i (3.177) 

is invariant under the Weyl group. This construction is possible since the Weyl group is finite. □ 
Definition 3.114. 

Let V be a vector space and v £ V a non vanishing vector. A symmetry of vector v is an automorphism 
s : V —* V such that 

(i) s(v) = -v; 

(ii) the set H = {w e V st a(w) = w} is an hyperplane in V . 
A symmetry of vector v induces the decomposition V = H ©1Ri>. The symmetries are of order 2: s 2 = id. 
Lemma 3.115. 

let v be a nonzero vector of V and A be a finite part of V such that Span(A) = V . Then there exists at most 
one symmetry of vector v leaving A invariant. 

Proof. Let s and s' be two such symmetries and consider u = ss 1 . We immediately have u(A) = A and u(v) = v. 
Let us prove that u induce the identity on the quotient V/M.V. A general vector in V can be written (in a non 
unique way) under the form 

h + h'+v (3.178) 

with h e H and h' e H'. Let h = h[ + f3v be the decomposition of h in H' © IRu and h' = hi + ~fv be the 
decomposition of h' with respect to the direct sum V = H ©lRx> . Then we have 

ss'{h + ti + av) = ss'((/i' 1 + (3v) + h' + av) (3.179a) 

= s((h[ -0v) +h' + av) (3.179b) 

= s(h-2Pv + h 1 +jv + av) (3.179c) 

= h + 2fiv + hi - jv + av (3.179d) 

= h + h' + (a - 2 7 + 2P)v. (3.179e) 

Thus at the level of the quotient, u leaves invariant h + h'. 

It is not guaranteed that u is the identity, but the eigenvalues of u are 1. For each X{ e A, there exists rij e N 
such that If n is a common multiple of all the n, (these are finitely many), we have u n (x) = x for 

every x e A. Since A generates V, we have u n = id and then u is diagonalizable. 

We already mentioned the fact that the eigenvalues of u are 1. Since u is diagonalizable, it is the identity 
and s = s'. □ 

The invariant form give to V a structure of euclidian vector space for which the elements of the Weyl group 
are orthogonal matrices. Thus the symmetries read 

s a (x) =x-2 i p^\a. (3.180) 
(a, a) 

This is the only transformation which makes s a (a) = —a in the same time as being implemented by an orthog- 
onal matrix. The symmetry s a is nothing else than the orthogonal symmetry with respect to the hyperplane 
orthogonal to a. 

The expression (3.180) has the consequence that 



(3.181) 
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By the definition of an abstract root system, the latter has to be an integer multiple of a, so 

2(0, a) 



(a, a) 



e %. (3.182) 



Definition 3.116. 

Two abstract root systems <S>onV and $' on V are isomorphic is there exists an isomorphism of vector space 
i/j-.V ->V such that ip($) = $' and 

2 m = M«\m) f3 1831 

(a, a) (V»(a),V(a)) 

/or every a,/3 e $. 

3.8.9.2 Basis of abstract root system 

The part about basis of abstract root system comes from [18]. 
Definition 3.117. 

Let <!> be an abstract root system. A part S a $ is a basis of $ if 
(i) S is a basis of V as vector space; 
(ii) every /3 6 $ can be written under the form 

/3 = 2 m a a (3.184) 

aeS 

where m a are all integers of the same sign. 

The set A of simple roots of the root system of a complex semisimple Lie algebra is a basis. 
We are going to build a basis of an abstract root system. Let h e V* be such that a(h) ^ for every ae$ 
and define 

$+ = {ae$sta(/!)>0}. (3.185) 

We have <E> = u ~^h- We say that an element a e $^ is decomposable if there exist /3,7 6 $^ such that 
a = [3 + 7. We write S/, the set of undecomposable elements in 

Lemma 3.118. 

Any element in $^ is a linear combination with positive coefficients of elements of Sh- 



Problem and misunderstanding 



10. 



It seems to me that Serre's book[18] has a misprint here. At page V-ll he writes : 

Tout element de R^ est combinaison lineaire, d coefficients entiers ^ des elements de S. 
Shouldn't he have written St- 

Proof. Let / be the set of a £ $^ that cannot be written under such a decomposition. We choose a e I such 
that a(h) is minimal. If a is undecomposable, then a e Sh and the condition a e I is contradicted. Thus a is 
decomposable. Let /?, 7 e <J>^ be such that a = (3 + 7. Since a(h) is minimal, 

[3(h) < a(h) 

AW A 3 ' 186 

Thus we have /3(h) = a(h) — 7(/i) < which contradicts f3 e <& + . We conclude that / is empty. □ 

Lemma 3.119. 

If a, fie S h , then (a, (3) < 0. 

Proof. If (a, /3) ^ 0, then proposition 3.125(v) shows that 7 = a — /3 is a root. There are two possibilities: 
7 £ i^jf- If 7 e 4>£, then a = 7+/3 is decomposable; contradiction. If 7 e — then /3 = a — 7 is decomposable; 
contradiction. □ 

Lemma 3.120 (Lemme 4 page V-12). 

Let h e V^* and A <z V be a subset satisfying 

(i) a(h) > for every a e A; 



3.8. ROOT SPACES IN SEMISIMPLE COMPLEX LIE ALGEBRAS 



77 



(ii) (a, /?) ^ for every a, ft e A. 
Then the elements in A are linearly independent. 

Proof. Let us consider a vanishing linear combination of elements in A: 

^] m a a = 0. (3.187) 

aeA 

We can sort the terms following that m a is positive or negative and cut the sum in two parts: 

2 ypP = J] z 7 7 (3.188) 

with y^, z 7 ^ and where A\ and A 2 are disjoint subsets of A. Let us consider A = X^eAi an d compute 

(A, A) = J] ypzyfa'y). (3.189) 

By hypothesis (/?, 7) is lower than zero and by construction the product yp, z~ i is positive. Thus the right hand 
side of equation (3.189) is negative. We conclude that A = 0. Thus 

= X(h) = J] y p p(h). (3.190) 

Since all the terms in the sum are larger than zero we have yp = 0. In the same way we get z 7 = 0. The 
vanishing linear combination (3.187) is then trivial and the elements of A are linearly independent. □ 

Proposition 3.121. 

The elements of Sh form a basis of <E> in the sense of definition 3.117. Conversely, if S is a basis of & and if 
h e V* is such that a(h) > for every a e S, we have S = Sh- 

Proof. The set Sh satisfies the conditions of lemma 3.120 since by definition a(h) > for every a e Sh and by 
lemma 3.119 the inner products are all negative. Thus Sh is a free set. It is generating by lemma 3.118. Again 
by lemma 3.118, every element in $ can be written as sum of elements of Sh with all coefficients of the same 
sign. Here we use the fact that v is positive if and only if —v is negative and that every vector is either positive 
or negative. 

For the second part, let S be a basis and h e V* such that a(h) > for all a 6 S. Let 

$+ = m a a with m a e N}. (3.191) 

aeS 

We have <I> + c <I>^ and — <I> + c -§h- Since <& = $ + u — <& + we also have $ + = Since elements of S are 
indecomposable in $ + , they are indecomposable in $^ and we have Sc Sh- 

The sets S and Sh have the same number of elements because they both are basis of V, thus S = Sh. □ 

Lemma 3.122. 

If h and h' are elements ofV* related by a(h) = (wa)h' , then w(Sh) = Sh' (if these space can be defined). 

Proof. Let a e Sh- The element w(a) belongs to because 

w(a)ti = a(h) > (3.192) 

because a e We still have to check that w(a) is undecomposable in If w(a) = j3 +7 with f3,j e 
we have a = w^ 1 ft + w^ 1 ^. From the link between h and h' we have 

(w-^X/i) = (ww- 1 ^' = (3{ti) > 0. (3.193) 

Thus w~ l (3 e <I>^ which is a contradiction because we supposed that a is undecomposable. □ 

Lemma 3.123. 

If a, ft e $ and if w e Ws, then s w im = w o sp ° w _1 ■ 

Proof. Using the fact that the symmetries are isometries of the inner product, 

.„<»<«) = « - ,y^ w <fl = * - (3 - i94) 

(w(/3),w(/3)) 
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Applying that to w(a) instead of a and applying w , we have 

w~ l s w[fl) (w(a)) = w~ l (wa - ^ wf^j (3.195a) 

= a -T^ w ~ lw P ( 3 ' 195b ) 
= s (a). (3.195c) 

□ 

The following theorem is from [18], page V-16. 
Theorem 3.124. 

Let W be the Weyl group of the abstract root system $. Let S a basis of $ and Ws the subgroup ofW generated 
by s a with a 6 S. Then 

(i) for every h e V* , there exists w e Ws such that (wa)(h) ^ for every a e S. 

(ii) If S' is a basis of the there exists awe Ws such that w(S') = S. 

(Hi) For every f3 e <& there exists w e Ws such that w(/3) £ S. 

(iv) The group W is generated by the symmetries s a with a 6 S. 

Proof. For item (i), consider h e V* and 8 = \ Xi 7S s 7- Let w e Ws be such that w(S)h is the largest possible 19 . 
If a e S we have 

w(S)h ws a (S)h = w(S)h - w(a)h, (3.196) 

so that w(a)h ^ for every a e S. This proves our first assertion. 

We pass to point (ii). Let h' e V* be such that a'Qi') > for every a' e S'. By the first item there exists 
io e Ws such that 

(wa)(ti) ^ (3.197) 

for every a e S. In fact we even have wall' > for every a e S. Indeed wa can be decomposed as 2j Q 'eS' m a'Ct' 
where all the m a i have the same sign. In this case 

(wa)ti =Y J m a ,a , (h') ? (3.198) 

OL J 

because each of a'(h') is strictly positive while all the terms of the sum have the same sign. This means, by the 
way, that S' = Sh> following the proposition 3.121. 
We define h e V* by the relation 

a(h) = (wa)(ti). (3.199) 

By what we said in equation (3.198) we have a(h) > for every a 6 S, so that we have S = Sh- Finally by 
lemma 3.122, w(S h ) = S h >. 

We prove now the point (iii). For 7 6 $ we consider the hyperplanc 

L 1 = {h e V* st -/(h) = 0}. (3.200) 

Consider a particular j3 e $ the hyperplanes L-y with 7 # +/3 do not coincide with Lp and there is only finitely 
many of them, so there exists a ho e Lp such that ho do not belong to any L 7 for any 7 +/3. 

In particular we have (3(h ) = and 7(/io) / for every 7 e $, 7 ^ +/3. If we choose e small enough, there 
exists h near from hg such that 

/3(h) = e > (3.201a) 
|7(ft)|>e if7#±/3. (3.201b) 

Let Sh be the basis associated with this h. We have f3 e Sh- Indeed first j3(h) = e > and if f3 = 7 + p, we 
would have 

7(/i) = - p(h) = e - p(h) < 0, (3.202) 

so that j3 is undecomposable in <E>^". Now from point (ii) there exists w 6 Ws such that w(Sh) = S. In particular 
w(/3) e 5. 



19 We can consider that w because W is finite. 
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We turn our attention to the item (iv). We are going to prove that W = Ws- Since W is generated by the 
symmetries sp (j3 e $), it is sufficient to prove that Ws generates the symmetries sp. 

Let /3 e $ and consider the element w e Ws such that a = w(f3) £ S. From lemma 3.123 we have 

Set = Sw(/3) = W o S/3 o t/j -1 , (3.203) 

so that 

sp = w- 1 o s a ow e W s - (3.204) 

□ 

What this theorem says in the case of complex semisimple Lie algebras is that if {a\, ...,«;} is the set of 
simple roots, the symmetries s ai generate the Weyl group. Now, since any root can be mapped on a simple 
one using the Weyl group, any root can be recovered from a simple one acting with the Weyl group that is 
generated by the simple ones. 

Thus one can determine all the roots from the data of the simple ones by computing s ai ctj and then acting 
again with the s ai on the results and again and again. This is the fundamental reason from which the root 
system can be recovered for the Cartan matrix. 

3.8.9.3 Properties 

The main properties of an abstract root system are given in the following proposition. 
Proposition 3.125. 

If $ is an abstract root system in a vector space V , one has the following properties: 
(i) If a £ $ then —a £ $. 

(ii) If a £ $, the multiples of a which could also be in <I> are either +a, or +a and +2a or +a and + \a. 

(Hi) If af3 £ $ then can take the nonzero values +1, +2, +3 or +4. The case +4 can only arise if 

(3 = +2a. 

(iv) If a, /3 6 $ are not proportional each other and if \a\ ^ \/3\, then 2 (p'p^j equals or +1. 

(v) If ot,f3 e $ and (a,/3) > 0, then a - (3 e $ and if (a, (3) < 0, the a + (3 e $. 
(vi) If a, (3 e $ and neither a + (3 neither a — f3 belongs to then (a, (3) = 0. 

(vii) If a e $ and (3 e <!>, the n e 7L such that (3 + na e <f> fulfils —p ^ n ^ q for certain p, q ^ 0. Moreover 
there are no gap, 

2(a,/3) 

p-q= — r, 

(a, a ) 

and there are at most four roots in the set {(3 + na} - p <^ n <^ q . 

(viii) If $ is reduced, 

(a) If a e $, the only multiples of a to lies in $ are +a, 

(b) If a £ $ and f3 £ $. iften j^can be equal to 0, +1, +2 or +3. 

The proof will not use the fact that $ spans V. 

Proof, (i) s a a = —a. 

(ii) If j3 = cat with \c\ < 1, then 

^4=2c 
(a, a) 

must belongs to 7L, then c = 0, +5. If |c| > 1, we use exactly the same with a = -0, so that - = 0; +5. Now if 
2a is a root, it is clear that \a can't be. 

If $ is reduced, the fact that \a £ 4> implies that a $, so that is excluded if a £ <&, under the same 
assumption, 2a is also excluded. This proves (viii)a. 

(iii) The Schwartz inequality |(a,/3)| ^ |a||/3| gives 



2{a,(3)2{l3,a) 
(a, a) (13,13) 
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The equality only holds for /3 = ca. In this case, we just saw that 2 ^'a) = 2c with c = 2 at most. If the equality 
is strict, then 2 ^*ffi and 2 ff ^ are two integers whose product is ^ 3. The possibilities are 0, +1, +2, +3. 
(iv) If | a | ^ |/3|, then the following integer inequality holds: 



2(a,/3) 



(a, a) 



203, a) 



(A/3) 



a 



Since the product of the two is ^ 3, the smallest is or 1. 

(v) If (3 = ca, then c = + \, +2, +1. All the cases are easy. If (a, 0) > 0, then c > and a — (3 = a — \a = \ 
or a — (3 = a — 2a = —a. 

Then we can suppose that a and (3 are not proportional each other. We consider a,/3 e <& and (a, (3) > 
(the other case is proved in much the same way). We just saw in (iv) that Tg^yj could be equals to or +1, 
then the fact that (a, ft) > imposes 2 j§^ = 1, so that sp(a) = a — (3. 

If |/3| ^ |a|, we use 

s a {P) = (3 - 2 j^a = P - a, (3.205) 

(vi) is an immediate consequence of the previous point. 

(vii) Let — p and q be the smallest and the largest values of n such that j3 + na e They exist because 
$ is a finite set. Suppose that there is a gap between r and s (r < s — 1), i.e. (3 + ra e $, (3 + sa e but 
+ (r + l)a, j8 + («-l)ag$. 

By the point (v), (/3 + ra, a) ^ and (/3 + sa, a) ^ 0. Making the difference between these two inequalities, 

(r - s)\a\ 2 0, 

then r ^ s, which contradict the definition of r and s. So there is no gap. Now let us compute 

to no 2(a, /3 + na) 

s a {f3 + na) = p + na a 

(a, a) 

= /3 + na-( + 2n) a (3.206) 
V(a,a) J 

2 (a,/3) 
= (3 - na - j ' a e 
(a, a) 

Then for any n in — p ^ n ^ q, 

2(a,/3) 
(a, a) 

With n = q, the second inequality gives 2 (£a) ^ P ~ 1 while the first one with n = —p gives p — q ^ . 

The last point is to check the length of the string of root. We can suppose q = (i.e to look the string of 
(3 — qa instead of the one of a; of course this is the same), then the length is p + 1 and 

2(a,/3) 



(a, a) 

If a and (3 are not proportional, the point (iii) makes it equals at most to 3. If they are proportional, then the 
possibilities are a = +(3, +|/3, ±2/3. The string /3 + na with a = (3 is at most {/3, 2/3}, if a = ^(3, this is just 
{/3} and if a = 2/3, this is {/3, -/3}. 

The proof is complete. □ 

3.8.10 Abstract Cartan matrix 

The following proposition summarize the properties of the of the Cartan matrix. 
Definition 3.126. 

A matrix (^4ij)i=gj.j=g/ satisfying the following conditions is an abstract Cartan matrix 

(i) Aij e 7L. 
(ii) An = 2, 

(iii) Aij ^Oifi^j, 

(iv) A^ = if and only if Aji = 0, 
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(v) there exists a diagonal matrix D with positive coefficients such that DAD 1 is symmetric and positive 
defined. 

The classification of abstract Cartan matrix will be performed in subsection 3.8.11. The data of an abstract 
Cartan matrix defines an abstract root system. For a proof, see [20]. 

Proposition 3.127. 

The Cartan matrix of a semisimple complex Lie algebra is an abstract Cartan matrix. 

Proof. The first two points are already done. For the point (iii), note that the sign of (a,/3) is not sure when 
a is any root. However here we are speaking of simple roots. Let us consider the root 

A = a t - 2 -p^ ai (3.207) 
{on, on) 

Since it is a root, proposition 3.101 says that the coefficients in the decomposition in simple roots have to be 
all integer and of the same sign. Thus the combination (on, 0£j)/(oii, af) has to be negative. 

The point (v) is also non trivial. Consider the diagonal matrix D = diag o^)) ._j ,. We have 

(DAD-% = Y 1 D *kA k i(D-% (3.208a) 



A7 



- 2 ^ ) (3.208b) 



This is a symmetric matrix. In order to proof that this is positive defined, we are going to provide a matrix 
B such that DAD -1 = BB l . Let \\f\ be an orthonormal basis of h* and consider the matrix b given by the 
decomposition of the simple roots in this basis: 

a i =Y i hj\r (3.209) 

j 

In particular we have (di, otj) = bikbjk- Then we consider the matrix 

h 



B v = ~ r^T75 ( 3 - 21 °) 



which is non degenerate since the oti are simple and thus a re linearly independent. Small computation shows 
that 

( BB % = 2 7 bj \l/2 ( 3 - 211a ) 

^ (a l ,a i yi z [ajiCtj) 1 -/ 2 

= 7 — !y } W 2 ( 3 - 2nb ) 

(ai,ai) L /- s (aj,aj) 1 /- i 
= (DAD- 1 )^. (3.211c) 

But BB l is positive defined, then DAD~ X is. □ 



3.8.11 Dynkin diagrams 

The sources for Dynkin diagrams is [9, 16]. 

We are going to associate to each abstract Cartan matrix, a diagram that will uniquely correspond to an 
abstract root system. In other words what we are going to do is to classify the matrix satisfying the conditions 
of definition 3.126. 

If A is an abstract Cartan matrix we build the Dynkin diagram of A with the following rules. 

(i) We put I vertices (one for each root) 

(ii) The vertex i and j are joined with A^Aji lines. 

A step by step construction is available in [16]. 

In the following we are considering an abstract Cartan matrix A and its associated abstract root system 
{«»}■ 

Lemma 3.128. 

A abstract Cartan matrix with its abstract root system and its Dynkin diagram have the following properties. 
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(i) If one remove the ith line an column of an abstract Cartan matrix, one still has an abstract Cartan matrix. 

(ii) Two vertices are linked by at most three lines. 

(Hi) Each Dynkin diagram has more vertices than linked pairs. 

(iv) A Dynkin diagram has no loop. 

(v) A vertex in a Dynkin diagram has at most three lines attached (including multiplicities). Note: this is a 
generalization of point (ii). 

(vi) Two root linked by a simple edge have equal weight, that is (a^o^) = (otj, otj). 

(vii) If the two roots on, on are connected by a simple edge, we can collapse them, removing the connecting 
and conserving all the other edges. 



AijAji = K^Jir'Ji < 4 (3.212) 



0<(7.7)=2" 



Proof. For point (ii) we have 

{eg, otj) (aj,cti) 
(ati,ai) (ay, a,-) 

by Cauchy-Schwarz inequality. We insist on the fact that the inequality is strict since cti and otj are not collinear: 
they are simple roots. 

For point (iii) consider the form 

i 

1 =Y i * i {aua i ) l l 2 . (3.213) 

i=l 

Since the simple roots are linearly independent, this sum is nonzero and we have < (7,7). We have 

(otj, Otj) 
y ^/(a l ,a l )(a J ,a j ) 

= 2 y (g«,Q!j) = + number of nodeg (3 214) 

iZj ^/(ai,ai)(aj,aj) 

= — V(AyAjj) 1 ^ 2 + number of nodes. 

i<j 

Since for each linked pair (i,j) we have a term AijAji ^ 1, the positivity of the sum shows that 

number of nodes > ^ AjjAjj ^ number of pairs. (3.215) 

ij 

For item (iv), suppose that a loop is given by the roots a±, . . . ,ot n . Since any sub-Dynkin diagram is a 
Dynkin diagram (from point (i)), we can consider only the loop. This is a diagram with n vertices and n pairs, 
which contradicts point (iii). 

We pass to item (v). Let ao be a root linked to n simple lines, m double lines and p triple lines. For 
notational convenience, we write Vi = oti/(oti, oti), {fiji^i^n is the set of "simply" linked roots to ao, {?4}i=Si=Sm 
the set of "doubly" linked and {tfjis^ssp the se t 01 "triply" ones. Consider the vector 

n m p 

7 = v + J] f lVl + 2 + j hiv'l (3.216) 

i=l i=l i=l 

where gi and hi are constant to be determined. In order to compute the norm of 7, notice that since there 
are no loops, no lines join Vi, v[ and v" together, so we have (vi,v'j) = (i)i,v") = (v^v") = and from the 
number of lines, (vo,Vi) = —1/2, («o,^) = —1/\J2 and (vo,v") = —\/3/2. Thus we have 

m m p 

(7, 7) = 1 + 2 (f- + 2 (9- - V2.g 4 ) + J {hi - ^h,). (3.217) 

i — 1 i — 1 i— 1 

The minimum is realised with /j = 1/2, gi = \/2/2 and hi = V3/2 and for these values we have 

n + 2m + 3p 

(7,7) = 1 ^ -■ (3.218) 

Since the inner product has to be positive we must have n + 2m + 3p < 4, the is the number of lines issued from 
ao has to be lower or equal to 3. 
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In order to proof (vi), remark that if ai and ctj are connected by a simple edge, then AijAji = 1, which is 
only possible with Ay = Aji = —1. In particular we have 2(aj, ctj)/(ai, «j) = 2(oj-, cti)/(ctj, ay), which proves 
that (ajjOfj) = (ctj, ctj). 

Proof of item (vii). Since the two roots have same weight, the item (vi) says that up to permutation the 
Cartan matrix has a block 2x2 looking like 



2 -1 
-1 2 

The proposed move consist to replace that block with the lxl matrix (2). As an example, 

-1 N 



(3.219) 



f 2 


-1 





°\ 


-1 


2 


-1 


-i 





-1 


2 







-1 





2/ 




It is clear that the obtained matrix is still an abstract Cartan matrix. 



(3.220) 



□ 



From these properties we can deduce much constrains on the Dynkin diagrams. First, the only diagram 
containing a triple edge is 

oti = fe (3.221) 

Let pass to the diagrams with only simple and double edges. If there is a double, there cannot be a triple 
point: the following is impossible 



«5 



(3.222) 



cti 



: a 2 



a 3 ■ 



Ck4 



Ct6 

since collapsing the roots cti, ct 3 and cti should create a point with four edges. Thus a diagram with a double 
edge is only possible inside a straight chain. Let us study the diagram 



cti 



Ct 2 



: a 3 ■ 



«4 



a 5 



Once again we denote Vi = ctij\cti\ and we consider the (non vanishing) vector 

7 = vi + bv 2 + cv 3 + dvi + ev 5 

whose norm is given by 

( 7j 7 ) = 1 + b 2 + c 2 + d 2 + e 2 - b - V2&c = cd = de. 

Equating all the partial derivative to zero provides the point 

3 1 
6 = 2 c=—= d = V2 e=-=. 

V2 V2 



(3.223) 

(3.224) 
(3.225) 

(3.226) 



One check that with these values (7,7) = which is impossible. The diagram (3.223) is thus impossible. By 
the collapsing principle, all the diagrams of the form 



«2 



: a 3 



■ «4 



Oil - 

are impossible. The only possible diagrams with double edge are thus 

= a 3 — 



cti 
ai 



■ Ct 2 : 

: a 2 



«2 ■ 



■ ai-i 



- cti 

- Oil 

: ai. 



■ on 



(3.227) 

(3.228a) 
(3.228b) 
(3.228c) 



The diagrams (3.228b) and (3.228c) are the same. They however do not completely determine the abstract 
Cartan matrix because the diagram (3.228c) induces an asymmetry between ct\ and 012. The so written Dynkin 
diagram cannot distinguish between the matrices 



(3.229) 



2 


-2 






(2 -1 







2 


°1 


and 


-2 2 






-1 


2 1 ; 




lo -1 
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Thus we split the diagram (3.228c) into 

ai a 2 ati-i > ai. (3.230a) 

ai a 2 ai-i<^=ai. (3.230b) 

In which the arrow points to the biggest root. The first one means that |ai| = ... = |a;_i| = 1, on = 2 while 
the second diagram means |«i| = . . . = |a;_2| = \ai\ = 1, = 2. 

We'll have to come back on this point later in subsection 3.8.12. Notice that this is the only diagram on 
which that problem occurs. 

We are left to study the diagrams with only single edge. The following diagram is the simplest possible one: 

ai a 2 a t . (3.231) 

We have to know under what conditions one can have a triple point. We already know that there can be only 
one triple point. 

If a diagram has a triple point, then one of the branch is of length 1. Indeed if not we would have the 
following diagram: 

a 2 a 5 (3.232) 




Ofj Q!4 Oil 




Looking at the vector 7 = 3«i + 2(v 2 + v 3 + U4) + W5 + vq + provides (7, 7) = —3 which is impossible. Thus 
the diagrams with a branch are straight chains with one unique triple point which has a branch of length one. 
The question is: where can happen that branch ? The diagram 

011 a 2 a 3 a 4 a 5 a 6 a 7 (3.233) 

as 

cannot happen since the corresponding vector Vi + 2v 2 + 3v 3 + 4v4 + 3v$ + 2v§ + vj + 2«g has norm zero. Thus 
on a triple point, one branch has one branch of length 1 and at least one other to be of length 1 or 2. It turns 
out that all the diagrams of the form 

ai-i (3.234) 




Oil ■ ■ ■ Otl- 2 




Oil 

are possible. We are thus left with diagrams with a triple point with a branch of length 1 and a branch of length 
2 : 

ai a 2 a 3 a 5 a t (3.235) 



04 

The diagram with a branch of length 5 

ai a 2 a 3 a 5 a 6 a 7 a$ (3.236) 



014 

does not exist. We achieve the proof of that fact using for example this code for sage: 



I Sage Version 4.7.1, Release Date: 2011-08-11 



I 
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I Type notebookO for the GUI, and licenseO for information. 



I 
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sage: a=[var('a , +str(i-l)) for i in ranged, 11)] 
sage : 1=9 
sage: a[l]=l 

sage: squares = sum( [a[i]**2 for i in ranged, 1+1)] ) # The sum goes to 1 

sage: lines = sum( [a[i]*a[i+l] for i in range (1,1-1) ] )+a[3]*a[9] # The sum goes up to 

sage: f =symbolic_expression(squares - lines) 

sage: X = solve( [f .diff (a[i])==0 for i in range (2, 1+1)] , [ a[i] for i in range(2,l+l) ] ) 
sage: print X[0] 

[a2 == 2, a3 == 3, a4 == (5/2), a5 == 2, a6 == (3/2), a7 == 1, a8 == (1/2), a9 == (3/2)] 

sage: f( *tuple( [ X [0] [i] . rhs () for i in range(0,l-l) ] ) ) 



This proves that the vector vi + 2v2 + 3a3 + |v4 + 2vs + |i>6 + vj + + |wg has vanishing norm, which is 
impossible. 



Problem and misunderstanding 



11. 



This code raises a deprecation warning that I'm not able to solve. 



We are finally left with the diagrams with one triple point with one branch of length 1 , one branch of length 
2 and the third branch with length 1, 2, 3 or 4 : 



Oil 



Oil 



■ a 2 



a 3 



or, 
■ a<3 



■ Qf4 



■ C*4 



a- 5 



■ OL2 



«6 

a 3 



■ «4 



a 5 ■ 



a 6 



■ a.i 



a 7 
■ ce 3 



■ C*4 ■ 



a 5 ■ 



■ a 7 



(3.237a) 



(3.237b) 



(3.237c) 



(3.237d) 



as 

In order to list all the possible complex semisimple Lie algebra, we have to check each of the left Dynkin 
diagrams if they give rise to an abstract Cartan matrix. 

3.8.12 Example of reconstruction by hand 

We turn now our attention on the difference between the two diagrams (3.230). The Cartan matrix of the 
diagram ot\ a 2 > 013 is given by 



A 



The diagonal matrix D of definition 3.126 is 



D 



2 -1 \ 




-1 2 -2 . 


(3.238) 


0-12/ 








■f ■ .) 


(3.239) 







and the length of the roots are ||ai|| = |[of2 1| = 1 and 1 0:3 1 = 2. Let us compute the angles between the roots. In 
order to compute (at, a 2 ) we look at A\2- 



A X2 



-1 = 2 



(<ai, 02) 
(at,a%) 



(3.240) 
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and the same computation with A 23 provides 

(ai,a 2 ) = -~ (3.241a) 
(a 2 ,a 3 ) = -l (3.241b) 

We compute all the roots using the theorem 3.124 which basically says that acting with the "simple" Weyl 
group Ws on the simple roots generates all the roots. On the first strike we have 

si(a 2 ) = a 2 + ai s 2 (ai) = ai + a 2 s 3 (ai) = a x (3 242) 

si(a 3 ) = aa 3 s 2 (a 3 ) = a 3 + 2a 2 s 3 (a 2 ) = a 2 + a 3 . 

We discovered the roots a 2 + a±, a 3 + 2a 2 and a 2 + a 3 . Acting again on these roots by s ai , s a2 and s Q3 the 
only new results are 

si(a 3 + a 2 ) = ai + a 2 + a 3 (3 243) 

si(a 3 + 2a 2 ) = 2o?i + 2a 2 + a 3 . 

Acting again we find only one new root: 

s Q2 (ai + a 2 + a 3 ) = ai + 2a 2 + a 3 . (3.244) 

We check that acting once again with the three simple roots on this last one does not brings new roots. Thus we 
have 9 positive roots. Adding the negative ones, we are left with 18 root spaces of dimension one. The Cartan 
algebra has dimension 3, so the algebra we are looking at has dimension 21. 
Now take a look at the similar Dynkin diagram and its Cartan matrix: 







<\ 


-1 


a 3 


H 




2 -1 






\« 


-2 2 



<*i a 2 ^=n . .1= I -1 2 -1 I |.3.24. r )a) 

The inner products are 



|"i I = |a 3 | = 1, \a 2 \ = 2 
(ai, a 2 ) = -1/V2, (a 2 , a 3 ) = -1 



(3.240) 



and the roots are 



ai (3.247a) 

a 2 (3.247b) 

a 3 (3.247c) 

at + a 2 (3.247d) 

a 2 + a 3 (3.247e) 

a 2 + 2a 3 (3.247f) 

ai + a 2 + a 3 (3.247g) 

ai + a 2 + 2a 3 (3.247h) 

ai+2a 2 +2a 3 . (3.247i) 

We see that the inner products are already not the same. Notice that the roots are really different: it is not 
simply a renaming a 2 <-> a 3 . 

Thus the two Dynkin diagrams (3.228c) are describing two different Lie algebras. 



3.8.13 Reconstruction 

The construction theorem is the following. 
Theorem 3.129. 

Let R be an abstract root system in a complex vector space V* and {ai, . . . , a n } be a basis of R. We denote by 
Hi e V the inverse root of at (i.e. a(H a ) = 2). We define the Cartan matrix 



Aij = a 3 (Hi). 



(3.248) 
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Let g be the Lie algebra defined by the 3n generators Xi,Yi,Hi and the relations 

[Hi,Hj]= (3.249a) 

[X i ,Y j ]=S ij H i (3.249b) 

[H^Xj] = AijXj (3.249c) 

[Hi,Yj] = -AijYj (3.249d) 

and, for i j , 

adpQ)~ A ' 3+1 p^) = (3.250a) 

&A{Y l )- A ^ +1 {Y J ) = 0. (3.250b) 

Then g is a semisimple Lie algebra in which a Cartan subalgebra is generated by H\, . . . , H n and its root system 
is R. 

A complete proof can be found in [18] at page VI-19. We are going to give some ideas. 
We consider g, the Lie algebra generated by the elements Hi, Xi and Yi. We denote by f) the abelian Lie 
algebra generated by the elements Hi. 

Lemma 3.130. 

The endomorphism ad(X;) and ad(l^) are nilpotent. 

Proof. Let Vi the subspace of g of elements z such that a.d(Xi) k z = for some k e N. The space V. is a Lie 
subalgebra of g because 

ad(Xi)[z, z'] = -[z, ad(Xi)z'] + [z 1 , ad(X t >]. (3.251) 

Acting with ad(Xi) n we get terms of the form [&d(Xi) k z, &d(Xi) l z'] with k + 1 = n. If n is large enough, all the 
terms vanish. 

From the relation (3.250a) we see that Xj e Vi for every j. Since [Xi,Hj] is proportional to Xi we also 
have Hj e Vi and then Yj e Vi because [Xi, Yj] = SijHi e V%. Thus the Lie algebra Vi contains all the Chevalley 
generators and then V. = g. □ 

For A e I)* we define 

g A = {z e g st ad(h)z = \{K)zMh e f)}. (3.252) 

Then one prove that dim g Qi = 1 and dimg„ lQ; = if m ^ +1,0. This corresponds to the fact that we have 
a reduced root system, which is always the case in complex semisimple Lie algebras 20 . We denote by $ the 
subset of A e ()* such that Q\ ¥= 0. 

It turns out that we have the direct sum decomposition 

= t)©00a. (3.253) 

ae<£ 

One of the key ingredients in this building is the following lemma. 
Lemma 3.131. 

If X and fi are related by an element of the Weyl group, then dimg^ = g M . 
Proof. Lemma 3.130 allows us to introduce the automorphism 

9i =e ad (^) e -ad(F l ) e ad(X I ) (3 254) 

of g. We see that the restriction of Bi to f) is the symmetry associated to oti (see (3.162)). Indeed the first 
exponential reduces to 

e ^(x % ) Hk = Hk _ AkiXi (3 255) 
where A^i = cei(Hk). The second exponential gives 

e ad(-r s )(# fc _ AktXl ) =H k - A ki Xi + (-A ki Yi - A kl Hi) + i(2A w y i ) 

l (3.25b) 

Notice the simplification of A^Yi. The third exponential then provides the result (after some simplifications): 
e ad(x l)(Hfe _ Ak . H . _ AktXi) =Hk _ AktHi =Hk _ ai ( Hk )Hi. (3.257) 



-'However, at this point we have not proved yet that g is semisimple and has that root system. 
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We proved that Oi{H k ) = Si(Hk). We deduce that 9te a e Q Sa .( a ) whenever e a e Q a . Since 8i is an automorphism 
of g we have 

[H k ,e i e a ]=8 l [8- 1 H k ,e a ]. (3.258) 
Since 6% reduces to the involutive automorphism Si on f) we have 9^ 1 H k = 8iH k = Si{H k ). Then we have 

[H k ,8 t e a ] = ei[ai(H k ),e a ] = 8 t a(s t (H k ))e a . (3.259) 

The eigenvalue of 8ie a for a.d(H k ) is thus a(si(Hk)) ■ Using the definition and A k i = cti(H k ) we have 

a( Si (H k )) = a(H k ) - a i (flj fc )a(.ff i ) 

= (a-a(H i )a i )H k (3.260) 
= s ai (a)H k . 

At the end we got 

[H k ,e (H k )8 iea (3.261) 

and then 9ie a e Q Sa ./ a y Thus the automorphism 8i transforms Q\ into when /i = Si(X) and 

dimg A = dimfl s . (A ). (3.262) 

□ 

From here we prove that dimg Q = 1 for every root a 21 . 

Now if a + /3 = 7 + jti, the elements [E a , Ep\ and [ELy, E^ are proportional since they belong to the one- 
dimensional space Qa+p- 

Remark 3.132. 

A linear map <fi: q —> V from q to a vector space V can be defined on the generators Xi, Yi and Hi among with 
a formula giving (f)([X, Y]) in terms of (j)(X) and <fr(Y). 



Problem and misunderstanding 12. 

This remark could be made more precise. I'm thinking to the proposition ?? giving the standard bialgebra 
structure on a Lie algebra. 

3.8.14 Cartan-Weyl basis 

Let us study the eigenvalue equation 

&A{A)X = P X. (3.263) 
The number of solutions with p = depends on the choice of A e g. 
Lemma 3.133. 

If A is chosen in such a way that &d(A)X = has a maximal number of solutions, then the number of solutions 
is equal to the rank of g and the eigenvalue a = is the only degenerated one in equation (3.263). 

We suppose A to be chosen in order to fulfill the lemma. Thus we have linearly independent vectors Hi 
(i = 1, . . .1) such that 

[A, Hi] = (3.264) 

where I is the rank of g. Since [A, A] = 0, the vector A is a combination A = XHi. Since ad(^l) is diagonalisable, 
one can find vectors E a with 

[A,E a ] = aE a , (3.265) 
and such that {Hi, E a ] is a basis of q. Using the fact that ad(^4) is a derivation, we find 

[A,[H i ,E a ]] = a[H i ,E a ], (3.266) 

The eigenvalue a = being the only one to be degenerated, one concludes that [Hi, E a ] is a multiple of E a : 

[H l ,E a ]=a t E a . (3.267) 

Replacing A = X l Hi, we have 

aE a = [X l Hi,E a ] = \ l aiE a , (3.268) 



[ ] page VI-23. Be careful: this is not the statement of page VI-2. 
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thus a = A l ct; (with a summation over i = 1, . . . , I). 

Before to go further, notice that the space spanned by {-ffj}i=i,...,/ is a maximal abelian subalgebra of g, so 
that it is a Cartan subalgebra that we, naturally denote by f)*. Thus, what we are doing here is the usual root 
space construction. In order to stick the notations, let us associate the form a a e f)* defined by a a (Hi) = on. 
In that case, 

<j a (A) = GaiXHi) = A*ai = a (3.269) 

and we have 

[A,E a ]=a a (A)E a . (3.270) 

On the other hand, we have [Hi, E a ] = aiE a = a a (Hi)E a , so that the eigenvalue a is identified to the root a, 
and we have E a e g a . 

Let us now express the vectors t a in the basis of the Hi. The definition property is B(t a , Hi) = a(Hi) = a*. 
If t a = (t a ) l Hi, we have 

a, = B{t a ,Hi) = B kl (t a ) k (Hi) 1 = B ki (t a ) k . (3.271) 

=s\ 

If (£> u ) are the matrix elements of B^ 1 , we have 

(l a ) 1 = a t B il = a 1 (3.272) 
where a 1 is defined by the second equality. Using proposition 3.80, we have 

[E a , E_ a ] = B(E a , E_ a )a l Hi. (3.273) 
Thus one can renormalise E a in such a way to have 

[^,^■1 = 0, 

[E a ,E_ a ] = a l H l (3 274) 

[Hi,E a ] = aiE a = a(Hi)E a 
\E a ,Ep\ = N a pE a+ p 

where the constant N a p are still undetermined. A basis {Hi, E a } of g which fulfill these requirements is a basis 
of Cartan-Weyl. 

3.8.15 Cartan matrix 

We follow [21]. We denote by II the system of simple roots of q. All the positive roots have the form 

^ k a a (3.275) 



with k a e N. 

Theorem 3.134. 

Let a and (3 be simple roots Thus 

(i) a — f3 is not a simple root 
(ii) we have 

where p is a strictly positive integer. 



^4 - -V (3.276) 
(a, a) 



Partial proof. We are going to prove that 2 ^a) IS an integer. Let a and 7 be non vanishing roots such that 
a + 7 is not a root, and define 

E' 7 _ ja =&&{E_ a ) k E 1 £Q 1 _ ka . (3.277) 

Since there are a finite number of roots, there exists a minimal positive integer g such that a,d(E- a ) 9+1 _E 7 = 0. 
We define the constants [i k (which depend on 7 and a) by 

[£a,£^_ fe J = (J>k%-(k-l) a - (3.278) 

Using the definition of E' ka and Jacobi, one founds 

Mfc-B^_( fc _i) Q = [E' a , [£ ; -a,£ ; 7 _( fc _i) a ]] = a t [H i ,E' 7 _( k _ 1)a ] + fik-iE' y _ {k _ a)a , (3.279) 
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so that fik = a^7i — (k — l)a l ct; + (ik—ii &nd we have the induction formula 

/ifc = (a,7)-(fc-l)(a,a)+/i fc _ 1 (3.280) 

for k ^ 2. If we define /j,q = 0, that relation is even true for k = 1. The sum for fc = 1 to k = j is easy to 
compute and we get 

»j=j(a,~/)- j{j ~ 1) (a,a). (3.281) 

Since n g +i = 0, we have 

(a n )=g(a,a)/2, (3.282) 

and thus 

Hj = J(g~ J +!)("■") . (3.283) 

Let /3 be any root and look at the string /? + ja. There exists a maximal J ^ for which f3 + ja is a root while 

P + (j + l)a is not a root. Now we consider 7 = f3 + ja with that maximal j. Putting 7 = a + jfl in (3.282), 
one finds 

(a,/?)= (g - 2 f*' a) , (3.284) 

and finally, 

2{a ^ ] - 9 -2j, (3.285) 



(a, a) 

which is obviously an integer. 

From the inner product on (] * , wc deduce a notion of angle 



□ 



cos( ^ ) = 7? (3 ' 286) 



e Z, (3.287) 



The length of the root a is the number y/ (a, a). 

Lemma 3.135. 

If a and P are roots, then 

2(a,)9) 
(a, a) 

and 

(3 

(a, a) 
is a root too. 

If a and P are non vanishing, then the a-string which contains P contains at most 4 roots. Finally, the ratio 

(a,P) 

takes only the values 0, +1, +2 or +3. 

Let II = {ai, . . . , a,{\ be a system of simple roots. The Cartan matrix is the I x I matrix with entries 



A l3 = HS*i2f (3.290) 



Notice that, in the literacy, one find also the convention A,j = 2(aj, ctj)/(aj, ctj), as in [22], for example. 
Lemma 3.136. 

There exist positive rational numbers di such that 

diAij = djA 3l (3.291) 

where A is the Cartan matrix. 
Proof. The numbers are given by 

di = ( ai > ai \ , (3.292) 

(«!, Oil) 

The relations (3.291) are easy to check using the definition (3.290). The fact that di is a strictly positive rational 
number comes from (3.276). □ 
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Problem and misunderstanding 



13. 



I think that there is a property saying (something like) that is the larger integer k such that on + kctj is a 
root. 



3.9 Other results 

3.9.1 Abstract Cartan matrix 

As before if we chose a basis {<pi ...</?;} of V, we can consider a lexicographic ordering on V. A root is simple 
when it is positive and can't be written as as sum of two positive roots. As in a non abstract case, abstract 
simple root also have the following property: 

Proposition 3.137. 

If dim V = I, one has only I simple roots ot\, . . . ,cti; they are linearly independent and if (3 e <& expands into 
13 = YjCjOij, the Cj 's all are integers and the non zero ones all have the same sign. 

An ordering on V gives a notion of simple roots. The I x I matrix whose entries are 

A = 2{a i ,a j ) 
10 (audi) 

is the abstract Cartan matrix of the abstract root system and the given ordering. 

Theorem 3.138. 

The main properties are 

(i) Aij e %, 

(ii) A u = 2, 

(Hi) if i # j, then A^ ^ and A^ can only take the values 0, —1, —2 or —3, 

(iv) if i # j, AijAji < 4 (no sum), 

(v) A^ = is and only if Aji = 0, 

(vi) dctA is integer and positive. 

Proof. The last point is the only non immediate one. The matrix A is the product of the diagonal matrix with 
entries 2/\ai\ 2 and the matrix whose entries are (a*, ctj). The fact that the latter is positive definite is a general 
property of linear algebra. If {a} is a basis of a vector space V, the matrix whose entry ij is given by (ej, ej) 
is positive definite. Indeed one can consider an orthonormal basis {/j} and a nondegenerate change of basis 
e« = Bikfk- Then (ej, ej) = (BB 1 )^. It is easy to see that for all v e V, we have {BB t )ijV l v^ = ^ k (v % Bik) 2 > 0. 
The fact that the determinant is integer is simply the fact that this is a polynomial with integer variables. □ 

If we have an ordering on V we define $ + , the set of positive roots. From there, one can consider II, the 
set of simple roots. Any element of $ expands to a sum of elements of II. Note that the knowledge of II is 
sufficient to find $ + back because a > implies a = Yj c i a i with a ^ 0. 

We can make this reasoning backward. Let us consider II = {a\, . . . , ai} be a basis of V such that any a e $ 
expands as a sum of aj with all coefficients of the same sign. Such a II is a simple system. From such a II, 
we can build a <I> + as the set of elements of the form a = aon with Cj ^ 0. 

Proposition 3.139. 

The so build $ + is the set of positive roots for a certain ordering. 

Proof. If we consider on V the lexicographic ordering with respect to the basis II, a positive element a = ^ CiCti 
has at least one positive coefficient among the a. If a e <&, we can say (by definition of II) that in this case all 
the coefficients arc positive, then the positive roots exactly form the set $ + . □ 

From now when we speak about a <i> + , it will always be with respect to a simple system. The advantage is 
the fact that there are no more implicit ordering. 

Lemma 3.140. 

Let II = {ai, . . . , ai] be a simple system and a e <f> + . Then 




-oil if a = a t 
> if a ai. 
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Proof. The first case is well know from a long time. For the second, compute 

2c 

( 2c- \ (3 ' 293) 

We see that between J] c^o^ and s ai (2 CfcOffc), there is just the coefficient of which changes. Then if a ct%, 
the positivity is conserved. 

□ 

Proposition 3.141. 

Let IT = {ai, . . . , cei} be a simple system. Then W is generate by the s ai 's. If a e then there exists a a, e II 
and s e W such that sctj = a. 

Proof. We denote by W the group generate by the s Qi 's; the purpose is to show that W = W. We begin to 
show that if a > 0, then a = saj for certain s e W and ctj e II. For this, we write a = ^CjOtj and we make 
an induction with respect to Level(a) = Xi c j- If Level(a) = 1, then a — ctj and s = id works. Now we suppose 
that it works for Level < Level(a). We have 

< (a, a) = ^Ci(a,ai). 

Since all the a are positive, it assures the existence of a i such that (a, a io ) > 0. Then from the lemma, 
= s a io (d) > (a # cti because Level(a) > 1). The root [3 can be expanded as 

P = Ti c 3 a J + c *o " J] 7^12^ a io) a io- (3.294) 

Since (a,ai ) > 0, it implies Level(/3) < Level(a) and thus (3 = s'ctj for a certain s' e W. So a = s ai s'ctj 
with s aio s' e W. This conclude the induction. For a < 0, the same result holds by writing —a = saj and 

OL SS a j Q°j . 

Now it remains to prove that W ^ W. For a a e $, we write a = saj with s e FT"'. Then 

s Q = ss aj s _1 e FT'. 

□ 

3.9.2 Dynkin diagram 
Proposition 3.142. 

If a and j3 are simple roots, then the angle 6 a ji can only take the values 90°, 120°, 135° or 150°. 

Proof. No proof. □ 

In order to draw the Dynkin diagram of a Lie algebra, one draws a circle for each simple root, and one 
joins the roots with 1, 2 or 3 lines, following that the value of the angle is 120°, 135° or 150°. If the roots are 
orthogonal (angle 90°), they are not connected. If the length of a root is maximal, the circle is left empty. If 
not, it is filled. 

One easily determines the number of lines between two roots by the following proposition. 
Proposition 3.143. 

If a and /3 are two simple roots with (a, a) ^ (/3,/3), then 



(a, a) 



1 if 9 aJj = 120° 

2 if 9 aJj = 135° (3.295) 



[3 if 6 aJj = 150°. 

Proof. No proof. □ 
If M is a weight of a representation, its Dynkin coefficients are 

Mi = «^], ( 3. 296 ) 
(ai,ai) 
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and we can compute the Dynkin coefficients from one weight to another by the simple formula 

{M-a j ) i = M i -A ij . (3.297) 
A weight is dominant if all its Dynkin coefficients are strictly positive. 

3.9.2.1 Strings of roots 

Let a, ft be two roots with respect to f) and suppose (3^0. We denote by or the largest integer m such 
that a + mft is a root and by ap the one such that a — mft is a root. Let x s g a ; since the Killing form is 
nondegenerate, there exists & y e g such that B(x, y) 0. Using the root space decomposition (3.443) for y and 
corollary 3.79, B(x,y) = B(x,y^ a ) . Then 

Vx e Q a , 3y e g_ Q such that B(x, y) # 0. 

In particular if a is a root, —a is also a root and the restriction of B to f) x f) is nondegenerate because f) = flo- 
So 

V/i e f)*, 3!/i p e f) such that Mh e 0, £J(/i, /i M ) = /Lt(/i)- 

This is a general result about nondegenerate (here we use the semi-simplicity assumption) bilinear forms on a 
vector space. If B(x,y) = BijX l y J and a(x) = aiX 1 , then a vector v such that B(x,v) = a(x) exists, is unique 
and is given by coordinates v k = B kl a,i where the matrix (B 1 ^) is the inverse of (Bij). 
We will sometimes use the following notation if a and /3 are roots: 

(a, p) = B(h a ,hp), \a\ 2 = (a, a). 

By proposition 3.151, the roots come by pairs (a, —a). For each of them, we choose x a e g a . Our choice of 
X- a is made as following. From discussion at page 93 we can find a x_ Q e 0_ Q such that B(x- a , x a ) = 1. Note 
that this choice is unambigous: if we had chosen first x_ Q e 0- Q , this construction would have given the same 
x a than our starting point. Note also that /i_ Q = —h a . These x a fulfil [i n ,3;_ a ] = h a . 



Problem and misunderstanding 



14. 



Here the notation A does not follow our convention of subsection 3.8.1.3. 

Let A be the set of non zero roots. We define an antisymmetric map c: A x A — » <D as following. If a, /3 e S 
are such that a + (3 $ A, we pose c(a, (3) = 0. If a + /3 e A, 

[x a ,xp]=c(a,/3)x a+ p. (3.298) 

It is easy to see that c(a,f3) = —c(/3,a). 

Proposition 3.144. 

// a, f3, a + /3 e A, then 

(i) 

c(— a, a + /3) = c(a + ft, —ft) = c(—ft, —a), 

(ii) If a, ft, 7, 8 £ A and a + ft + 7 + S = wile S is neither —a, nor —ft nor —7, then 

c(a, /3)c( 7 , S) + c(ft, 7 )c(a, <J) + c( 7 , a)c(/3, 5) = 0, (3.299) 

(Hi) if ft ^ a ^ —ft, then 

c(a, ft) + c(-a, -/3) = c(a, -/3)c(-a, /3) - B(h a ,hp), 



(iv) if a + ft i= t/ien 



2c(a, /3)c(-a, -/3) = /3 Q (1 + ft a )a(h a ). 



(3.300) 
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(3.301) 



Proof. From our choice of x a , we find that B(xp,x_p) = B(x- a ,x a ) = B(x a+ p,x a -p) = 1, but 

B(c(— a, a + fi)xp,X-p) = B(x_ a ,c(a + (3, -/3)x a ) 

= B(x a+ p,c(-P, -a)x~ a ~p). 

This proves (i). In order to prove (ii), suppose that 

c(a, /3)c(7, S) = B\\[x a ,xp],x^],xgj (3.302) 
Then the Jacobi identity gives the result: 

= B([[x a ,xp],x 7 ],xg) + B(\[xp,Xy],x a ],xs) + B\J[x 7 , x a ],xp], xg) 



c(a, /3)c( 7 , S) + c(0, 7)c(a, S) + c( 7 , a)c(/3, <5), 



(3.303) 



Here, we used the hypothesis —7 # (5 ^ — /? by supposing that (3.302) still hold after permutation of a, fi, 7. 
Now we show the (3.302) is true. The assumptions imply a + (3 = — (7 + 8) 0, then 

B([[x a ,xp],x 7 ],x s ) = B([x a ,xp], [x~f,xs]) 

= c{a,p)c{^,5)B(x a+ p,x 1+s ) (3.304) 
= c(a, j8)c(7, <5). 

Now we turn our attention to (iii). If a and /3 fulfil the condition f3 a —j3, we can apply (ii) on the 
quadruple (a, j3, —a, —(3) to get c(a, /3)c(—a, —j3) = —B([x a ,xp], [x- a , X-p]) . If we replace (3 by — /3 and if we 
make the difference between the two expressions, 



(3.305) 



c(a, (3)c(-a, -/3) = -B(Jx a , xp], [x- a , X-p]) + B([x a ,X-p], [x^ a ,xp]) 

= B([x a , [x~p,X~a]],Xp) - B{[Z-a, [%a , X-p]] , Xp) 
= -B(\x a ,X a ], [x^p,Xp]) 

= -B(h a ,hp). 

In order to prove (iv), we consider a + j3 ^ and we pose 

d(a, /3) = c(a,p)c(-a, -p) - ^(3 a (l + f3 a )a(h a ). 

Our aim is to prove that it is zero. We will do it by induction on (3 a . First f3 a = means that (3 + a = 0, so 
that c(a, (3) = and d(a,/3) = 0. Now we suppose that f3 a > and that (iv) is yet checked for lower cases. 
Note that (3 + a e A and (f3 + a) + a # because —2a is not a root. Then (3 = 2a is not possible. From the 
fact that (13 + a) a = /3 a - 1, we conclude d{a, j3 + a) = 0. Then 

c(a, a + (3)c(— a, —a — (3) = c(a, —a — j3)c(—a, a + f3) — B(h ai h a+ p). 

On the other hand, (i) and the antisymmetry of c give 

c(-a, a + j3) = c(-P, -a) = -c(-a, -(3) (3.306a) 

and 

c(a, —a — (3) = c((3, a) = — c(a, (3) (3.306b) 

With all this 

d(a, p + a)= c(a, a + /3)c(-a, -a - /?) - -(a + /3) Q (1 + (a + /3) a )a(h a ) 
= c(a,/3)c(-a,-j3)-k(a,l3) 

where k(a,(3) = B(h a ,h a+ p) + ^(a+f3) a (l + (a+P) a )a(h a ). But h a+ p is definied in order to have B(h, h a+ p) = 
(a + P)(h) for any h e f). Then using 2/3(/i Q ) = (/3 a - /3 a )a(h a ), we find k(a, f3) = \a(h a )P a (l + f3 a ). 

□ 

Proposition 3.145. 

Let 

f)R = 2 ~Rh a . (3.308) 

asA 
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(i) Any root is real on [jr, 

(ii) the Killing form is real and strictly positive definite on 
(Hi) t) = f)]R©if)]R. 

The last item shows that fjjj, is a real form of f). Remark also that f)R can also be written as 

f)M = {h e f) st a(h) elVae $}. 

Proof. Let /3 e A; we looks at f3(h a ). From (ii) of theorem 3.151, we know that a(h a ) is real and positive, and 
(iii) makes (3(h a ) real. From the formula B(h ai hp) = ^ 1 ^ e ^ r y(h a )'y(h^), the Killing form is real and positive 
definite on t)]R x t)]R. If B(h, h) = for a certain /i e h]R, we find a(/i) = for all a e A. Then any a; = x a x a e g 
commutes with h because 

[h,x] = a a (&dh)x a =Y,a a a(h) = 0. 

So h is in the center of g and so h = be cause g is semisimple. Thus the Killing form is strictly positive 
definite on rjR x f^. 

Now we are going to show that \) = f)]R © *f)E- If /i 6 ()r n if)R, it can be written as h = ih! with h, h' e ()]r. 
Then 

< B(h, h) = B(ih', ih') = -B(h', h') < 0, 

so that h = because B is nondegenerate. This shows that t)]R n ?f)R = 0. It is clear that 2 Qe A c ^> tnus 
it remains to be proved that I) a 2 q eA ^ha- ^ it is not, we can build a linear function A: f) — > (D which is not 
identically zero but which is zero on the subspace J] aeA (Dft. Q . Then there exists (only one) h\ e () such that 
/ia) = A(/i) for every /i e f). In particular, a(ft-A) = for every a 6 A because a(h\) = B(h a ,h\) = X(h a ). 
This implies that h\ = 0, so that A = 0. 

□ 

One interest in the third point of this proposition is that we are now able to see A as a subset of rjj^ because 
the definition of a e A on Ijr only is sufficient to define a on the whole (). 

If {e^} is a basis of a vector space V, we say that x = x l ei > y = y l ei if x — y = a l ei and the first non zero 
a % is positive. This is the lexicographic order on V. It is clear that it doesn't works on a complex vector 
space (because in this case we should first define a 1 > 0) , but we can anyway get an order on A by seeing it as 
a subset of f)R. 

The following important result is the fact that a complex semisimple Lie algebra is determined by its root 
system. 

Theorem 3.146. 

Let g and g' be two semisimple complex Lie algebras; () and h', Cartan subalgebras. We suppose that we have a 
bijection a — > a' which preserve the root system: 

• a' + (3' = if and only if a + j3 = 0, 

• a' + f3' is not a root if and only if a + j3 is also not a root, 

• (a + f3)' = a' + {3' whenever a + (3 is a root. 

Then we have a Lie algebra isomorphism 7/: g — > g' such that ?y(t)) = fj' and a' o = a. 

Proof. From the assumptions, f3 a = (/?')" an( i Pa = W)a' and the point (ii) of theorem 3.151 makes a'(h a i) = 
a(h a ). The fourth point of the same theorem then gives 

f3'(ha') = /3(h a ). (3.309) 

Now we choose a maximally linearly independent set (a\, . . . , an) of roots of g. Because of theorem 3.150, this 
is a basis of f)*. For notational convenience, we put h r = h ar and naturally, h' r = h a > . It is easy to see that the 
set of h r is a basis of [). Indeed if a r h r = (with sum over r), then B(h, a r , h r ) = a r a r (h) = which implies 
that a^ovlf, = but it is impossible because the a r are free in ()*. 

{a\ , . . . , a r } is a basis of \) * , 
{hi, . . . , h r } is a basis of f). 
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Then the matrix (Aij) = ai(hj) has non zero determinant. Since ot^Qij) = oti(hj), the set . . . ,a' r } is free 
and {h[, . . . , h' r } is a basis of fj'. 

{cti, . . . ,a' r } is a basis of f)' , 
{h[, . . . , h' r } is a basis of f)'. 

Then can define an isomorphism r]^ : f) — > rj' by ^(/ij) = h'^ If a; e b is decomposed as x = a r h r , from equation 
(3.309) we have (a- or}f ) )(a r h r ) = a r a'(h' r ) = a>i(h r ). Then 

a- 077,, = aj. 

Let a e $; we can write a = c^a, and a' = c^a^ (with a sum over i). We have 

CiOi(hk) = ce(hj) = a'(hj) = (^ai(hj). (3.310) 

As the determinant of (ai(hj)) is non zero, this implies Cj = cj, so that 

a' o r/f) = a (3.311) 

because a' o jyj, = c! i {a! i o rji,) = CjOfj = a. Now we "just" have to extend rjf, into a Lie algebra isomorphism 
f? : - ♦ Q 1 - As before for each a e A we choose x Q 6 g Q such that B(x a ,X- a ) = —1 and [x_ Q ,a; Q ] = h a . We 
naturally do the same for x a < 6 g' a ,. We also consider the function c as before: [a; Q ,a^] = c(a, P)x a+ p. Since 
f) = Qo, these i„ form a basis of 00t) and 77 can be defined by the date of rj(x a ). We set r](x a ) = a a x a i (without 
sum). 

The condition rj([x a ,xp] = [r)(x a ),r)(xp)]) gives 

c(a, (3)a a+/ 3 = c(a', fi')a a ap if a + (5 j= (3.312a) 

and 



a a a- a = 1 V«e$. (3.312b) 

These two conditions are necessary and also sufficient. Indeed there are three cases of [x,y] to check: x, y e f), 
one of these two is out of i) or x,y are booth out of f). In the third case, using (3.312a), 

r)([x a ,xp]) = c(a,^)a Q+/3 x Q / +(3 / = x(a', fl')a a af3X a , +p, = a a ap[x a , ,ap,~\ = [ri(x a ),ri(xp)]. (3.313) 

If x, y e [), then from theorem 3.150, rj{\x,y\) = = [r](x), 77 (3/)] - Using the fact that [h, x a ] = a(h)x a , we find 
the third case: 

Tj([hi3,x a ]) = ri(a(h a )x a ) = rj(a' \hp,)x a ) = a a [hpi,x a i] = [r](hp),ri(x a )]. (3.314) 
Now we are going to find some a a e <D such that 

• a Q a_ a = 1 for any a, 

• c(a, fi)a a+ p = c(a', (5')a a ap if a + (3 # 0. 

We consider the lexicagraphic order on $: this is the order on $ seen as a subset of f)R on which we put the 
lexicagraphic order. For a root a > 0, wc will fix the coefficient a a by an induction with respect to the order 
and put a_ Q = a^ 1 . Let us consider p > and suppose that a a is already defined for — p < a < p in such 
a manner that a Q a_ a = 1 and c(a, (3)a a+ p = c(a' , f3')a a ap for every a,/3 such that a, j3 and a + (3 are stricly 
between — p and p. We have to define a p in such a way that if a_ p = a" 1 , the second condition holds for every 
a, P such that a, /3 and a + j5 are no zero roots between — p and p. 

If such a pair (a,0) doesn't exist, there are no problem to put a p = a_ p = 1. Let us suppose that such a 
pair exists: a + (3 = p. Then f3 a ^ and the point (iii) of proposition 3.144 shows that c(a, f3) 0; in the same 
way, (/?')"' = I3 a ¥= implies c(a', f3') * 0. We define 

a p = c(a, /3)~ 1 c(a', j3')a a ap 1 (3.315a) 
a_ p = a" 1 . (3.315b) 

Since the value of the right hand side of (3.300) doesn't change under a — > a' and /3 — > /3', it gives 
c(a,l3)c(-a, -(3) = c(a', /3')c(-a', -/?') and thus 

c(-a, —/3)a- p = c(— a, -/3)c(a, /3)c(a', {3'Y a^ a a-p 

= c(a', (3')c(-a', -f3')c(a', Va~/3 (3-316) 
= c(— a', -^') a -Q°-/3- 
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Thus the definition (3.315) fulfils the requirements for the pair (a,/3). It should be shown whether that works 
as well with another pair ("f,8) such that — p s; 7, 8 ^ p and 7 + 8 = p. If this second pair is really different 
that (a, (3), then 8 is neither a nor (3; it is allso clear that 8 is not —7. Then formula (3.299) works with the 
quadruple (—a, —(3, 7, 8): 

c(-a, -/3)c( 7 , S) + c(-J3, j)c(-a, 8) + c( 7 , -a)c(-j3, 8) = 0. (3.317) 

If a < 0, the assumption a + f3 = p makes f3 > p, which is in contradiction with — p ^ j3 ^ p. Then a, f3, 7, 8 > 
and moreover, the difference of any two of them is strictly between — p and p. Since 8 — a = — (7 — /3), if 7 — /3 
is a root, <5 — a is also a root and the induction hypothesis gives 

0(7, —/3)a^-0 = 0(7', —I3')a 1 a-f} 1 (3.318a) 
c{—a,8)a- a+ s = c(—ot ,8')a- a a$. (3.318b) 

If we take for the convention = 1 whenever \i is not a root, these relations still hold if 7 — /3 is not a root. 
In the same way, 

0(7, — a)a 7 _ a = 0(7', — a')a_ Q a 7 , (3.319a) 
c(-/3, 5)a_^ +5 = c(-/3', ^a-zsaa- (3.319b) 

As 8 — a = —(7 — f3), we have as- a o-y-p = 1 and in the same way, a 7 _ a a,5_^ = 1. Taking it into account and 
multiplicating (3.318a) by (3.318b) and (3.319a) by (3.319a), we find: 

c(— (3, 7 )c(— a, 8) = c(—/3' ,~f')c(—a' , 8')a_ a a-0a~ ( as (3.320a) 
0(7, —a)c{—f3, 8) = 0(7', — a/)c(— /?', 8')a_ a a^0a 7 as- (3.320b) 

We can use it to rewrite equation (3.317). After multiplication by a Q a^a_ 7 et_,5, 

c(-a, -/3)c(7, ^a^a^a^ + c(-/3', y)c(-a', <5') + c( 7 ', -a')c(-/3', <*') = 0. (3.321) 

But equation (3.317) is also true for (a',/3',7 7 , 8') instead of (a, /3, 7, <5), so that the last two terms can be 
replaced by only one term to give 

c(— a, — /?)c( 7 , S)a a apa- 7 as — c(—ot, —p')c('y l , 8') = 0. 

Since the pair (a, /3) fulfils c(— a, — /3)a_ Q _^ = c(— a', — /3')a_ Q a_,3, using a + /3 = 7 + <5, we find 

c(7,(5)a 7+ ,5 = c( 7 ', <5')a 7 a 5 . 

□ 

Corollary 3.147. 

T/ie elements x a e Q a can be chosen in order to satisfy 

• B(x a ,x- a ) = 1, 

• [^a; — a] — ha , 

• c(a,^) = c(-a, 

These vectors called root vectors. 

Proof. We consider the isomorphism a — » a from $ to by the theorem this induces an isomorphism n: g —> q 
given by some constants c Q : 

without sum on a, because of course n(x a ) e 0_ Q . We choose ax a e (D in such a way that 

= -c_ a (3.322a) 
a a a- a = 1, (3.322b) 

and then we put y a = a a x a . It is immediate that B(y a , y_ Q ) = 1, thus the redefinition x a — > y a doesn't change 
the obtained relations. Acting on y a , the isomorphism r\ gives 

VilJa) = Q*aC—aX — a = G_ a X_ Q = V—a- (3.323) 
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If a,/?, a + j3 e A, we naturally define c'(a, /3) by 

[2/a,#0] = c'{a,P)y a ^. 
Using the fact that 77 is a Lie algebra automorphism of g we have: 

- c'(a, /3)y_( Q+/ 3) = v(c'(a, 0)y a +fs) = [~y- a , -y-p] = c'(-a, -f})y_( a+P y (3.324) 

□ 

From now we always our x a in this way. 
Remark 3.148. 

It is also possible to choice the such a way that 

• B(x a ,x- a ) = -1, 

• c(a,(3) = c(-a, -f3). 

This is the choice of the reference [1 7j. 

Here is a characterization for Cartan subalgebras of semisimple Lie algebras. This is sometimes taken as the 
definition of a Cartan subalgebra in books devoted to semisimple Lie algebras (for example in [3]). 

Proposition 3.149. 

A subalgebra fj of a semisimple Lie algebra g is a Cartan subalgebra if and only if 

• f) is maximally abelian in g, 

• the endomorphism &dh is semisimple for every h e f). 

Here, "semisimple" means "diagonalisable", cf. definition at page 3.6.1. 

Proof. Necessary condition. We know from theorem 3.150 that t) is abelian and from proposition 3.74 that it 
is maximally nilpotcnt. Then it is maximally abelian. On the other hand, let h e f); the endomorphism ad/i is 
diagonalisable with respect to the decomposition g = f) QeA f) Q - 

Sufficient condition. Firstly it is clear that a maximal abelian subalgebra is nilpotent and the ad hi are 
simultaneously diagonalisable for the different hi 6 f). Let {x±, . . . , x n } be a basis of g which diagonalise all the 
adhi. In this basis, if (&dh)a = for any h £ [), then Xi e f): if it was not, 1} u {xi} would be abelian. 

Let x e g such that (&dh)x e t) for every h e f). Suppose that x has a Xi-component with Xi$\). There is a 
h 6 t) with (&dh)a 0. Then (&dh)x has a Xi-component and can't lies in f). 

□ 

This characterization of Cartan subalgebras is used to prove the existence of Cartan subalgebra for any 
complex semisimple Lie algebra. 

Theorem 3.150. 

The Cartan algebra of a complex semisimple Lie algebra is abelian and the dual is spanned by the roots: Span $ = 
[)*. 

Proof. Let a be a non zero root; from the point (ii) of proposition 3.220, there exists & v e g a such that for any 
x e rj, [x,v] = a(x)v. Since dimg Q = 1 it is in fact true for any v e g a . In particular Vt> 6 g a and h e f), we 
have [h,x] = a(h)x. 

Let n <z t) be the set of elements which are annihilated by all the roots: 

n = {H e t) st a(H) = Va e (3.325) 

First remark that 

[fl«,n]= (3.326) 
because for x e g a and h e n c t), we have [ft., a;] = a(h)x = 0. An other property of n is 

[y]cn. (3.327) 

Indeed consider a root a and ieg„. We have 

-a([h,h'])x = [x,[h,h']] = [h,[h'x]] + [h'[x,h]]=a(h)[h'x]+a(ti)[x,h-] 

= a{h)a(ti) - a{h')a{h) =0. 1 ' ' 
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If x e g is decomposed as x = Yi a e<5> x « an< ^ ^ n e n ' then 

= ^Ja: a ,n] = 2]a(n)a: Q = 0. 

a a 

In particular, n is an ideal 22 . Moreover, the fact that n c f) makes n a nilpotent ideal in the semisimple Lie 
algebra g. Then n = 0. Equation (3.326) makes f) abelian while equation (3.327) says that no element of F) is 
anihilatcd by all the roots. This implies that Span$ = f)*. To see it more precisely, if $ don't span a certain 
(dual) basis element e* of f)*, then a basis of Span<3> is at most {ej}j^i- Then it is clear that a(ei) = for any 
root a. □ 

Theorem 3.151. 

If a, (3 are roots of a semisimple Lie algebra g with respect to a Cartan subalgebra t), then 
(i) if x a ^ 6 Q a fulfils [h, x a ] = a(h)x a for all h e fj, then Vy e g_ a 

[x a ,y] = B(x a ,y)h a , 

(ii) a(h a ) is rational and positive. Moreover 

a(M£(7a-7 Q ) 2 =4, 

(Hi) 2f3{h a ) = (/3 a -/3 a )a(h a ) 7 

(iv) the forms 0,a, —a are the only integer multiples of a which are roots, 

(v) diu\Q a =l. 

(vi) any k which makes [3 + ka a root lie between —/3 a and f3 a . In other words, f3 + ka 6 is only true with 
-/3 a ^k^p a . 

Proof. The fact that y e g_ a and that x e g a make [x,y] e go = f). Now we consider h e f) and the invariance 
formula (3.21). We find: 

B(h,[x a ,y]) = -B([xa,h],v) = a{h)B{x a ,y) = B(h,h a )B{x a ,y) = B(h,B(x a ,y)ha). (3.329) 

Since it is true for any h e t) and B is nondegenerate on f) we find the first point. In order to prove (ii), we 
consider 

U = dP+ma- 

By definition of ap and oft , each term of the sum is a root space. If z e Q a © Q- a , then U is stable under ad z 
because the terms in ad zlJ are of the form [z,X/3 +ma ] 6 Qp+ma+a- Note however that this adzU is not equal 
toU. 

Let i o ^0e Q a . There exists aye g_ Q such that [x Q ,y] = B(x a ,y)h a (here we use semi-simplicity). By 
fitting the norm of y, we can choose it in order to get [x a , y] = h a , so that 

ad h a = [ad x a , ad y] . 

Now we look at the restriction of ad h a to U: 

Tr(ad/i Q ) = Tr(adxo, o ady) — Tr(ady o adcc a ) = 0. (3.330) 

Since h a e fj = go > we have ad h a : U —* U, so that the annihilation of the trace of ad h a can be particularised 
to 

Tr(ad/i Q |[/) = 0. 

On the other hand, by definition &dh a — (f3 + ma)(h a ) is nilpotent on Qp+ma- Then it has a vanishing trace: 

^] Tr(ad h a - {/3 + ma)h a ) = 0. 



22 £a me semble quand meme fort de prouver que c'est le centralisateur pour dire que c'est un ideal. D'autant plus que je pourais 
directement dire que n est centralisateur dans un semisimple et done nulle. 
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But we had yet seen that the term with ad h a is zero; then 

^ {fi + ma)h a dim0,g + „ lQ = 0. (3.331) 

If we suppose that a(h a ) = this gives (3(h a ) = 0. Since this conclusion is true for any root j3, we find 
B(h,h a ) = for any h e f). In other words, a(h) = for any h e t). This contradicts the assumption, so that 
we conclude a(h a ) ^ 0. 

Let V = i) + (x a ) + Xim<o0 mQ where (x a ) is the one dimensional space spanned by x a . On the one hand, 
from the definition of x a , a,dx a t) a (x a ) and &dx a g ma c Qi m+ ±) a . On the other hand, y e g_ a is defined by the 
relation [x a ,y] = h a , then adyf) <z g_ Q cz £ m<o ma , &dy(x a ) a g Q = f) and ady2 m<0 g mQ = £ m<0 fl(m~i)cr 
All this make V invariant under adir Q and ady. 

Since ad h a = [ad x a , ad y] , the trace of ad /i Q is zero so that the invariance of V gives 

Tr(ad/i a |y) = 0. 

By the definition of x a particularised to h — > ft, Q , we have Ti^ad/io-l^)) = a(h a ). By the definition of jjoj 
for any x e [) and i> 6 goi a ds is nilpotent on v. Taking h a as x, we see that (ad h a )h don't contain u h- 
component". Then Tr(ad/i Q |f,) = 0. Finally the operator (a,dh a — ma(h a )) is nilpotent on Q ma , so that 
Tr(ad/i Q | gmQ ) = Tr(ma(a)| gmQ ) = ma(h a ) dimg mct . All this gives 



\ m<0 



a(/i Q ) ( 1 + 2j ™dimg mQ J = 0. (3.332) 

As we saw that a(h a ) ^ 0, we conclude that dimg ma = for m < —1 and dimg_ Q = 1. This proves (v). 

This also prove (iv) in the particular case of integer multiples. It is rather simple to get relations such that 
a = 1, Q = 1, a a = 2, (— a) a = 0, and it is easy to check (iii) in the cases j3 = — a, 0, a. Now we turn our 
attention to the case in which f3 is not an integer multiple of a. By (iv) applied to a —* f3 + ma, we have 
dimrj^+mc = 1 whenever — (i a ^ m ^ (3 a . 

From equation (3.331), 2-/3 Q <;ms;^° (0(h>a) + ma(h a )) = 0, then 

(fia + l)0(h a ) = (2 m)a(h a ) = fMH^lll _ (P a ~W a \ a(ha y (3 333) 

This gives (iii). Now we consider the formula of theorem 3.152 in the case x = y = h a and we use the fact that 
B(h, h a ) = a(h) in the case h = h a : 

B(h a ,h a ) = a(h a ) = ^ dimg 7 7(/i Q ) 2 = ^ j(h a ) 2 . (3.334) 

Since (3(h a ) = \((3 a — f3 a )a(h a ), we find (ii). In order to prove (iv), we consider (3 = ca for a c e (D. By (iii), 
2ca(ft Q ) = (/3 Q — (3 a )a(h a ), so that c is an half integer: c = p/2 with p e Z. If c is non zero, we can interchange 
a and /3 and see that a = c _1 /3 implies c _1 = g/2 with g e TL. It is clear the pq = 4. But we had already 
discussed the case of integer multiples of a, so that we can suppose that p is odd. The only odd p such that 
pq = 3 with q e % are p = 1,-1, which are two excluded cases: they are a = +2(3 which lies in the case of 
integer multiples. 

It remains to prove (vi). By definition of /3 a , the form j3 + (f3 a + l)a is not a root. But it remains possible 
that j3 + (f3 a + 2)a is. We suppose that ki,...,k p are the p positive integers such that /3 + ha e $. We pose 



3 + fci ci- 



As usual we see that W is stable under ada^ and &dy (because fc; ^ j3 a + 2). The trace of &dg a on W is zero, 
thus 

p 

= + ha){h a ). (3.335) 

i=l 

By (iii), we find 

p(/3 a - f3 a )a(h a ) = 2(h +... + k p )> P (f3 a + 1). 
This is not possible because it would gives — j3 a — j3 a > 2. □ 
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Theorem 3.152. 

Let g be a Lie algebra, f) a Cartan subalgebra of q and B the Killing form of g. Then for all x, y e f) 7 

B{x,y)= Y,d^(x) 7 (y) (3.336) 

where g 7 = dim g 7 . 

Proof. We are seeing g as a f)-module for the adjoint representation. In particular, proposition 3.220 makes g 
a direct sum of the f)-submodules g 7 . Then 

B(x,y) = Tr(ad.T 2 ) = £j Tr(adir| 7 ) (3.337) 

where adx| 7 means the restriction of adx to g 7 . It is clear that adx| 7 — 7(2) is nilpotent, then ada;| 7 — j(x) 2 
is also nilpotent because 

adx| 7 — j(x) 2 = (adx| 7 + 7(x))(adx| 7 — 7(2:)) 

and the fact that these two terms commute. The trace of a nilpotent endomorphism is zero, then Tr(adx| 7 — 
7(cc) 2 ) = or for all x e g, 

B(x,x) = ^ d 77 (a;) 2 . (3.338) 
7S $ 

on the other hand, we know that a quadratic form determines only one bilinear form. Here the form (3.338) 
gives 

B (x,y) = d 7 j(x)j(y). 
7S <j. 

□ 

3.9.3 Weyl: other results 
Proposition 3.153. 

Two immediate properties of the Weyl group are 

(i) W is a finite group of orthogonal transformations of V , 

(ii) if r is an orthogonal transformation ofV, the s ra = rs Q r -1 . 

Proof. First item. By definition of an abstract root system, W leaves A invariant; since V is spanned by V, 
it implies that W also leaves V invariant. From an easy computation, (s a <p,s a 4>) = (<p,4>). Since A is a finite 
set, there are only a finite number of common permutations of elements of A a fortiori W is finite. 
Second item. It is easy to see that s ra (rip) = rs a ip, then s ra = r o s a o r~ l . □ 

We introduce the root reflexion s a : fjjj — > f)jj^ for a e $ and ip e f)^ by 

s a (v) = v-?^-a. (3.339) 

Proposition 3.154. 

J/ae$, then s a leaves $ invariant. 

Proof. If a or tp is zero, then it is clear that s a (ip) belongs to <I>. Thus we can suppose that a € A and proof 
that s a leaves A invariant. For, we use the theorem 3.151 to find 

Sa /3 = f3-^p^a = f3-(f3 a -f3 a )a. (3.340) 
M 

If p a — (3 a > 0, we are in a case f3 — na with f) a — (3 a < /3 a , so that s a (3 is a root. The case f3 a > (3 a is treated 
in the same way. It just remains to check that if a, j3 6 A, then s a j3 / 0. The problem is to show that the 
equation (with a given a in A) 

P = 2 -^la (3.341) 
(a, a) 

has no solution in A (the indeterminate is /?). The only nonzero multiples of /3 which are roots are +/3, then if 
we set (3 = ra, equation (3.341) gives r = i», which is impossible. 

□ 

Proposition 3.155. 

The Weyl group permutes simply transitively the simple systems. 
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3.9.4 Longest element 

Let w e W. The length of w is the smallest k such that w can be written as a composition of k reflexions s ai . 
That is the smallest k such that 

w = s Qll s Ql2 ...s Qifc . (3.342) 

Lemma 3.156. 

If w and w' are elements of the Weyl group, 
(i) l(w) = [(w- 1 ), 
(ii) l(w) = if and only if w = id, 
(Hi) l(ww') s£ l(w) + l(w'), 

(iv) l(ww') ^ l(w) - l(w'), 

(v) l(w) - 1 ^ l(ws ai ) < l(w) + 1. 

Let n(w) be the number of positive simple roots that are send to a negative root: 

n(w) = CardTL n w _1 (-n). (3.343) 

Proposition 3.157. 

Let A be a system of simple roots and LI the associated positive system. The following conditions on an element 
w of the Weyl group are equivalent: 

(i) wli = II; 

(ii) wA = A; 

(Hi) l(w) = 0; 

(iv) n(w) = 0; 

(v) w = id. 

For a proof see page 15 in [23]. 
Theorem 3.158. 

If w is an element of the Weyl group, 

l(w) = n(w). (3.344) 
Proof. No proof. □ 

3.9.5 Weyl group and representations 

This subsection comes from [19]. 
Theorem 3.159. 

There exists an irreducible representation of highest weight A if and only if 

Aq, = e N (3.345) 

(a, a) 

for every simple root a. Moreover, if £ is a highest weight vector and if a is a simple root, then 

Proof. No proof. □ 
Theorem 3.160. 

// A is the highest weight of a representation and if wq is the longest element of the Weyl group, then wqA is 
the lowest weight. 



Problem and misunderstanding 



15. 



It is still not clear for me how does the proof works. Questions to be answered: 
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(i) existence, unicity 

(ii) wo is the longest element of the Weyl group 
(Hi) if A is the highest weight, then wqA is the lowest. 

3.9.6 Chevalley basis (deprecated) 

See [24]. 

Let $ be the finite set of roots of g. Then chose a positivity notion on i)* and consider <j> + , the positive 
subset of $. We also take A, a basis of the roots. An element of $ + is a simple root if it cannot be written 
under the form of a sum of two elements of <& + . Every positive root is a sum of simple roots. 

Let 

{ai,...,ai} (3.347) 

be a basis of fj* made of simple roots and 

{hi,..., hi], (3.348) 

the dual basis. One can choose the on in such a way that {hi, . . . ,hi} is orthogonal with respect to the Killing 
form 23 . One consequence of that is that 

B(hi,h) = ou(h) (3.349) 
for every lief). Indeed, h can be written, in the basis, as h = h^hj where W = B(hj, h). Thus one has 

B(hi, h)=h i = h 3 5 i: j = ai(h 3 hj) = a* (ft). (3.350) 

We consider { Oil j ■ ■ ■ j^m}) the positive roots (the roots ct\,. . . ,cti are some of them). One knows that Q ai 
is one dimensional, so one take e% e g Qi and f+ e 0- Qi as basis of their respective spaces. If we denote by 
n + = Span{ei, . . . , e m } and n~ = Span{/i, . . . ,/ m }, we have the decomposition 

fl = rr©f)©n + . (3.351) 

It {cti} are the simple roots, we consider the following new basis for f): 

2a* 

H ai = l — (3.352) 

[an, cti) 

where a* is the dual of cti with respect to the inner product on f) * , this means 

aj(a*) = (cti, a j)- (3.353) 
Since I) is abelian (proposition 3.149), we have 

[H CH ,H a .]= 0. (3.354) 
Each root is a combination of the simple roots. If /3 = J]i=i kiQi, we generalise the definition of H ai to 

2/3* yi j {audi) u i<x^\ 

H > = im = % ki iM' Hat - (3 - 355) 

The element Hp is the co-weight associated with the weight j3. 

Using the inner product (.,.), we have the decomposition j3 = ' a i) a i °^ the roots. An immediate 
consequence is that 

0(a$) = (ai,0). (3.356) 
If j3 is any root, we denote by ft the result of j3 on H ai : 

fr=P(H^) = T^A- (3-357) 
(cti,ai) 

23 Why ? 
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Theorem 3.161 (Chcvalley basis). 

For each root (3, one can found an eigenvector Ep of &d(Hp) such that 

[H p ,H y ]=0 
[Ep, E_p] = Hp 



[E E ] = | ±(P + 1)^/3+7 if P + l is a root (3 358) 

) otherwise 



[HpjE-f] = 2— '— -E 1 



, (ft7) 

'(/W 

where p is the biggest integer j such that 7 + j/3 is a root. Moreover, if en and aj are simple roots, the latter 
becomes 

[H ai ,E ±aj ] = +A ij E ±aj (3.359) 

where A is the Cartan matrix. 

An important point to notice is that, for each positive root a, the algebra generated by {H a , E a , E_ a } is 
sl(2). This is the reason why the representation theory of g reduces to the representation theory of sl(2). 



3.10 Real Lie algebras 

3.10.1 Real and complex vector spaces 

If V is a real vector space, the complexification of V is the vector space 

V v :=V® R <E. 

If {vi} is a basis of V on R, then {vi ® 1} is a basis of V c on C. Then 

dinim V = dim c V c . 

Let W be a complex vector space. If one restrains the scalars to R, we find a real vector space denoted by 
W R . If {wj} is a basis of W, then {wj, iwj} is a basis of and 

dim c W = i dimply 11 . 

Note that (y c ) R = V@iV. 

A real vector space V is a real form of a complex vector space W if = V © zV. If F is a real form of 
W, the map cp: V c — > given by the identity on V and the multiplication by —1 on iV is the conjugation 
of V c with respect of the real form V. 



3.10.2 Real and complex Lie algebras 

For notational convenience, if not otherwise mentioned, g will denote a complex Lie algebra and f a real one. 
If f is a real Lie algebra and f c = f ® (D, its complexification (as vector space), we endow f c with a Lie algebra 
structure by defining 

[(X®a),(Y®b)] = [X,Y]®ab. 

This is a bilinear extension of the Lie algebra bracket of f. It is rather easy to see that [f, f] c = [f c , f c ]. 

Now we turn our attention to the Killing form. Let f be a real Lie algebra with a Killing form B^. A basis 
of f is also a basis of f c . Then the matrix Bij = Tr(adXj o adX, ) of the Killing form is the same for f c than 
for f. In conclusion: 

5 Hfxf = Bf. 

Let us study the inverse process: g is a complex Lie algebra and g R is the real Lie algebra obtained from g 
by restriction of the scalars. If B = {vj} is a basis of g, B' = {vj,ivj} is a one of g m . For a certain X e g we 
denote by (c«) the matrix of ad B X. Now we study the matrix of ad K X in the basis B' by computing 

(&d B X)vi = c ik v k = [Re(cjfe) + ilm(c ik )]v k = a ik v k + b ik {iv k ) (3.360) 

if a = Re c and b = Im c. Then the columns of ad iR which correspond to the Vi e Z?"s are given by 

ad g iaX = L J 
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where the dots denote some entries to be find now: 

(ad B X)(ivi) = i(a ik v k + b ik (iv k )) = a ik (iv k ) - b ik v k , (3.361) 
so that the complete matrix of ad e X in the basis B' is given by 



ad fl iR X 

So, 



a —b 
b a 



aa' - bb' 



adniR X o ad n E X 1 — i , , , , 

B 53 \ • aa — bb 

Then B(X,X') = 2Tr(aa' - bb') while 

B{X, Y) = Tr ((a + ib)(a' + ib')) = Tr(aa' - bb') + i Tr(ab' + 6a'). (3.362) 

Thus we have 

B g M=2ReB B , (3.363) 

so that g R is semisimple if and only if g is semisimple. 

A result about the group of inner automorphism which will be useful later: 

Lemma 3.162. 

If g is a complex semisimple Lie algebra, then Int g = Int g R . 

Proof. If {Xi} is a basis of g, then {Xj,iXj} is a basis of g R . We define ip: adg — » adg 11 by 

il>(ad(a j Xj)) = &A(a J Xj). 

It is clearly surjective. On the other hand, if a,d(a?Xj) a.d(b k X k ) as elements of adg 11 , then they are equals as 
elements of adg. The discussion following equations (3.6) finish the proof. □ 



3.10.3 Split real form 

Let g be a complex semisimple Lie algebra, f) a Cartan subalgebra, $ the set roots, A the set of non zero roots 
and B, the Killing form. From property (3.300) and the fact that c(— a, — (3) = c(a,j3), we find c(a,/3) 2 = 
i/3 Q (l + p a )\a\ 2 , so that c(a, f3) 2 ^ which gives c(a, 0) e R. We can define 

0R = f)o Ra; Q - 

Remark that g Q has dimension one with respect to <D, not R; then Ra; Q / g Q , but <Cx a = Q a and g Q = 
M.x a ©i~Rx a . Since it is clear that © a6/ i(Rca ©?Ra; Q ) = QS A0ai the proposition 3.145 gives 

g = gR©igR- (3.364) 

Any real form of g which contains the ()]r of a certain Cartan subalgebra f) of g is said a split real form. The 
construction shows that any complex semisimple Lie algebra admits a split real form. 



3.10.4 Compact real form 

A compact real form of a complex Lie algebra is a real form which is compact as Lie algebra. Recall that a 
real Lie algebra is compact when its analytic group of inner automorphism is compact, see page 56 

Theorem 3.163. 

Any complex semisimple Lie algebra contains a compact real form. 

Proof. Let I) be a Cartan algebra of the complex semisimple Lie algebra g and x a , some root vectors. We 
consider the space 

Uo = 2^ R*^q + ^ ^( x a ~ x -a) + ^] Rz(x Q + X- a ) . (3.365) 

v v ' s v ' ( v ' 

A B C 
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Since Uo ©JUo contains all the <Bh a , \) c Uo ©«Uo; it is also rather clear that Uo is a real form of g (as vector 
space), for example, iM,(x a — X- a ) + Rz(x Q + £_ Q ) = Rzx Q . Now we have to check that Uo is a real form of g 
as Lie algebra, i.e. that Uq is closed for the Lie bracket. This is a lot of computations: 



[ih a ,ihp 
\ih a , (x a X— (x) 

[(x a - x_ Q ), (xp - x-f}) 

[(x a -X- a ),i(xp +X-f}) 

[ih a , (xp - x^p) 
[ih a ,i(xp + x-p) 
[i(x a +x_ a ),i(xp +X-p) 



0, 

i(ct(h a )x a - (-a)(h a )x- a ) 
ia(h a )(x a + x-a) e C, 
-a(h a )(x a - x- a ) e B, 
c(a, /3)(x a+ p - x_ {a+ p)) e B 

- c(a, /3)(x a -p - xp- a ) £ B, 
ic(a, P){x a+ p + x_ {a+ p ) ) e C 

+ zc(a, -fi)(x a _p) + x- a+ p) e C 
i(3(h a )(xp - x-p) e C 
-/3(h a )(xp - x-p) e B 
-c(a, P){x a+ p -x_ (a+ p)) 

- c'(a, -/3)(x a -p - x- a+ p). 



From proposition 3.64, it just remains to prove that the Killing form of Uo is strictly negative definite. We 
know that B s (Q a ,gp) = if a, (3 e $ and a + (3 0; then A _L B and A _L C. It is a lot of computation to 
compute the Killing form; we know that B is strictly positive definite on XiaeA (and then strictly negative 
definite on A) a part this, the non zero elements are (recall that if a # 0, B(x a , x a ) = from corollary 3.79) 



L$((x a x_ Q ),(x Q x_ a )) 
B{%(x a + x_ a ), i(x a: x_ a )) 



2_Z?(^£j, x — ) — 2 
-2. 



What we have in the matrix of B a 



is a negative definite block (corresponding to A), —2 on the rest of 



the diagonal and zero anywhere else. Then it is well negative definite and Uo is a compact real from of g. □ 
3.10.5 Involutions 

Let g be a (real or complex) Lie algebra. An automorphism a : g — > g which is not the identity such that a 2 is 
the identity is a involution. An involution 9: f — > f of a real semisimple Lie algebra f such that the quadratic 
form Bg defined by 

B e (X,Y) := -B(X,9Y) 
is positive definite is a Cartan involution. 
Proposition 3.164. 

Let q be a complex semisimple Lie algebra, Uq a compact real form and t, the conjugation of Q with respect to 
Uo- Then r is a Cartan involution of g^. 



Proof. From the assumptions, g = Uq ©?Uo, t Uo = id and Ti, 



id; then it is clear that = id\ g wi. If Z e g, 



we can decompose into Z = X + iY with X, Y e Uo- For Z ^ 0, we have 

B 3 (Z,tZ) = B g (X + iY, X - iY) = B B (X,X) + B S (Y,Y) = B Uo {X,X) + B Uo (Y,Y) < (3.366) 
because B restricts itself to Uo which is compact. Then 

(B^) T {Z,Z') = B a *t(Z,TZ) = -2Rc B 3 {Z,tZ') (3.367) 
is positive definite because (B B ) T is negative definite. Thus t is a Cartan involution of g R . □ 
Lemma 3.165. 

If if and "0 are involutions of a vector space V (we denote by and V^- the subspaces ofV for the eigenvalues 
1 and —1 of ?p and similarly for (p), then 

|V = (V-V)©(V-V) 

L J ) V = (V n V) © ( V 



i.e. if and only if the decomposition of V with respect to ip is "compatible" with the one with respect to ip. 
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Proof. Direct sense. Let us first see that tp leaves the decomposition V = ^+©V^- invariant. If x = 

= ( ( P°^)(x4,+ ) = (tp o (p)(x^+). 

Then ip(x^+ ) e V^,+ , and the matrix of ip is block-diagonal with respect to the decomposition given by ip. Thus 

and split separately into two parts with respect to tp. 
Inverse sense. If x e V, we can write where the first index refers to tp while the 

second one refers to tp; for example, x + - e Vw,+ o V^-. The following computation is easy: 

(tp o tp)(x) = <p(x ++ + X + - - X- + — X ) 

= X_i — X — 1_ + X 

= 1p(X + + — X-i — X |_ — X ) 

= (tpO<p)(x). 

□ 

Theorem 3.166. 

Let f be a real semisimple Lie algebra, 9 a Cartan involution on f and a, another involution (not specially 
Cartan). Then there exists a ip e Intf such that [ipOtp^ 1 , a] = 

Proof. If 9 is a Cartan involution, then Bg is a scalar product on f. Let uj = a6. By using a 2 = 8 2 = 1, 9 = 9~ x 
and the invariance property 3.12 of the Killing form, 

B(uX, 8Y) = B(X, uj~ 1 9Y) = B(X, 9a8Y) = B(X, 8ujY). (3.369) 

Then Bg(u>X, Y) = Bg(X,ujY). This is a general property of scalar product that in this case, the matrix of uj 
is symmetric while the one of w 2 is positive definite. If we consider the classical scalar product whose matrix is 
(Sij), the property is written as AijVjWj = ViAijWj (with sum over i and j); this implies the symmetry of A. 
To see that A 2 is positive definite, we compute (using the symmetry): 

AijA jk ViVk = ViA i: jV k A kj = Yj( v t A ij) 2 > 0. 

3 

The next step is to see that there is an unique linear transformation A: f — > f such that ui 2 = e A , and that for 
any t e R, the transformation e tA is an automorphism of f. 

We choose an orthonormal (with respect to the inner product Bg) basis {^i, . . . , X n } of f in which oj is 
diagonal. In this basis, ui 2 is also diagonal and has positive real numbers on the diagonal; then the existence 
and unicity of A is clear. Now we take some notations: 

uj(Xi) = \,Xi (3.370a) 
Lo 2 (Xi) = e^X,, (3.370b) 

(no sum at all) where the are the diagonals elements of A. The structure constants are as usual defined by 

[X i ,X j ]=c%X k . (3.371) 

Since a and 9 are automorphisms, lo 2 is also one. Then 

J*[Xi,Xj] = c%u?(X k ) = c%e a "X k 

can also be computed as 

u 2 [X t , X,] = [lo 2 X u oj 2 X ] = e^e^c^Xk, 
so that c^-e°* = cf j e ai e aj , and then Vi e H, 



k ta k k tat taj 



which proves that e tA is an automorphism of f. By lemma 2.17, A is thus a derivation of f. The semi-simplicity 
makes df = ad f , then A e ad f and e tA e Int f because it clearly belongs to the identity component of Aut f . 

Now we can finish de proof by some computations. Remark that u> = e A l 2 and [e tA , uj] = because it can 
be seen as a common matrix commutator. Since ui^ 1 = 9a, we have 9ui~ 1 9 = o~9, or 9io 2 9 = ui 2 and 



e A 9 = 9e- A . (3.372) 
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From this, one can deduce that e tA 9 = 9e tA . Indeed, as matricial identity, equation (3.372) reads 

(e A 9) lk = (e A )«0 ifc = e a *9 lk = e - a »9 lk . 

Then for any ik such that 6 ik # 0, we find e a * = e~ ak and then also e tai = e~ tcik . Thus (e tA 9) ik = {e tA ) i j9 :jk = 
e ta '9 tk = 9 lk e~ ta * = (9e~ tA ) lk . So we have 

e tA = 9e- tA . (3.373) 

Now we consider tp = e A / 4 e Intf and 6\ = p9(p~ 1 . We find 9\o = e A l 2 <jj~ x and o9~ x = e~ A l 2 0J. Since uj 2 = A, 
we have e A l 2 = e~ A l 2 w 2 and thus 9\o = o9\. 

□ 

Corollary 3.167. 

Any real Lit algebra has a Cartan involution. 

Proof. Let f be a real Lie algebra and g be his complexification: g = f c . Let Uo be a compact real form of g 
and r the induced involution (the conjugation) on g. By the proposition 3.164, we know that r is a Cartan 
involution of g R . We also consider a, the involution of g with respect to the real form f. It is in particular 
an involution on the real Lie algebra f. Then one can find a <p e Intg R such that [tprtp^ 1 ,o\ = on g E . Let 
Ui = (puo and X e Ui. We can write X = <pY for a certain Y e Uo- Then 

ifnp^X = tprY = tpY = X, 

so that (fTLp^ 1 = id\ Ul . Note that Ui is also a real compact form of g because the Killing form is not affected 
by tp. Let t\ be the involution of g induced by ui. We have 

ri|ui = fTfui = id ki- 

Since tp is (D-linear, we have in fact t\ = iprip -1 . Now we forget Uo and we consider the compact real form Ui 
with his involution t\ of g which satisfy [n, cr] = on g R This relation holds also on zg R , then 

[ n ,a] =0 

on g = f c . Let X e f, i.e. oW = X; it automatically fulfils 

GT\X = T\<jX = TlX, 

so that Ti restrains to an involution on f (because Tif <z f). Let = Ti\f. For X, y 6 f, we have 

B B {X, Y) = -B f (X, 9Y) = -B f {X, tY) = ^(B^) Tl (X, Y), (3.374) 
which shows that 9 is a Cartan involution. The half factor on the last line comes from the fact that g R = 

(fD)K = f@zf . 

□ 

Corollary 3.168. 

Any two Cartan involutions of a real semisimple Lie algebra are conjugate by an inner automorphism. 

Proof. Let a and a' be two Cartan involutions of f. We can find a <p e inf f such that [pap -1 , a'] = 0. Thus it 
is sufficient to prove that any two Cartan involutions which commute are equals. So let us consider 9 and 9', 
two Cartan involutions such that [9,9'] = 0. By lemma 3.165, we know that the decompositions into +1 and 
— 1 eigenspaces with respect to 9 and 9' are compatibles. If we consider X e f such that 9X = X and 9'X = — 1 
(it is always possible if 9 ^ 9'), we have 

< B g {X,X) = -B(X,9X) = -B{X,X) 
< B g ,(X,X) = -B(X,9'X) = B(X,X) 

which is impossible. □ 
Corollary 3.169. 

Any two real compact form of a complex semisimple Lie algebra are conjugate by an inner automorphism. 

Proof. We know that any real form of g induces an involution (the conjugation) and that if the real form is 
compact, the involution is Cartan on g R . Let Uo and Ui be two compact real forms of g and To, t\ the associated 
involutions of g (which are Cartan involutions of g R ). For a suitable ip e Intg R , 

T = pT-lip~ X . 

The fact that Intg = Intg R (lemma 3.162) finish the proof. 

□ 
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3.10.6 Cartan decomposition 

Examples of Cartan and Iwasawa decomposition are given in sections ??, ??,??, ?? and ??. An example of how 
it works to prove isomorphism of Lie algebras is provided in subsection ??. 

Let f be a real semisimple Lie algebra. A vector space decomposition f = ?©p is a Cartan decomposition 
if the Killing form is negative definite on { and positive definite on p and the following commutators hold: 

[«,«]£«, [e,P]EP, [P,P]<=«. (3-375) 

If A e £ and Y e p, we have (ad A o ad Y){ c p and (ad A o ad Y)p c J, therefore Bf (A, Y) = 0. 

Let 9: f — > f be a Cartan involution, 4 its +1 eigenspace and p his —1 one. It is easy to see that the relations 
(3.375) are satisfied for the decomposition f = 6 ©p. For example, for A, A' e t, using the fact that 9 is an 
automorphism, 

[x, x'] = [ex, ex 1 ] = e[x,x'], 

which proves that [t, t] c: t. Since 9 is a Cartan involution, Bg is positive definite. For let, 

B(X, X) = B(X, 6X) = -B e (X, A) 

proves that B is negative definite on {; in the same way we find that B is also positive definite on p. Then the 
Cartan involution gives rise to a Cartan decomposition. We are going to prove that any Cartan decomposition 
defines a Cartan involution. 

Let us now do the converse. Let f = t © p be a Cartan decomposition of the real semisimple Lie algebra f . 
We define 9 = id |t © (— id)| p . If A, A' e t, the definition of a Cartan algebra makes [A, A'] e t and so 

e[x,x'] = [a, a'] = [ex, ex'], 

and so on, we prove that 9 is an automorphism of T . It remains to prove that Bg is positive definite. If A e {, 

B S (X, A) = -B{X,6X) = —B(X, A). 

Then Bg is positive definite on { because on this space, B is negative definite by definition of a Cartan involution. 
The same trick shows that Bg is also positive definite on p. We had seen that p and t where Bg -orthogonal 
spaces. Thus Bg is positive definite and 9 is a Cartan involution. 

Let f = t © p be a Cartan decomposition. Then it is quite easy to see that £ © ip is a compact real form of 
= (f°)- 

Proposition 3.170. 

Let £ and q be the +1 and —1 eigenspaces of an involution a. Then a is a Cartan involution if and only if 
£ © iq is a compact real form of f c . 

Proof. First remark that £ © iq is always a real form of f c . The direct sense is yet done. Then we suppose 
that B^ is negative definite on £ © iq and we have to show that £ © q is a Cartan decomposition of f. The 
condition about the brackets on £ and q is clear from their definitions. If A e £, B(X,X) < because B is 
negative definite on £. If Y e q, B(Y, Y) = —B(iY, iY) > because B is negative definite on iq. □ 

3.11 Root spaces in the real case 

Let f be a real semisimple Lie algebra with a Cartan involution 9 and the corresponding Cartan decomposition 
f = {©p. We consider B, a "Killing like" form, i.e. B is a symmetric nondegenerate invariant bilinear form on 
f such that B(X,Y) = B(9X,9Y) and Bg := —B(X,9X) is positive definite. Then B is negative definite on 
the compact real form t © ip. Indeed if Y 6 p, 

B(iY, iY) = -B(9Y, 9Y) = B(Y, 9Y) = —Bg(Y, Y) < 0. (3.376) 

The case with A e Ms similar. It is easy to see that Bg is in fact a scalar product on f, so that we can define 
the orthogonality and the adjoint from Bg. If A: f — > f is an operator on f, his adjoint is the operator A* given 
by the formula 

Bg(AX, Y) =B e (X,A*Y) 

for all A, Y e f. 
Proposition 3.171. 

With this definition, when X e f , the adjoint operator of ad A is given by means of the Cartan involution: 

(adA)* = ad(6>A). 
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Proof. This is a simple computation 

B e ((adOX)Y,Z) = -B(Y,[9X,9Y]) = -B e (Y,[X,Z]) = -B e ((adX)*Y, Z). (3.377) 

□ 

Let a be a maximal abelian subalgebra of p (the existence comes from the fmiteness of the dimensions) . If 
H e a, the operator &dH is self-adjoint because 

(adH)*X = (-ad6H)X = [H,X] = (adH)X, (3.378) 

where we used the fact that Hep. For A e o*, we define the space 

f x = {X e f st VH e a, (adH)X = X(H)X}. (3.379) 

If f a ¥= and A / 0, we say that A is a restricted root of f. We denote by £ the set of restricted roots of f. 
We may sometimes write £j if the Lie algebra is ambiguous. 

The main properties of the real root spaces are given in the following proposition. 

Proposition 3.172. 

The set £ of the restricted roots of a real semisimple Lie algebra f has the following properties: 

(i) f = fo0 AeE fA, 

(fy [fA,W ^ h+n> 
(Hi) 9fx = f-x, 

(iv) A e S implies —A e E, 

(v) f = a©m where m = Z((a) and aim. 

Proof. Proof of (i). The operators ad H with H e a form an abelian algebra of self-adjoint operators, then they 
are simultaneously diagonalisablc. Let {Xi} be a basis which realize this diagonalisation, and fi = Span JQ, so 
that f = ©if;. We have (adiJ)fi = f; and then (ad H)Xi = \i(H)Xi for a certain A^ e a*. This shows that 

Proof of (ii). Let H e a, X e fx and Y e f M . We have 

(ad H)[X,Y] = [[H,X],Y] + [X,[H,Y]] = (X(H) + f i(H))[X,Y]. (3.380) 
Proof of (iii). Using the fact that BH = —H because H e p, 

(adH)OX = 8[8H,X] = -9X(H)X = -\(H)(9X). (3.381) 
Proof of (iv). It is a consequence of (iii) because if fA ¥= 0, then 9f x # 0. 

Proof of (v). By (iii), 0f o = fo, then f = (8 n fo) © (p n fo)- If X e f , then it commutes with all the elements 
of a and by the maximality property of a, provided that X e p, it also must belongs to a. This fact makes 
a = P n fo- Now, 

m = Z { (a) ={Ae«st [A,o]=0} = !n f . 
All this gives f = Z t (a) © o. □ 

We choose a positivity notion on a*, we consider E + , the set of restricted positive roots and we define 

n = © fA- 

AeE+ 

From fmiteness of the dimension, there are only a finitely many forms A e a* such that f^ ¥= 0. Then, taking, 
more and more commutators in n, the formula [f\, f^] £ fx+^ shows that the result finish to fall into a f^ = 0. 
On the other hand, since a c fo, we have [a, n] = n. If a\, 02 e a and n\,n-z e n, 

[01 +ni,a 2 +n 2 ] = [ai,a 2 ] + [ai,n 2 ] + [ni, a 2 ] + [n 1: n 2 ], (3.382) 

=0 en en en 

then [a © n, a © n] = n. This proves the three following important properties: 

(i) n is nilpotent. 

(ii) o is abelian. 

(iii) a © n is a solvable Lie subalgebra of f. 



24 pourquoi ca n'implique pas que dimf^. =11 Reponse par Philippe : tu as oublie les valeurs propres nulles dans ta base ce qui doit 
entrainer quelques modifs dans ton texte(par ex. adHfi = fi pas toujours ) 
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3.11.1 Iwasawa decomposition 
Theorem 3.173. 

Let f be a real semisimple Lie algebra and {, o, n as before. Then we have the following direct sum: 

f = t©a©n. (3.383) 
This is the Iwasawa decomposition for the real semisimple Lie algebra f. 

Proof. We yet know the direct sum f = f o © Ae s f>- Roughly speaking, in n we have only vectors of £ + , in On, 
only of S~ and in a, only in "zero". Then the sum a © n © On is direct. 

Now we prove that the sum t + a + n is also direct. It is clear that onn = because o c f Q . Let A e tn (a©n). 
Then OX = X. But 6X e a © On. Thus Aea©nna©n which implies X e a. All this makes lepgf and 
X = 0. 

Now we prove that J © a © n = f. An arbitrary X 6 f can be written as 

X = H + X a + J] X x 

XeT, 

where H e a, Xq e m and X\ e f A . Now there are just some manipulations. . . 

2 X x = J] (A— a + A A ) = J] (A_ A + #A_ A ) + ^ (A A + 0A_ A ), (3.384) 
AsS AeS+ Ae£+ AsS+ 

but 6>(A_ A + 0X_ X ) = A_ A + 6»A_ A , then A_ A + X_ A e t Moreover, A A , 0X_\ e fx, then X x - 0X_ X e f A c n. 
Then 

X = X + 2 (X_ A + 0X_ X ) +H+ J](X X - 0X_ X ) (3.385) 

AeS+ AeS+ 

where the two first term belong to t, H e a and the last term belongs to n. □ 
Lemma 3.174. 

There exists a basis {X{\ off in which 
(i) The matrices of adt are symmetric, 
( ii) The matrices of ad a are diagonal and real, 

(Hi) The matrices of ad n are upper triangular with zeros on the diagonal. 

Proof. We have the orthogonal decomposition f = fo © Ae s given by proposition 3.172. Let {X{\ be an 
orthogonal basis of f compatible with this decomposition and in such an order that i < j implies ^ Xj . From 
the orthogonality of the basis it follows that the matrix of Bg is diagonal. Thus the adjoint is the transposition. 

(i) If A e {, (ad A)* = (ad A)* = -ad6»A = - ad A. 

(ii) Each Xj is a restricted root; then (ad-ff)X^ = Xi(H)Xi, then the diagonal of &dH is made of Xi(H) 
whose are real. 

(iii) If Yi e f A< with A, e S + , (adYj)Xj has only components in f Ai+Aj with Xi + Xj > Xj because Xi e S + . □ 
Lemma 3.175. 

Let f) be a subalgebra of the real semisimple Lie algebra f. Then \) is a Cartan subalgebra if and only if f) c is 
Cartan in f c . 

Proof. Direct sense. If f) is nilpotent in f, it is cleat that f) c is nilpotent in f € . We have to prove that 
[x, f) € ] c () c implies x e f) c . As set, f c = J 7 ©if (but not as vector space !), then we can write x = a + ib with 
a, b e f. The assumption makes that for any h e f), there exists h', h" e f) such that 

[a + ib, h] = h + ih" . 

This equation can be decomposed in f-part and if-part: for any liel), there exists a h' e f) such that [a, h] = h' , 
and for any ft £ I), there exists a ft" e f) such that [6, ft] = ft". Thus a, b e f) because f) is Cartan in f. 
Inverse sense. The assumption is that [x, f) € ] <z l) c implies x 6 f) c . In particular consider aie I) such that 
[x, f)] c f). Then x e f) c because [x, t) c ] c f) c . But () c n f = f). □ 

In the complex case, the Cartan subalgebras all have same dimensions because they are maximal abelian. 



112 



CHAPTER 3. LIE ALGEBRAS 



3.12 Iwasawa decomposition of Lie groups 

In this section, we show the main steps of the Iwasawa decomposition for a semisimple Lie group. For proofs, 
the reader will see [13] VI. 4 and [3] III,§ 3,4 and VI, § 3. In the whole section, G denotes a semisimple group, 
and g its real (finite dimensional) Lie algebra. The two main examples that are widely used are SL(2, R) and 
SO(2,n). 

3.12.1 Cartan decomposition 

If g is a finite dimensional Lie algebra and X, Y e g, the composition of the adjoint a.dX o ad Y~: g — > g makes 
sense. 

Definition 3.176. 

An involutive automorphism on a real semi simple Lie algebra q for which the form Bg, 

B e (X, Y) := -B(X, 9Y) (3.386) 
(B is the Killing form on q) is positive definite is a Cartan involution. 
Proposition 3.177. 

There exists a Cartan involution for every real semisimple Lie algebra. 



Problem and misunderstanding 



16. 



The theorem 4-1 in [■>} is maybe a proof of this proposition. 

See [3], theorem 4.1. Since 9 2 = id, the eigenvalues of a Cartan involution are +1, and we can define the 
Cartan decomposition g 

g = «©p (3.387) 

into +l-eigenspaces of 9 in such a way that 9 = (— id)| p ©id |t- These eigenspaces are subject to the following 
commutation relations: 

P,P]EP, &»,*]<=«. (3-388) 

The dimension of a maximal abelian subalgebra of p is the rank of g. One can prove that it does not depend 
on the choices (Cartan involution and maximal abelian subalgebra). We denote by a such a maximal abelian 
subalgebras of p. 

Lemma 3.178. 

If Qo i s a rea l semisimple Lie algebra and 9 a Cartan involution, then for all X e go, 

(adX)* = -ad(0X), (3.389) 
where the star on an operator on g is defined by 

B e (X, AY) = B e (A*X, Y). (3.390) 

Lemma 3.179. 

The set of operators ad(a) is an abelian algebra whose elements are self-adjoint. 

Proof. We have to prove that (adi/)* = (ad-ff) and [ad H, ad/] = for every H, I £ a. First, note that 
ffeocp, thus 9H = -H, and (&dH)* = -&d(9H) = adi?. 

For the second, adff o ad / = &d(H o I) so that [adi?, adi] = ad[ii, i] = because a is abelian. □ 

3.12.2 Root space decomposition 

From the lemma, the operators ad(if) with H e a are simultaneously diagonalisable. That means that there 
exists a basis { X t } of g and linear maps Aj : o — »■ R such that 

ad(if)J5Q = Xi(H)Xi. 

For each A e a*, we define 

g A = {X e 0\(&dH)X = X(H)X, Vii e a}. (3.391) 

Elements A 6 o* such that g> ¥= are called restricted roots of g. The set of restricted roots is denoted 
by S. 
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Proposition 3.180. 

The restricted root together with a itself span the whole space: 

= 0o ©ass 0A, (3.392) 
This decomposition is called the restricted root space decomposition. 

Proof. We first prove that the sum is direct. If the sum is not so, we can find a H* e go and Xi e (Xi e S) 
such that 

H*+Y i X i = (3.393) 

i 

Let us consider 

N = {H e go | the Xi(H) are all differents and not zero} 

A H which is not in N fulfils some relations as \i(H) = Xj(H) which are linear equations, so the complement 
of N is an union of hyperplanes and thus N is not empty. This allows us to consider a H e N. 
We have choice the AQ in Q\ % , i.e. 

(adA)AQ = X l (A)X i (3.394) 

for all A e a. In other words, Xi diagonalise ad A with eigenvalues Xi(A). Now, let us consider &dH for a 
H e N. Since all the Xi(H) are different and not zero, the equation (3.394) implies that all the Xi (and H*) are 
in separate eigenspaces of ad if. Thus they are linearly independent, hence the equation (3.393) is not possible. 
The sum (3.392) is thus a direct sum. For the rest of the proof, see [3] theorem 4.2. □ 

Other properties of the root spaces are listed in the following proposition. 

Proposition 3.181. 

The spaces Q\ { satisfy also: 

(i) [flA,fl/i] G 8\+n> 

(ii) 9q\ = £|_a; in particular, if X belongs to S, then —X belongs to £ too, 
(Hi) go = a©-Z{(a) orthogonally. 



Problem and misunderstanding 



17. 



II f ant definir quelque part ce qu'est cet espace Z((a) 

3.12.3 Positivity, convex cone and partial ordering 
Definition 3.182. 

Let V be a vector space. A positivity notion (see [13], page 154) 15 ^ e data of a subset V + of V such that 
(i) for every nonzero v eV, we have v e V + xor — v e V + , 

(ii) for every v, w 6 V + and every /i e R + , the elements v + w and fiv are positive. 
If v e V + , we say that v is positive and we note v > 0. 
Definition 3.183. 

A convex cone in a vector space A is a subset C such that 
(i) x 6 C and t 6 1R + imply tx 6 C , 
(ii) x,y e C implies x + y e C , 
(Hi) C n (-C) = {0}. 

To a convex cone C is attached a notion of positivity by defining x ^ if and only if x 6 C. The converse 
is also true: if we have a notion of positivity on V , we define the corresponding convex cone by 

V + = {x e V st x ^ 0}. (3.395) 

A linear partial ordering relation is a partial ordering ^ such that 

. A sc B implies A + C ^ B + C for all C, 

. XA^XB for all A e R+. 

From a positivity notion gives rise to a linear partial ordering on V by defining x ^ y if and only if y — x ^ 0. 
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3.12.4 Iwasawa decomposition 

Let us consider a notion of positivity on a* and denote by S + the set of positive roots. We define 

n:=©A e s+0A. (3.396) 
The Iwasawa decomposition is given by the following theorem ([13], theorem 5.12): 
Theorem 3.184. 

Let G be a linear connected semisimple group and A = exp a, N = exp n where a and n are the previously defined 
algebras. Then A, N and AN are simply connected subgroups of G and the multiplication map 

</>: A x N x K -> G 

t M l (3 ' 397) 
(a, n, k) i — ► ank 

is a global analytic diffeomorphism. In particular, the Lie algebra g decomposes as vector space direct sum 

= a©n©t. (3.398) 
The group AN is a solvable subgroup of G which is called the Iwasawa group, or Iwasawa component of G. 
Remark 3.185. 

It can be proved that this theorem is independent of the choices: the Cartan involution, the maximal abelian 
subalgebra a and the notion of positivity. 

Notice that A, N and K are unique up to isomorphism. Their matricial representation of course depend on 
choices. 

This theorem from [3], chapter VI, Theorem 3.4. will be useful. 

Theorem 3.186. 

The Lie algebra o © t is solvable. 

This theorem implies that the group AN is solvable. 25 Before to go into concrete situations, let us prove an 
useful property of the t part of g : 

Theorem 3.187. 

Stab(t) = K 

for the adjoint action of G on t. 

The proof of it is given by two lemmas. [25] 

Lemma 3.188. 

For any k e K , 

Ad(fc){ = e, 



and 

Lemma 3.189. 

If for any Let, Ad(x)L belongs to t, then x e K. 

Proof of lemma 3.188. Let us take a L e t and define M e K k = e M . We have Ad(fc)L = e adM L. But in 
general, we have the relations (3.388) which give e adM L £ t Then Ad(fc)fi c {. 

In order to show that t c Ad(fc){, let us consider aLei We have to find aJVet such that Ad(k)N = L. 
It is clear that N = Ad(fc _1 )L fulfils the conditions. □ 

Proof of lemma 3.189. Let us consider leg such that x = e x . We have e a,dx L e t for all Let. This implies 
that all the terms of the expansion of e adx L are in t. In particular, [X, L] e t for all Let. Let us consider the 
Cartan decomposition of X : X = X^ + X p . We need X such that 

[X k ,L] + [X p ,L]et 

for any Let. But inclusions (3.388) make [X p , L] e p. Then the X p part of X must vanish (because g = t ©p 
is a direct sum). □ 

25 J'esere que ce que je raconte ici n'est pas trap debile pcq j'ai pas ete fouiller a fond. 
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3.13 Representations 

Source :[14] 

We are interested in the adjoint representation on a common vector space; we will not discuss the importance 
of some more complicated features as the "locally convex" condition. We only mention it. 

Definition 3.190. 

If V is a locally convex space, a continuous representation of a Lie group G on V is a left invariant action 
7r : G x V —> V such that for any x e G, the map tt(x) : V — > V is a linear endomorphism of V. 

If g is a Lie algebra, a representation of g in V is a bilinear map a: V — » V such that 



where the second bracket is the usual commutator of operators. In other words, er: g — > EndV is an algebra 
homomorphism . 

A vector space equipped with a representation of a Lie algebra g is a g-module. A complete locally convex 
space equipped with a representation of a Lie group is a G-module. 
Let us write down Schur's lemma: 

Lemma 3.191. 

If 4>: g —> fll(V) is irreducible, then the only endomorphism ofV which commutes with all <ft(g) are multiples of 
identity. 

If 7r is a representation of G in a (eventually complex) vector space V, an invariant subspace is a vector 
subspace W c V such that tt(x)W <z W for any x e G. A continuous representation in a complete locally 
compact vector space V is irreducible if {0} and V are the only two invariant closed subspaces of V. 

In the case of finite dimensional vector space, any subspace is closed; in this class, we find back the usual 
notion of irreducibility. 

An unitary representation of G is a continuous representation it of G in a complex (or real) Hilbert space 
H such that ir(x) is unitary for any x e G. This is: it is unitary if and only if V:r e G, v, w e H, 



A continuous and finite dimensional representation is unitarisable if there exists an hcrmitian product for 
which the representation is unitary. 

Now a great proposition without proof: 

Proposition 3.192. 

Let G be a compact Lie group 26 . Then every representation on a finite dimensional vector space is unitarisable. 

3.14 Other results about Cartan algebras 

Lemma 3.193. 

A Cartan subalgebra of a semisimple complex Lie algebra is maximally abelian. 

Proof. If f) is a Cartan subalgebra of g, proposition 3.73 provides H e g such that f) = Qo(Ho)\ in particular 
Hq e rj. We are going to prove that if Hi,H 2 e f), then for every Y 6 g we have B([Hi, H^, Y) = 0, so that the 
non degeneracy of the Killing form will conclude that [Hi, H2] = 0. 

Let X e q(H ,X), H e f). The map a,dX o a,dH sends q(Hq,u) to q(H , A + fi). If we choose a basis 
of g made up with basis of the spaces Q(H ,Xi) (by the primary decomposition theorem) it is clear that 
B(H, X) = Tr(adiJ o ad A) = 0. In particular with H = [H U H 2 ] we get B([H 1 ,H 2 ],X) = 0. 

On the other hand, t) is solvable because it is nilpotent. Since the adjoint action provides a representation of f) 
on f), corollary 3.21 says that we have basis of f) in which all the matrices of are upper triangular. Now if A, B and 
G are upper triangular matrices, ABC and BAG have same elements on the diagonal;in particular they traces 
are the equal: Tr(ABG) = Tr (B AC). Let us consider H u H 2 , H e f) By Jacobi, &d[Hi,H 2 ] = [adH 1 ,aAH 2 ], 



o-([X,Y])v=[o-(X),o-(Y)]v 



(3.399) 



(tt(x)v, u>) = (v, tt(x) 



(3.400) 



then 



Tr(ad[ifi, H 2 ] ad H) = Tr(ad Hi ad H 2 ad H) - Tr(ad H 2 ad Hi ad H) 
= Tr(ad H 2 ad Hi ad H) - Tr(ad Hi ad H 2 ad H) 
= 0. 



(3.401) 



Verifie si il faut que ce soit de Lie 
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Up to now we had seen that B([H%, H%\, H) = and B(H, X) = if X e ®\^oQ(Ho, A). In the latter, we can 
consider \H\,Hz\ as H. Then 

B([H 1 ,H 2 ],Y)=0 

for all Y eg. Then [H\, H2] = because the Killing form is nondegenerate (g is semisimple) . This proves that 
t) is abelian. 

Now it remains to see that f) is contained in no larger abelian subalgebra of g. For this, we naturally consider 
a larger abelian subalgebra f)' of g. For any H' e f)' and H e f), we have [H, H'~\ = 0. In particular [H 1 , Ho] = 0; 
the property 

f, = 0(#o,O) = [X e fl st (&dH ) k X = for a cerain k e N}. 
makes H' e\). □ 

Proposition 3.194. 

Le£ g be a Lie algebra, x e g and 

g x = {y e g st 3n e N : (ad a;) n j/ = 0}. (3.402) 
Then g x is a subalgebra of g which is its own centralizer in g. 
Proof. Since ad(ir) is a derivation of g (cf. 3.1), 



(adz)"(M) = £ (^[(adx) k u,(adx) n - k v]; 



then [g^g 21 ] c g x . This proves that g^ is a subalgebra of g. Let y e g be such that [jAg 31 ] c g 31 . Clearly 
[x,y] e g 31 (because x e g 31 ) then (adx)"y = (adx) n_1 [a;,2/], so that j/eg 1 . □ 

Lemma 3.195. 

If A : V — > V is a linear operator on a finite dimensional vector space, then there exists a positive integer p such 
that AP(V) = AP +1 (V). 

Proof. We build a basis of V in the following manner. Since A(V) is a subspace of V, we can begin our basis 
with {Yi}, a basis of the component of A(V) in V. Next, A 2 (V) is a subspace of A(V), then we can consider 
{X}}, a basis of the vector space A(V)\A 2 (V), and so on. . . {Xf} are vectors in A n (V) but not in A n+1 V. Since 
the vector space has only a finite number of basis vectors, there is a p such that {Xf} = 0. □ 

Now we consider W = {u e V st 3n e N : A n u = 0} and v e V. There exists a v' e V such that 
AP(v) = AP +1 (v'). Writing v = A(v') + (v - A(v')), we find 

V <z A(y) + W (3.403) 

because - A p+1 (v') = 0, v - A(v') e W. 

If we apply A on this, we find A(V) a A 2 (V) + A(W). Reinserting it into the right hand side of (3.403), we 
find V c A 2 (V + W) and repeating p times this process, we find V = A P (V) + W and the sum is direct because 
none of the elements of A P (V) is annihilated by A: 

V = A P (V)®W. (3.404) 

Proposition 3.196. 

Let g be a Lie algebra and x 6 g. Then there exists a subspace g x of g such that g = g x ©g x and [g^g^] c g x . 
Proof. We claim that the space is given by 

g x = {&dx)Pg (3.405) 

where p is taken large enough to have (&dx) p g = (a,dx) p+1 g. The lemma and the discussion below show the 
correctness of the definition of g x and that g = g x ®g x ■ It remains to be proved that [g x , g x ] c g x . For we will 
prove (by induction with respect to m) for any m that (&dx) m y = implies (a,dy)g x c g x . 

For m = 1, the induction assumption becomes [x,y] = and Jacobi gives adx o ady = ady o adx, then 
(ady)g x = (adx) p (ady)g c g x . Now we suppose that (ada:) m_1 z = implies (adz^ c g x and we consider 
y e g such that (adx)™?/ = and u e g x . We are going to show that (ady)u e g^. Let / be the characteristic 
polynomial of ad a;: 

f(t) = det (adx-il) 

where adx and 1 are taken on g x . Since (adx)u = 0, /(0) # and by the Cayley-Hamilton theorem, f(adx)u = 
0. Then 

(/(adx) ad y)u = (/(adx) ady — (ad y)/(adx))u, (3.406) 
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and, on the other hand, Vg e N, 

9-1 

(adz) 9 ady -ady (ad a;) 9 = J] (adx) r (ad[x, y^ad^) 9 " 7 - 1 . 

It follows that /(adcc) ady — (ady)/(adx) is a linear combination of terms of the form 

(ada;) a (ad[2;,y])(adx) fc 

and the induction hypothesis shows that / (ad a;) (ad y)u e g x . 

Now we consider a n such that (adx) n Q x = 0; the fact that /(0) implies the existence of polynomials 
g(t) and h(t) such that g(t)t n + h(t)f(t) = 1. If we decompose (ady)u = v + w with respect to g = g x ®g x we 
find 

(ady)u = [g(adx)(ada;)" + ft,(ada;)/(adx)](ady)u ^ 
= J{&dx)(aAx) n v + h(adx)f (ad x) (ad y)u e g x . 

□ 



Proposition 3.197. 

Let g be a Lie algebra and leg such that g x is as small as possible. Then q x is a Cartan subalgebra. 

Proof. From proposition 3.194, it is sufficient to prove that g x is nilpotent. Let y e g x and f y (t) be the 
characteristic polynomial of ady. Since it is a subalgebra, g x is stable under ady and proposition 3.196 makes 
g x also stable under ad y. Then ad y can be written under a bloc-diagonal form with respect to the decomposition 
9 = $x ®Q X , so that the characteristic polynomial can be factorised as 

f y (t) = g y (t)h y (t) (3.408) 

where g y and h y are the characteristic polynomials of the restrictions of ady to q x and g x . Let (yi, . . . ,y m ) 
be a basis of q x and t n , the greatest power of t which divide all the g y (t) with y e q x . The coefficient of t n in 
g c z y . (t) is a polynomial with respect to the c % because of the expression 

g c i Vi (t) = det (ad^j/i) - tlj. 

Let u be this polynomial: g c i y .(t) = . . . + u(c x , . . . ,c m )t n . By definition of n, this is not an identically zero 
polynomial and there are no terms with i" -1 . For the same reasons, we have a polynomial v such that 

h c , yi (0)=v(c\...,c m ). (3.409) 

We know that none of the non-zero elements in g x arc annihilated by adx (because of the definition of 
q x ). Then h x (0) # and v is not identically zero. With all this we can find some c % e <C such that 
u(c l , . . . , c m )w(c 1 , . . . , c m ) ¥= 0. If y = c l y l , the coefficient of t n in f y (t) is u(c)v(c) # 0, so that / y (t) is 
not divisible by t n+1 . 

But in the other hand g x has minimal dimension, then dim g v ^ m = dim . Moreover t dlm 3 divide f y (t) 
because there is a certain power of ady which has zero as eigenvalue with multiplicity d\mg y27 . Since f y (t) can 
not be divided by t n+1 this shows that n + 1 > dimg y and n ^ dimg s ^ m. 

Now we consider y, any element of g x . From the fact that t n divide all the g y (t) and that n ^ m, we see 
that t TO divide g y (t). But the degree of g y (t) is dimg 21 = m. Finally, g y (t) = m and ady is nilpotent on g x for 
any y e g 21 . 

The Engel's theorem 3.32 makes g x nilpotent. □ 

The following holds for complex or real Lie algebras and comes from [15] see also [8]. We denote by K the 
base field of g, i.e. R or (D. For X e g and A 6 K we define 

g(X, A) = {Y e g st (adX - Xl) n Y = for a certain n e N}. (3.410) 

A first useful result is given in 

Lemma 3.198. 

If Z e g, then 

[g(Z, \),g(Z,Li)]<zg(Z,\ + u), 

in particular t) is a subalgebra of g. 
27 This is not a good reason. 
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Proof. We consider X\ e g(Z, A) and e g(Z, [i). We have 



(adZ-(A+/x)/)[X A ,X M ] = [(adZ -XI)X X ,X„] 

+ [X x ,(a,dZ- f iI)X fl ]. 



(3.411) 



By induction, 

( ad Z-(A + M)l)"[^A,^ I ] = ^ r"V(adZ-\J) i JC A ,(ad^-/if) n - < A:/i]. (3.412) 



It will become zero for large enough n. □ 

An element X e g is regular if dimg(AT, 0) is minimum 28 . This minimum is the rank of g. 
Proposition 3.199. 

If X e g is a regular element then the algebra 

f) = g(X, 0) = {Y e g st (ad X) n Y = for some neN} (3.413) 

is nilpotent. 

Proof. We have to show that for any H e f), the endomorphism ad iJ of f) is nilpotent. Consider the characteristic 
polynomial of ad A 

p(t) = det(ad X - tl) = t r q(t) 
where V is the maximal factorization of t; in other words, q(t) is not divisible by t and r = dim f). In particular 

f) = {Y eg st (adX) r Y~ = 0}. (3.414) 

Let 

I = {F e st q{ndX)Y = 0} (3.415) 

From the Cayley-Hamilton theorem (A. 2), p(adX) = 0, then (&dX) r q(a,dX) = and g = t) ©6. Moreover [) 
and fi are adX-invariants: (adX)f) c f) and (adAT)t Q {. 

Every weight of ad AT are in <D. As we know that f) is Cartan in g if and only if f) c is Cartan in g c , we can 
suppose that g is a complex algebra by considering g c if g is real. So all the weight are in the base field and we 
can define 

t= 2 (A,A). 
AeA 

where A is the set of all the non zero weight of ad A'. A property 29 of the weight space is that 

g = g(X,X 1 )®...®g(X, X m ) 

if the Aj's are the weight of ad A. Now we prove that XIa^o fl(-^> ^) = ^ First consider a Y - e g(X, A) which can be 
decomposed as Y = H + K with H e fj and If e t Then (ad A-A1)"(H + K) = (&dX-\l) n H + (adX-\l) n K 
where the first term is not zero (because H e h) and lies in 1} while the second term lies in £. Then the sum can 
be zero only if H = 0. 

□ 

Let g be a complex semisimple Lie algebra, H e g and = Ao, Ai, . . . , A r , the eigenvalues of &dH . For any 
A e (D, one can consider 

g(H, A) = {X e g st (ad H - \I) k X = 0}. (3.416) 
From the Jordan decomposition, g(H, A) = except if A is one of the Ai, and 

g = ®g(H,\ i ). (3.417) 

i=0 



An element H e g is regular if 



dimg(_ff, 0) = min dim g{X, 0). 

^£0 



Let Hq be a regular element and f) = g(Ho, 0). 



28 Anglais ? 

29 Que je dois encore faire, cf Sagle 
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Lemma 3.200. 

The algebra f) = q(Hq,0) is nilpotent 

Proof. Let = Ao, Ai, . . . , A r be the eigenvalues of ad Hq and 

r 

i=i 

which is a subspace of g. From the lemma, 

[q(Hq, 0), q(Hq, Aj)] c q(Hq, \i) c g'. 

For each if e f), we denote if', the restriction of ad if to g' and d(H) = det if'. The function if — > cZ(if) 
is a polynomial on f) in the sense of the coordinates on f) as vector space. If H' a has a zero eigenvalue we 
would have &d(Ho)X = for some X e g'. In this case [ifo,X] = 0, but X e g(ifo,Ai), then for a certain k, 
(ad ff - Ai) fc X = 0, so that KX = 0. Since g is defined by excluding Ao, X = 0. Thus H' has only non zero 
eigenvalues and d(H ) # 0. 

We know that a polynomial which is zero on an open set is identically zero; then on any open set of f), d has 
a non zero value somewhere. In particular, 

S = {H e f) st d(£T) # 0} 

is dense in f). We consider a, H e S. The endomorphism if' has only non zero eigenvalues, so that g(H, 0) c fj 
from lemma 3.198; but is regular, then g(H, 0) c f). Thus the restriction of adH to () is nilpotent because 
it is nilpotent on g(H, 0) 30 . 

If Z = dim f), then (ad(, H) = because adf, H is nilpotent. By continuity, this equation is true for any H 6 f) 
from the density of S in f). Then t) is nilpotent. 

□ 

Here is an alternative proof (that I do not really understand) for theorem 3.77. 
Theorem 3.201. 

Let q be a complex Lie algebra with Cartan subalgebra f). Then Qo = t). 

Proof. Since f) is Cartan, it is nilpotent. So f) c go- If D e Jo, there exists a n such that for any z e |, 
(&dz) n v = 0. The fact that f) is nilpotent makes (adz„) o ... o (adzi)w = for any z e g and for all 
Z\, . . . , z n e f). If we write (&dzi)v with v e go\f), we can always choose Z\ in order the result to not be t). Next 
we can choose z% e ^ such that (adz2) ° (adzi)u is also not in f) and so on. . . Since go is nilpotent, we always 
finish on zero. If n is the maximum of adjoint that we can take before to fall into zero; we have 

[h, (adz„_i) o (adzi)u] = 

for all ft, e f) and with a good choice of z i} it contradicts the fact that f) is Cartan. □ 



3.15 Universal enveloping algebra 

Let A be a Lie algebra. One knows that the composition law (X, Y) — » [X, Y] is often non associative. In order 
to build an associative Lie algebra which "looks like" A, one considers T(A), the tensor algebra of A (as vector 
space) and J the two-sided ideal in T(A) generated by elements of the form 

X ® Y - Y ® X - [X, Y] 

for X, Y e A. The universal enveloping algebra of A is the quotient 

U(A)=T(A)/J. (3.418) 

For X e A, we denote by X* the image of X by canonical projection it: T(A) — > U(A) and by 1 the unit in 
U(A). One has 1 ^ if and only if A * {0}. 
A property without proof 31 (see [3] page 90): 

30 Ce paragraphe n'est pas vraiment clair. . . 
S1 l_a preuve est a partir de 21# de Lie 
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Proposition 3.202. 

Le V be a vector space on K. Then there is a natural bijection between the representations of A on V and the 
ones ofU(A) on V. If p is a representation of A on V, the corresponding p* ofU(A) is given by 

p(X)=p*(X*) 

(XeA). 

Let {^i, . . • , X n ) be a basis of A. For a n-uple of complex numbers (ti), one defines 

n 

X*(t) = Y i UX*. (3.419) 

On the other hand, we consider a n-uple of positive integers M = (mi + . . . m n ), and the notation 

\M\ =m 1 +...+m v 
t M 



(3.420) 



When \M\ > 0, we denote by X*(M) e U(A) the coefficient of t M in the expansion of (\M\\)- 1 (X*(0 M l 
If \M\ = 0, the definition is X*(0) = 1. Once again a proposition without proof 32 : 

Proposition 3.203. 

The smallest vector subspace of U(A) which contains all the elements of the form X*(M) is U(A) itself: 

U(A) = Span{Jf*(M) : M e N"). 

Corollary 3.204. 

Let A be a Banach algebra of dimension n, B a Banach subalgebra of dimension n — r and a basis {Xi, . . . , X n } 
of A such that the n — r last basis vectors are in B. We denotes by B the vector subspace ofU(A) spanned by 
the elements of the form X*(M) with m = (0, . . . , 0, m r+ \, . . . , m n ). Then B is a subalgebra of U{A). 

Definition 3.205. 

Two Lie groups G and G' are isomorphic when there exists a differ entiable group isomorphism between G and 
G'. 

They are locally isomorphic when there exists neighbourhoods U and W of e and e' and a differentiable 
diffeomorphism f ' :IA — > W such that 

Vx, y, xy e U, f(xy) = f(x)f(y), 
and 

Vx',y',x'y'eW, f-^x'y') = f- l {x>)r l {y>). 
Now a great theorem without proof: 
Theorem 3.206. 

Two Lie groups are locally isomorphic if and only if their Lie algebras are isomorphic. 

The following universal property of the universal enveloping algebra explains the denomination: 
Proposition 3.207. 

Let a: Q — > U{Q) the canonical inclusion and A an unital complex associative algebra. A linear map (p: Q — » A 
such that 

<p[X, Y) = p(XMY) - p(YMX) (3.421) 
can be extended in only one way to an algebra homomorphism (po : U(Q) — > A such that (po o a = p> and (p(l) = 1 

For a proof, see [6]. 

3.15.1 Adjoint map in U{Q) 
We know that kd(g) : Q Q fulfils 

Ad(g)[X,y] = [Ad(g)X,Ad(g)Y], 



2 A la page /23 
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and we can define Ad(g) : Q — > 14(G) by Ad(g)X = X where in the right hand side, X denotes the class of X 
for the quotients of the tensor algebra which defines the universal enveloping algebra. 

When [A, B] is seen in U(G), we have [A, B] = A®B - B ® A. Then Ad (3) : Q -> 14(G) fulfils proposition 
3.207 and is extended in an unique way to Ad(g) : U(G) — > U(G) with Ad(g)l = 1. 

Lemma 3.208. 

If De 14(G), the following properties are equivalent: 
. DeZ(G) 

• D®X = X®D for all X eQ 
. e adx D = D for all X e G 
. Ad(g)D = D for all g e G. 



3.15.2 Invariant fields 



If X e q, we have the associated left invariant vector field on G given by X x = dL x X. That field is left invariant 
as operator on the functions because 

X x (u) =X e {L* x u) (3.422) 



as the following computation shows 

d 



X e (L*u) = f t [(L* x u)(e tx ) 



t=o dt 



i(xe tx ) 



i=0 dt 



t=0 



X x (u) 



(3.423) 



because the path defining X x is xe tx . 

We can perform the same construction in order to build left invariant fields based onW(g). If X and Y are 
elements of g, the differential operator on C co (G) associated to XY 6 U(q) is given by 



XY X = xX(s)Y(t). 
(XY) e (L*u) = {XY) x u 



The path defining the field XY is 
Thus we have 



Lemma 3.209. 

If X,Y e q we have 



[ad(X),ad(F)] = ad([X,Y]). 
Proof. Let /eg and compute the action of [ad(A), ad(F)]: 

[ad(X),ad(F)]/ = ad(X)[y/, fY] - ad(Y)(X/ - fX) 
= (XY - YX)f + f(YX - XY) 
= ad([X,Y])f. 



(3.424) 

(3.425) 
(3.426) 

(3.427) 



(3.428a) 
(3.428b) 
(3.428c) 



□ 



3.15.3 Representation of Lie groups 
Proposition 3.210. 

Let G be a Lie group and G its Lie algebra. A representation ip: G — > End(y ) of the group induces a represen- 
tation <p: 14(G) — > End(y) of the universal enveloping algebra with the definitions 

<j)(X) = dtp e (X), (3.429a) 
<t>(XY) = <j)(X) o <j)(Y) (3.429b) 

where e is the unit in G and X, Y are any elements of G- 
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Proof. We have 

<f>(X) = ^-\<p{e tx )v\ =dip e (X)v. (3.430) 
at L Jt=o 

Notice that, by linearity of the action of ip(e tx ) on v, one can leave v outside the derivation. Now, neglecting 
the second order terms in t in the derivative, and using the Leibnitz formula, we have 



4>([X,Y])v = f t [p(e^ e -tXY ] 



v 



iMe»>(l)] (=0 » + !HlMe-")], =0 » 



(3.431) 



= (j>{XY)v - 4>{YX)v 
= (<f>(X)<f>(Y) - <P(Y)<f>(X))v 
= [cf>(X),4>(Y)]v, 

which is the claim. □ 

3.16 Representations 

References for Lie algebras and their modules are [7-9, 21, 22, 24, 26]. 

Since f) is abelian, the operators H a . (j = 1, ...,/) are simultaneously diagonalisable. In that basis of the 
representation space W, the basis vectors are denoted by \u\) and have the property 

Ha 1 l«A> = A(fla 1 )|UA>, (3.432) 

and, as notation, we note Aj = A(H ai ). The root A is a weight of the vector \ua). The vector Ep\u\) is of 
weight /3 + A, indeed, 

H ai E p \u A ) = ([H ai ,E ]+E H ai )\u A ) = / ^KB + jA Ep \u A ). (3.433) 

Thus the eigenvalue of Ep\u\) for H ai is, according to the relation, (3.357), /3(H ai ) + A(H ai ). 
We suppose that the roots Ui are given in increasing order: 

ax > a 2 > ... > ai, (3.434) 

and one says that a weight is positive if its first non vanishing component is positive. Then one choose a basis 
of W 

|u A( i) >,..., |m A (n)> (3.435) 
of weight vectors. One say that this basis is canonical if 

A« ^ ... 3s A (N \ (3.436) 

Theorem 3.211. 

A vector if weight A which is a combination of vectors of weight A^ all different of A vanishes. 

Proof. No proof. □ 

A consequence of that theorem is that, if W is a representation of dimension N of g, there are at most N 
different weights. When several vectors have the same weight, the number of linearly independent such vectors 
is the multiplicity of the weight. A weight who has only one weight vector is simple. 

Proposition 3.212. 

The weights A and A — 2a(A, a) /{a, a) have the same multiplicity for every root a. 
Theorem 3.213. 

Two representation are equivalent when they have the same highest weight. 

Proposition 3.214. 

For any weight M and root a, 

2 -p4 e Z, (3.437) 
(a, a) 

and 

M- 2 -p4a (3.438) 
(a, a) 

is a weight. 

Notice, in particular, that for every weight M, the root — M is also a weight. 
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3.16.1 About group representations 

Let 7r be a representation of a group G. The character of tt is the function 

: G -> C 

rpu / / \\ (3-439) 
g i ^ Tr (tt(5)). 

From the cyclic invariance of trace, it fulfils Xirigxg -1 ) = Xn{ x )i so that the character is a central function. 

Let G be a Lie group with Lie algebra g. We denote by Z+ the subgroup of G generated by n-. The Cartan 
subgroup D of G is the maximal abelian subgroup of G which has f) as Lie algebra. 

A character of an abelian group is a representation of dimension one. 

Let T be a representation of G on a complex vector space V. One say that ^ e V is a highest weight if 

• T(z)£ = £ for every z e Z+, 

• = a(s)£ for every g e D. 

The function a : D — » (D is the highest weight of the representation T. 
Lemma 3.215. 

The function a is a character of the group D. 

Proof. The number a(gg') is defined by T(gg')t; = a(gg')!;. Using the fact that T is a representation, one easily 
obtains T(gg')£ = a(g)a(g% □ 



3.16.2 Modules and reducibility 

As far as terminology is concerned, one can sometimes find the following definitions. A g-module is simple when 
the only submodules are g and 0. It is semisimple when it is isomorphic to a direct sum of simple modules. 
The module is indecomposable if it is not isomorphic to the direct sum of two non trivial submodules. 

An vector space endomorphism a: V — > V is semisimple if V is semisimple as module for the associative 
algebra spanned by A. In this text, we will not use this terminology but the one in terms of reducibility. It is 
clear that g is itself a g-module for the adjoint representation. From this point of view, a g-submodule is an 
ideal. Then a simple Lie algebra is an irreducible g-module and a semisimple Lie algebra is completely reducible 
by corollary 3.46. This explains the terminology correspondence 

simple <-> irreducible 
semisimple <-> completely reducible. 

Theorem 3.216 (Weyl's theorem). 

A representation of a semisimple Lie algebra is completely reducible. 

3.16.3 Weight and dual spaces 

In general, when T : V — » V is an endomorphism of the vector space V and A e K (K is the base field of V") , 
we define 

V x = {v e V st (T - \l) n v = for a n e N}). (3.440) 

If V(X) 0, we say that A is a weight and V(X) is a weight space. 

Let now particularize to the case where q is a Lie algebra, and g* its dual space (the space of all the complex 
linear forms on g). Let p be a representation of g on a complex vector space V (seen as a g-modulc), and 
7 e g*. For each x e g, we have p(x) : V — » V and j(x) e (D; then it makes sense to speak about the operator 
p(x) — 7(2;) : V — » V and to define 

V-y = {v e V st Vx e g, 3n e N st (p(x) - j(x)) n v = 0}. (3.441) 

If Vj ¥= 0, we say that 7 is a weight for the representation p while V 1 is the corresponding weight space. 
A simpler form for complex semisimple Lie algebras will be given in equation (3.105) as corollary of theorem 
3.151. 

Notice that a root is a weight space for the adjoint representation, see definition 3.76. We denote by $ the 
set of non empty root spaces. 
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Lemma 3.217. 

Let End(y) be the algebra of linear endomorphism of a vector space V . Let x\, . . . , Xk, y\, . . . , J/& e End(y) and 



Xi , y% 

i 

If e commutes with all Xi, then it is nilpotent. 

A proof of this lemma can be found in [17] 
Theorem 3.218. 

Let g be a Lie algebra of linear endomorphisms of a finite dimensional vector space V . We suppose that V is a 
completely reducible g-module and we denote the center of g by Z. Then 

(i) [g,g] nZ = 0, 

(ii) L/Z has a non zero abelian ideal, 
(Hi) any element of Z is a semisimple endomorphism. 



Problem and misunderstanding 18 



The following proof seems me to be quite wrong. 

Proof. Let A be the associative algebra spanned by g and the identity on V. It is clear that the A-stable 
sub-spaces are exactly the g-stable ones. Then V is a completely reducible A-module and it has no non zero 
nilpotent left ideal. Indeed let B be a left ideal in A such that BB = 0. In this case, B ■ V is a A-submodulc 
of V (because B is an ideal) and V = B ■ V © W for a certain A-submodule W. Since B ■ V is a A-submodule, 

B ■ W cz (B ■ V) n W 

(because W is stable under A) which implies B ■ W = and B V = B • (BV + W)0. Consequently, B = 0. 

Let T be the center of A; this is an ideal, so that T has no non zero nilpotent elements. To see it, consider a 
nilpotent element z e T. Remark that T = Az is a nilpotent ideal because AzAz = Az 2 A. Now, we prove that 
z is a semisimple linear endomorphism of V. By lemma 3.195, with large enough n, z n (V) finish to stabilize. 
Let q = YjveV T ne s P ace = z n (V) is not zero because z is not nilpotent. Let W be the set of elements of 
V which are annihilated by a certain power of z. Equation (3.404) makes z semisimple because V s and W are 
z-stables. 

By lemma 3.217, any element of LA, A] n T is nilpotent; but we just saw that it has no non zero nilpotent 
elements then [A, A] n T = 0, so that 

[q,q] n Z = 0. 

This proves the first point. 

Now we consider an ideal J such that [J, J] <z Z. Then [J, J] = [ J, J] n Z = 0. We looks at the abelian 
ideal [g, J] of g. This is an ideal because [[ffjj],^] = — [[ii^jjfl 1 ] — [[^■ifl'ljj]- By the lemma, the elements of 
[g, J] are nilpotent and the associative algebra generated by [G, J] is also nilpotent because [g, J] is abelian. 

The elements of B are polynomials with respect to elements of [g, J], then AB cz BA + B because AB is 
made up with elements of the form a(hj — jh) n which itself is made up with elements ah k j l . By commutating 
j l , we get 

j l ah k + elements of [g, J], 
but J is an ideal and jl e J. By induction, 

(AB) k cz B k A + B k . (3.442) 

Since B is nilpotent, AB is a nilpotent left ideal. Then AB = which in turn implies B = 0. In particular 
[g, J] = 0, so that J cz Z. But any abelian ideal in g/Z is the canonical projection of an ideal J of g such that 
[J, J] e Z. We conclude that g/Z has no non zero abelian ideal. 

□ 

Now we are able to prove a third version of Lie's theorem: 



Theorem 3.219 (Lie). 

If g is a solvable ideal, then any completely reducible g-module is annihilated by [g,g]. 
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Proof. Let V be such a g-module, p the representation of g on V and .4 = p(g) <z End(V). By assumption, a is 
a solvable subalgebra of End(V); let Z be the center of a. It is clear that a/Z is solvable, so that it has no non 
zero abelian ideal. But the fact that a/Z is solvable makes one of the & k (a/Z) an abelian ideal. The conclusion 
is that a/Z = 0, or a = Z. Clearly this makes [a, a] = 0. □ 

Proposition 3.220. 

Let g be a nilpotent complex Lie algebra and p, a representation of q on a finite dimensional vector space V . 
Then 

(i) V7 6 g* , the space Vy is a Q-submodule ofV, 

(ii) if 7 is a weight, then there exists a nonzero vector v e Vy such that Vcc e g, x ■ v = j(x)v, 
(Hi) V = (+) 7 V-y where the sum is taken over the set of weight. 
From the third point, an element yea can be decomposed as 

v = X> ( 3 - 443 ) 

with ypeap. 

From now, we only consider complex Lie algebras. A typical milpotent algebra is a Cartan subalgebra of a 
semisimple Lie algebra. 

Proof. Since p is a representation, 

(p(x) - l(x))p(y) = p(y) (p(x) - j(x)) + p([x, y\). 

Now let us suppose that (p(x) — "f(x)) m p(y) is a sum of endomorphism of the form 

P {{^xYy){p{x)- 1 {x)) q 

with p + q = m. We just saw that it was true for m = 1. Let us check for m + 1: 

p{x)p{{&dx) p y)(p(x) -l(x)) q = p([x, (&dx) p y])(p(x) -j(x)) q 



+ p((adx) p y)p(x)(p(x) - j(x)) q . 



(3.444) 



Then, since g is nilpotent, the space V 1 is a submodule of V because for large enough m and for all y, (p(x) — 
7(a;)) m p(y)v = if v e V 7 . 

Any nilpotent algebra is solvable, then from Lie theorem 3.219, the restrictions of p(x) (with x e g) to 
irreducible submodules commute. By Schur's lemma 3.191, they are multiples of identity. But if all g is the 
identity on an irreducible module, then the module has dimension one. In particular, any irreducible submodule 
of Vy has dimension one 33 . 

Then, in the weight space Vj, there is a v which fulfils p(x)v = X(x)v for all x e g. It is rather clear that it 
will only works for A = 7. Our conclusion is that there exists a v e Vy such that p(x)v = ^{x)v. 

Now we consider 71, ... ,7^, distinct weights. They arc linear forms; then there exists a x e g such that 
71(2;), . . . , Jk(x) arc distinct numbers. In fact, the set {h e [) st cti(h) = aj(h) for a certain pair is a finite 

union of hyperplanes in Fj; then the complementary is non empty. 

With this fact we can see that the sum V 11 + . . . + V Jh is direct. Indeed let v e V li n V lj ; for the chosen 
xeg and for suitable m, 

(p(x) - ^(x)) m v = (p(x) - i 3 (x)) m v = (3.445) 

which implies ~fi{x) = Jj(x) or v = 0. In particular one has only a finitely many roots and we can suppose that 
our choice of 7^ is complete. 

For a e (D, we define V a as the set of elements in V which are annihilated by some power of p(x) — a with 
our famous x. By the first lines of the proof, V a is a rj-submodule of V. 

For the same reasons as before 34 , if V a 0, there exists a v e V a and a weight 7* such that Vy 6 g, 

p(v)v = ii{y)v. 



33 Encore que soit pas bien clair pourquoi un tel module existerait... done I'affiramation suivante ne me semble pas trap justifiee 
34 Celles que je n'ai pas bien comprises 
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But as v is annihilated by a power of (p{x) — a), it is clear that a = Ji(x), and some theory of linear endomor- 
phism shows that V is the sum of the V a 's: 

k 

V = Y i V Mx) . (3.446) 

i=l 

It remains to be proved that V li ^ c V lt . Let t/eg and 

Vi, a = {v e V Ji{x) st 3n : (p(y) - a) n v = 0}. 

As usual 36 if Vi^ a ^ 0, there exists awe V^ a and a weight jj such that p(z)v = ^j{z)v for any z e g. Then 
a = lj{v) = li{y)- But V^ 4 ( x j being the sum of the Vi^'s, we have V 7i M = Vi^ty) for any y e g. This makes 

□ 



3.16.4 List of the weights of a representation 

We consider a representation of highest weight A. For each weight M, we define 

5(M) =2 ^ M «, (3.447) 



Q;en 

where, as usual, M a = 2(M, a)/ (a, a). For any root a, we define 

7 (a) = i(<y(A)-%)). (3.448) 
Proposition 3.214 shows in particular that 7(a) is an integer. 
Proposition 3.221. 

When M is a weight, j(M) is the number of simple roots that have to be subtracted from the highest weight A 
in order to get M . 

Proof. No proof. □ 
Let us consider the sets 

A£ = {M st 7 (M) = k). (3.449) 
That set is the layer of order k. Of course, there exists a T(<fi) such that 

A^A»uAju...uAj W (3.450) 

That T{<f>) is the height of the representation </>. If A is the highest weight and A' is the lowest weight, then 
we have 7(A) = and 7(A') = T{<j>). 

A corollary of proposition 3.221 is that, if M e and if a is a simple root, then M + a e A^ _1 , and 
M -ae A; +1 . 

Let us denote by Sk(4>) the multiplicity of the layer of order fc; we have 

S + Si + ■ • ■ + St = N, (3.451) 
where N is the dimension of the representation <p. The number 

III{4>) =zaaxSk{(p) (3.452) 

is the width of the representation. 
Lemma 3.222. 

If A is the highest weight and A' is the lowest weight, then 5(A) + S(A') = 0. 

Proof. No proof. □ 

From that lemma and the definition of j(M), we deduce that (5(A) — S(A') = 2^(A') = T(4>), so that 
<5(A) = T(4>) and 

<5(M) = T(<f>) - 2 7 (M). (3.453) 

In particular, 5(M) has a fixed parity for a given representation <f>. It is the parity (even or odd) of the 
representation. 

35 theorie que je ne connais pas trop 

36 et comme d'hab, I'argument que je ne saisit pas 
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Theorem 3.223. 

If A is the highest weight of the irreducible representation </>, then 

T{<f>) = ^ r ai A a (3.454) 
Qien 

where the coefficients r ai only depend on the algebra, and in particular not on the representation. 
Proof. No proof. □ 
The coefficients r ai are known for all the simple Lie algebra, see for example page 105 of [21]. 

3.16.4.1 Finding all the weights of a representation 

The following can be found in [21, 22]. 
Theorem 3.224. 

// is the weight system of the irreducible representation <f>, then 

S k = S T -k (3.455) 

and 

S r ^ S r -i > ■ ■ ■ ^ S 2 ^ S 1 ! (3.456) 

where r = -|- + 1. 

The theorem says that when T((j>) is even (let us say T(cf>) = 2r), then III((j)) = S r (cf>) and when T((j>) is 
odd (let us say T{4>) = 2r + 1), then 

III(<f>) =S r (<t>) =S r+1 {<f>). (3.457) 
Let a be a root. The a-series trough the weight M is the sequence of weights 

M — ra, ... ,M + qa (3.458) 

such that M — (r + l)a and M + (q + l)a do not belong to A^. 

Proposition 3.225. 

Let M be a weight of the representation <fi and a, any root of q. If the a-series trough M begins at M — ra and 
ends at M + qa, then 

2(M, a) 



(a, a) 

or, more compactly, M a + q = r. 



q, (3.459) 



Notice that, in that proposition, q and r are well defined functions of M and a. 

We are now able to determine all the weights of the representation <j). Let us suppose that we already know 
all the layers A° , . . . , A^ _1 . We are going to determine the weights in the layer A£. 

An element of A£ has the form M — a with M e A^ _1 and a, a root. Thus, in order to determine A^, we 
have to test if M — a is a weight for each choice of Me A^ _1 and a £ II. Using proposition 3.225, if 37 

M a +q^l, (3.460) 

then M — a e A^. The number M a — q(M, a) is the lucky number of the root M — a. The root is a weight if 
its lucky number is bigger or equal to 1. Notice that q(M, a) depends on the representation we are looking at. 

Since M + ka e A^ _fc , the value of q is known when one knows the "lower" layers. We are thus able 
to determine, by induction, all the layers from A^ which only contains the highest weight. For this one, by 
definition, we always have q = 0. 

The Dynkin coefficients of one weights can be more easily computed using the following formula, which is a 
direct consequence of definition of the Cartan matrix: 

{M-a j )i=M i -Aj i . (3.461) 

1 

As example, let us determine the weights of the representation o o of su(3). The algebra su(3) has 

two simple roots a and /3 whose inner products are (a, a) = (/3,/3) = 1 and (a,/3) = —1/2. The highest weight 
1 

of <j) = o o is A = (a + 2/3)/3. 



'At page 104 of [ ], that condition is (I think) wrongly written M a + q 5= 0; that mistake is repeated in the example of page 106. 
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We first test if A — a is a weight. Easy computations show that A Q = wile q = 0; thus A — a is not a weight. 
The same kind of computations show that A^ = 1, so that A^ = q(A,j3) = 1. That shows that A J, = {A — a}. 

Let now M = A - f3 = (a - /3)/3. Since M + a$ A^, we have g(M, a) = 0. On the other hand, M a = 1, 
so that M — a e A^. The last one to have to be tested is M — f3. Since M + (3 = A, we have q(M, 0) = 1, but 
= -1. Thus Mp + q(M, /?) = and M — /? is not a weight. 

We can obviously continue in that way up to find A£ = 0, but there is an escape to be more rapid. Indeed, 
using theorem 3.223 with coefficients r a that can be found in tables (for example in [21]), we find 

T(cf>) = 2A a + 3A/3 = 2, (3.462) 

thus we immediately know that Ai does not exist. 

On the other hand, one knows the width Ill(cf)) = maxSk(<f>) because (since T(cf>) = 2r, with r = 1), we have 

= Si(<fi). Thus, once A 1 ((/)) is determined, we know that the next ones will never have more elements. 
In the example, when we know that M — a is a weight, we do not have to test M — {3. 

3.16.5 Tensor product of representations 
3.16.5.1 Tensor and weight 

Let 4> and </>' be representations of g on the vector spaces R and R' of dimensions n and m. If A e M. n (R) 
and B e WL m (R'), the tensor product, also know as the Kronecker product of A and B is the matrix 
A<S) B e lM mn (R (x) R') whose elements are given by 

Cikji = AijBu. (3.463) 

The principal properties of that product are 

(AM ® (BiB 2 ) = (Ai (g) B 1 )(A 2 ® B 2 ) (3.464a) 
(A®B)- 1 = A- 1 &B- 1 (3.464b) 
1r ® 1r> = (3.464c) 

If (p i and y>2 are two representations of a group G, the tensor product is defined by 

(<Pi ®<P 2) (g) = <Pi (3)^^2(9) • (3.465) 
If and 0' are two representations of a Lie algebra g, the tensor product representation is defined by 

(4>®<t/)(X)(v®v')= (0(X»®u'+«®(^'(Xy). (3.466) 

If {0fc} are the irreducible representations, a natural question that arise is to determine the coefficients T which 
decompose 4>®4>' m to irreducible representations: 



>®4>' =Y^k(^4>')4>k (3.467) 



A' 



Let W and W be the representation spaces and consider the following decompositions in weight spaces: 

W = W A , W = © (3.468) 

AeAi AsA 2 

By definition, 

(W®W') a = {v®v' st (<j)®(l)')(h)(v®v') = a(h)(v®v')}. (3.469) 
If (<f>(h)v} ® v' + v ® (4>'(h)v') is a multiple of v ® v', one requires that 

(j>(h)v = ai(h)v, (3.470a) 
<ff{h)v = a 2 (h)v' (3.470b) 

for the weights ct\ and a 2 of 4> and 0'. Thus we have 

(W®W% 1+a2 = W ai ®W a2 . (3.471) 

We have in particular that the simple root system A^^i of the representation <p®<f>' is given by 

A^,=A +A^. (3.472) 

What we proved is 38 



38 The second part is not proved. 
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Proposition 3.226. 

If 4> is a representation of highest weight A and cj) 1 is a representation of highest weight A 1 , then <fi (x) <f>' is a 
representation of height weight A + A'. 

If, moreover, <f> and <f>' are irreducible, then <f>® cj)' is irreducible. 

An irreducible representation that cannot be written under the form of a tensor product of irreducible 
representations is a basic representation. 

Lemma 3.227. 

A representation is basic if and only if its highest weight A is such that the A Q; are all zero but one which is 1. 

The basic representations of so(10) are given by the Dynkin diagrams of figure 3.1. All the irreducible 
representations are obtained by tensor products of the basic ones. An elementary is a basic representation 
which has his "1" on a terminal point of the Dynkin diagram. 




(a) (b) (c) (d) 




Figure 3.1: Basic representations of so(10) 



3.16.5.2 Decomposition of tensor products of representations 

Proposition 3.226 allows us to decompose a tensor product of representations into irreducible representations. 

1 1 

Let us do it on a simple example in su(3). We consider the representations <f> = o o and <f>' = ° o . 
The first representation has weights 

A ^{£±M,£_Ad?fi±ffl}, (3.473) 

and the second one has 



According to equation (3.472), we have 9 weights in the representation <f>®<f>' (all the sums of one element of 
A^, with a one of A^,/). The highest one is 

2a +4/3 
3 ' 

1 2 
which is the double of the highest weight in o o , so <fi ® (j) 1 contains the representation o o . Now, we 

2 

remove from the list of weights of (f> (8) 0' the list of weight of c o ; the result is 



^ = i^,^=^\. (3.474) 



2a + -(a -13) -(a + 2/3) 



(3.475) 



1 

which are the weights of c o . The conclusion is that 

1 1 2 1 

C O (X)C o = c o © c o. (3.476) 

That procedure of decomposition is quite long because it requires to compute the complete set of weights for 
some intermediate representations. 
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3.16.5.3 Symmetrization and anti symmetrization 

Let <j> be a irreducible representation. We want to compute the symmetric and antisymmetric parts of the 
representation </>® fe = <fi ® . . . ® <f>. These symmetric and antisymmetric parts are denoted by (f>f k and <f>® k 

k times 

respectively. 
Proposition 3.228. 

If {£i> • • • >&v} ls a canonical basis of cj> and if we denote by Aj the weight of the vector £j, the followings hold: 



(i) the weight system of 4>® k is 

A h + A l2 + . . . + A lk (3.477) 
with ik > ■ ■ ■ > ii > i\, and the highest weight is 

Ai + ...+A fc . (3.478) 

The dimension of the representation cf)® k is 

N(j») = fy. (3.479) 

(ii) The weight system of the representation (j)f k is 

A tl +A l2 +...+ A lk (3.480) 
with ik ^ • • • ^ %i ^ ii, and the highest weight is 

Mi (3.481) 

The dimension of the representation 4>f k is 

N (^f k ) = ( n+ k k )- (3-482) 

Proof. No proof. □ 



The representations 4>® and <j>f k might be decomposable and we denote by (j)f k and 4>® k their highest 
weight parts. 

Let a be a terminal point in a Dynkin diagram. The branch of a is the sequence of point of the Dynkin 
diagram a = ol\, ct2, ■ ■ ■ , a>k defined by the following properties. 

• The point on is connected with (and only with) the points and a^+i, 

• the connexion between on and on + \ is of one of the following forms 

a l a l+ i 



^ a \ +1 (3.483) 



• the sequence ct\, . . . , ak is maximal in the sense that no a^+i can be added without violating one of the 
two first rules. 

Proposition 3.229. 

Let a be a terminal point in a Dynkin diagram and a\, . . . , ak be the corresponding branch. Then we have 

K r - €a> (3-484) 

for every r = 1, 2, . . . , k. 
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3.17 Verma module 

Let us give the definition of [27]. When g is a semisimple Lie algebra, we have the usual decomposition 

= n-©f)©n+, (3.485) 

where each of the three components are Lie algebras. In particular, the universal enveloping algebra U{n~) 
makes sense. Let fi e f)*. We build a representation Tfy of g on = U{n~) in the following way 



• If Y a e n , we define 



if if e f), we define 



7r M (Y a )l = Y a (3.486a) 
TT^(Y ai ...Y a J= Y a Y ai ...Y an) (3.486b) 



7r M (if)l = /i(ff) (3.487a) 

k 

7r^(Y ai ...Y ak )= (/i(ff) - 2 a,(ff))y ai ...y QjbJ (3.487b) 



• and if X Q e n + , we define 

tt m (X q )1 = (3.488a) 
* M (X a )Y ai . . . Y ak = Y ai fa(X a )Y aa . . . Y ak ) (3.488b) 

k 

- S a<ai 2 aj{H a )Y ai ...Y ak . (3.488c) 

3 = 1 

In the last one, we do an inductive definition. 
Lemma 3.230. 

The couple (tt^V^) is a representation of q on V^. 

Proof. No proof. □ 

That representation is one Verma module for g. If the algebra g is an algebra over the field K, the field K 
itself is part of U(n)~ , so that the scalars are vectors of the representation. In that context, the multiplicative 
unit 1 e K is denoted by v Q . 

Theorem 3.231. 

The representation (tt^V^) of the semisimple Lie algebra g is a cyclic module of highest weight, with highest 
weight \x and where vq is a vector of weight /j. 

Proof. No proof. □ 

The Verma module is, a priori, infinite dimensional and non irreducible, thus one has to perform quotients 
of the Verma module in order to build finite dimensional irreducible representations. 



3.18 Cyclic modules and representations 

An example over so (3) is given in subsection ??. The case of so (5) is treated in subsection ??. Let g be a 
semisimple Lie algebra with a Cartan subalgebra f) and a basis A for its roots $ = $ + u <i> - . Let W be a finite 
dimensional g-module. 

Lemma 3.232. 

If g is a nilpotent complex algebra and if '7 is a weight, then there exists a v in V 1 such that c ■ v = j(x)v for 
every x e g. 

This is the proposition 3.220. Notice that a Cartan algebra is nilpotent, thus one has at least one vector of 
W which is a common eigenvector of every elements of f), in other words, Ifj, 6 tj* and 3w e W such that 



hw = fi(h)w 



(3.489) 
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for every h e f), and w # 0. If w is such and if x e g a , we have 

(hx) ■ w = [h, x] ■ w + (xh) ■ w = a(h)x ■ w + Xfi(h)w = (a + fj,)(h)x ■ w. (3.490) 

If we define 

S = {w e W st 3(1 e t)* st hw = fi(h)w}, (3.491) 

this is not a vector space, but the vector space Span S generated by S is invariant under q because S itself is 
invariant under all the Q a with a e q*. 

On the other hand, we suppose that q and W are finite dimensional, so that their dual are isomorphic. Since 
a Cartan subalgebra is chosen, we have the decomposition 

= f) © Q ei>* Qa (3.492) 

where g a = {x e g st [h,x] = a(h)x\lg e f)}. When a 6 f)*, the two following spaces are independent of the 
choice of the Cartan subalgebra f): 

VK Q = {v e W st /iw = a(h)v Vh e M 

' (3.493) 
Q = {x e g st \h,x\ = a(h)xVh e t)}. 

If w Q e W a and a;^ 6 0/3, we have 

h(xpv a ) = ([/i, xp~\ +xph)v a = (Ji(h) + a(h))xpv a , (3.494) 
so xpv a e W a+ p. Thus xp is a map 

x a :W a ^W a+ p. (3.495) 

Since VT" is finite dimensional, there exists a maximal a such that W a # 0. We name it A. For every (3 e <& + , 
we have W\ + p = {0}. In particular, if v\ e Wa, 

x^xa = (3.496) 

for every a 6 <I> + , and, of course, 

hv x = X(h)v x . (3.497) 
On the other hand, for every vector v 6 W, and for v\ in particular, the space U(g)v is invariant, so 

W = U(q)v x (3.498) 

by irreducibility. One say that W is the cyclic module generated by v\. 

3.18.1 Choice of basis 
Theorem 3.233. 

Let q be a Lia algebra on a field of characteristic zero. If {xi} is an ordered basis of g, then 

{xi 1 ■ ■ ■ Xi n st i\ ^ . . . ^ i n ) (3.499) 
is a basis for the universal enveloping algebra U(g) of q. 
One can find a proof in [7]. 

3.18.2 Roots and highest weight vectors 
Proposition 3.234. 

An irreducible cyclic module is generated by the elements of the form fl 1 ■ ■ ■ f^v\. 
Proof. From theorem 3.233, the monomials of the form 

{ft --'fo)'{K •■'<&) ( 3 - 50 °) 

form a basis of IA{q). When one act with such an element on v\, the kill it, while the hi do not act (a part 
of changing the norm). Thus, in fact, the module W is generated by the only elements f\ x ■ ■ ■ f^v\ □ 
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In very short, one can write 

W = (n-) n v x . (3.501) 

Since fkV a e Q a -a k , we have 

ft ■ ftvx e B\~(i m a m ~...i iai y (3-502) 

The set of roots is ordered by 

Hi < u 2 iff (x 2 - Mi = Yi ki06i (3.503) 

i 

with a.% > and with fej e N. Equation (3.502) means that 

At < A (3.504) 

for every weight fi of W. 
Definition 3.235. 

Let q be a finite dimensional Lia algebra. A cyclic module of highest weight for g is a module ( not specially 
of finite dimension) in which there exists a vector v + such that x + v + = for every x + e n + and hv + = X(h)v + 
for every h e f). 

Proposition 3.236. 

Every submodule of a cyclic highest weight module is a direct sum of weight spaces. 

Proof. No proof. □ 

From the relation x + v + = 0, we know that all the weight spaces satisfy satisfy fi < A, and, since a module 
is the sum of all its submodules, 

V = @V ll . (3.505) 

Notice that if v + is in a submodule, then that submodule is the whole V , thus the sum of two proper submodules 
is a proper submodule. We conclude that V has an unique maximal submodule, and has thus an unique 
irreducible quotient. 

3.18.3 Dominant weight 

We know that every representation is defined by a highest weight. The following proposition[28] shows that 
every root cannot be a highest weight of an irreducible representation. 

Proposition 3.237. 

The highest weight of an irreducible representation of a simple complex Lie algebra is an integral dominant 
weight. 

Proof. Let on be a simple root and consider the corresponding copy of s((2, (D) generated by {ei,f,hi} (see 
subsection 3.8.4). The following part of L(A) is a s[(2, (D)i-module: 

v(oi) = v A+naz =v A ® y A _ Qi © y A _ 2Qi © ... © y A _ rQi (3.506) 

for some positive integer r. Notice that the sum over n e TL does not contain terms with n < because A being 
an highest weight, V\ + k ai = when k > 0. We know that in a sl(2, (D)-modulc the eigenvalues of h run from 
— m to m (see equations (??) for example). Thus here 

A(h l ) = -(A-ra l ){h l ). (3.507) 

By construction cti(hi) = 2, so A(/i,*) = r and the proof is finished. □ 

Proposition 3.238. 

If A is the highest weight of the representation L(A) of the complex simple Lie algebra g and if wq is the longest 
elements of the Weyl group, then wgA is the lowest weight. 

Proof. First remember that whenever A is a weight of a representation and w is an element of the Weyl group, 
the root wX is a weight 39 ; in particular wqA is a weight of £(A). Let v 6 L(A) W() \; we want to show that 
Xr v = 0. 

If X i v # 0, then wq A — on is a weight and wq (wqA — o^) = A — w^cti is a weight too. Here we used the fact 
that u>q = id. □ 



:> To be proved. 
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Problem and misunderstanding 19 



Still to be shown: 
(i) wX is a weight 
(ii) Wq = id 

3.18.4 Verma modules 

Let us consider 

b = f)©n+, (3.508) 

and take a e ()*. Now, we define <D a as the vector space (D (one dimensional, generated by z + e (D) equipped 
with the following action of b: 

(ft + ^ ^)^+ = a(ft)z+. (3.509) 

The vector space (D a becomes a left W(b)-module. On the other hand, U{q) is a free right W(b)-module because 
U(b) u £ As W(b)-module, a basis of U(q) is given by tV, i.e. by {fl 1 ■ ■ ■ f%}. The Verma module 

is the cyclic module 

Verm(a) = U(q) ® u(b) <C a (3.510) 
which has a highest weight vector v\ = 1 ® z + . The tensor product over U(b) beans that, when X e U(q), then 

(h + YjXh) x ®u(b) zz + = X®(h +2_ l x IJ )zz + = X ®u( B ) za(h)z + = a(h)X ® U (b) zz +- (3.511) 
n n 

The Verma module is generated by 1 (x) z + and the fact that 

zX{l®z + ) = X®zz+. (3.512) 

Proposition 3.239. 

Two irreducible cyclic modules with same highest weight are isomorphic. 

Proof. Let V and W be two highest weight cyclic modules with highest weight A and highest weight vectors v\ 
and w\. In the module V© W, the vector v\ ®w\ is a highest weight vector of weight A. Let us consider the 
module 

Z =U{q)(v x ®w x ). (3.513) 

That module is a highest weight cyclic module. The projections onto V = Z/W and W = Z /V are non 
vanishing surjective homomorphisms, so V and W are irreducible quotients of Z. But we saw bellow equation 
(3.505) that Z can only accept one irreducible quotient. Thus V and W are isomorphic. □ 

We denote by Irr g (A) the unique cyclic highest weight g-module with highest weight A. 

3.19 Semi-direct product 

3.19.1 From Lie algebra point of view 

Here, the matter comes from [13, 29]. When a and b are Lie algebras, one can consider g = a © b as vector 
space, and define a Lie algebra structure on g by 

[(a,b),(a',b')] = ([a,a'],[b,b']). 

This is the direct sum of a and b. 

An endomorphism V of the Lie algebra o is a derivation when 

T>[X,Y] = [VX,Y] + [X,VY]. 

The set of the derivations of a is written Der a. 

Proposition 3.240. 

Let a be a Lie algebra 

(i) Dera is a Lie algebra for the usual commutator, 
(ii) ad: a — > Dera c End a is a Lie algebra homomorphism. 
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Proof. For the first statement, we just have to compute to see that if V, £ e Der a, 

[D, S][X, Y] = (V£ - £V)[X, Y] = [[V, £]X, Y] + [X, [V, £]Y]. 

The second comes from the fact that ad X e Der a for any X e a and adLY, Y] = ad X ad Y — ad Y ad X. □ 

Let us now consider the vector space direct sum g = a©b. Let us suppose moreover that a is a Lie subalgebra 
of g and that b is an idea in g. So we have that 

ad \f, e Der b. 

By proposition 3.240, we have a homomorphism ir: a — » Derb, tt(A) = &dA\t,. So if A e a and B e b, 
[A, B] = n(A)B. The conclusion is that the Lie algebra structure of g is given by a, b and ir. In this case, 
we write g = a ©^ b, and we say that g is the semidirect product of o and b. The following theorem gives the 
general definition of semidirect product. 

Theorem 3.241. 

Let a and b be two Lie algebras, and 7r: a — » Derb, a Lie algebra homomorphism. There exists an unique Lie 
algebra structure on the vector space g = a © b such that 

• the commutators on a and b are the old ones, 

• [A, B] = ir(A)B for any A e o and B e b. 

In this case, in the so defined Lie algebra g, o is a subalgebra and b is an ideal. 

The vector space g = a© b endowed with this Lie algebra structure is the semidirect product of a and b, 
it is denoted by 

g = o ©tt b 

One also often speak about split extension of a by b, with the splitting map ir. 

Proof. The unicity part is clear: the Lie algebra structure is completely defined by the two conditions and the 
condition of antisymmetry. The matter is just to see that this structure is a Lie algebra structure: we have to 
check Jacobi. If in [[X, Y],Z], X, Y, Z are all three in a or b, it is trivial. The two other cases are : 

• X, Y £ a and Z e b. In this case, we use 7r([X, Y]) = 7r(X)7r(Y") — tt(Y)tt(x) (because ir is a Lie algebra 
homomorphism) to find 

[[X, Y], Z] = n([X, Y])Z = -[[Y, Z],X) - [[Z, X], Y]. 

• The second case is X, Y e b and Z e a. Here, we use the fact that n(Z) is a derivation of b. The 
computation is also direct. 

It is clear that b is an ideal because for any A e a and B e b, [B, A] = —[A, B] = —ir(A)B e b. 

□ 

The theory of split extension is often used in the following sense. We have a Lie algebra g which decomposes 
(as vector space) into a direct sum a © b. If in g the map a i-> ad(a) is an action of o on b, we say that g is a 
split extension 

= a ©ad b. 

This way to use split extensions is used for example in the proof of proposition ??. 
3.19.2 From a Lie group point of view 



Definition 3.242. 

A subgroup H is normal in the group G if for any g 6 G and a e H, gag^ 1 6 H. 

If G is a group, N a normal subgroup and L a subgroup, we have LN = NL where, by notation, if A and 
B are subsets of G, AB = {xy\x e A,y e B}. 

If N and L are groups, an extension of N by G is a short exact sequence 



which means that 



e ^ N *-G *- L 



(3.514) 
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(i) i is injective because only cn is sent to ec, 

(ii) 7r is surjective because the whole L is sent to e. 

One often say that G is an extension of N by L. In the most common case, i is the inclusion, L = G/N and tt 
is the natural projection. 

We say that the extension is split when there exists a split homomorphism p: L — > G such that pon = idc- 
Definition 3.243. 

We say that G is the semidirect product of N and L when any g e G can be written in one and only one way 
as g = nl with n 6 N and I € L. 

Definition 3.244. 

A Lie group homomorphism between G and G' is a map u: G — » G' which is a group homomorphism and a 
morphism between G and G' as differ entiable manifolds. 

Lemma 3.245. 

Any continuous (group) homomorphism between two Lie groups is a Lie group homomorphism. 

We consider G, a connected Lie group; N, a closed normal subgroup; and L, a connected immersed Lie 
group. Moreover, we suppose that G is semidirect product of N and L. 

Proposition 3.246. 

The restriction to L of the canonical projection tt: G — » G/N is continuous for the induced topology from G to 
L. 

Proof. The definition of an open set U in G/N is that tt (U) is open in G. Then it is clear that tt is continuous. 
The matter is to check it for tt\l- Let U be a subset of tt(L). It is unclear that 7r _1 (ZY) <z L, but it is true that 
tt\ l x {U)^L. 

As far as the induced topology on L is concerned, A a L is open when A = O n L for a certain open set O 
in G. 

Let U be an open subset of tt\l(L); this is ir^iU) is open in G. We have to compare tt~ x (U) and (U). 
Since 

^{U) = {xe L\ir(x)eU}, 
we have -K^ifA) = 7r _1 (W) n L. But tx~ x {U) is open in G, then 7r _1 (W) n £ is open in L. □ 

Proposition 3.247. 

The group G is the semidirect product of N and L if and only if G = NL and N n L = {e}. 

Proof. If G is semidirect product of N and L, G = NL is clear. In this case, ii e ^= z e N n L, z = ez = ze, 
thus z e G can be written in two ways as xy with x e N and y e L. 

For the converse, let us consider nT = nl. Then a; -1 ^' = yy'~ l e N n L = {e}. Thus x' = x and y 1 = y. □ 

Now, we consider iV, a normal subgroup of G. If 7r: G — » G/iV is the canonical homomorphism, the 
restriction 7t|l: L — »■ G/7V is an isomorphism. Indeed, on the one hand, this is surjective because G = NL 
yields [g] = [nl] = [I] = tt\l(1). On the other hand, 7r|j,(i) = tt\l(1') implies that I = nl' for a certain n e N. 
Then W' 1 =neN n L = {e}. So n = e and J = Z'. 

Remark 3.248. 

If N is any normal subgroup of G, there doesn't exist in general any subgroup L of G such that G should be the 
semidirect product of N and L. 

If G is the semidirect product of iV and L, for any y 6 L, a y : x — > yxy~ x is an automorphism of AT. The 
point is that cr y (a) £ TV for all a e N because N is a normal subgroup. 

It is also clear that \/u,v e L, <t u1 , = a u o er„. Then a: L —> AutTV 40 is a homomorphism. Moreover, the 
data of a, N and L determines the law in G (provided the fact that the product NL is seen as formal) because 
any element of G can be written as nl; thus a product GG is (nl)(n'l') = (na y {n'))(lV) 

Proposition 3.249. 

Let N and L be two Lie groups and a: L — > Aut N a homomorphism. With the law 

(x,y)(x',y') = {xa y (x'),yy'), 

40 Aut N is the set of all the automorphism of N. 
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the set S = N x L is a group. 

Proof. If e is the neutral of N and e' the one of L, it is cleat that (e, e') is the neutral of S 1 . It is also easy to check 
that the inverse of (x, y) is (oy—i (x jj V }• The associativity is just a computation using o~ y (ab) = a y (a)oa y {b) 
and a x o a y = a xy . □ 

The set N x L endowed with this inner product is denoted 

N x a L. 

Proposition 3.250. 

If G is the semidirect product of N and L, then G is isomorphic to N x a L. 

Proof. The isomorphism is T : N x a L — » G, T(x, y) = xy. On the one hand, it is bijective because an element 
of G can be written as nl with n e N and I e L in only one way. On the other hand, it is easy to check that 
T((x,y)(x',u'))=T(x,y)T(x',y'). □ 

One can now give the final definition. Let us consider two connected Lie groups N, L and a Lie group 
homomorphism a: L — » Aut N. By , the map N x L —> N , (x, y) — > o~y(x) is C rjj . So, the group structure on 
N x L given by 

{x,y){x',y') = (xo- y (x'),yy') (3.515) 

is compatible with the C rx structure of N x L (seen as a Lie group). The manifold N x L endowed with the 
group structure (3.515) is the semidirect product on N and L; this is denoted by 

N x a L. 

3.19.3 Introduction by exact short sequence 
3.19.3.1 General setting 

Let Go, G\ and Gi be tree connected Lie groups. A short exact sequence between them is two group 
homomorphisms 

i : Gq — * G\ 

(3.516) 

7r : G\ — * G2 

such that Im(t) = Ker(7r). In that case, one says that G\ is an extension of G2 by Go. 

Since the group i(Gq) is the kernel of an homomorphism, it is normal and we write i(Go) < G±. Moreover, 
(-(Go) = 7T (e2) and is then closed in G\. As group, we have 

G 2 = GiA(Go). (3.517) 

The extension is split if there exists a Lie group homomorphism j ; : G2 — » G\ such that 

^oj = id| G2 . (3.518) 

This condition imposes j to be injective. In that case we have an action of G2 on Go defined by 

R:G 2 ^ Aut(Go) 

RgM = i- 1 ( y Ad(j(g 2 ))i(g )). 

Notice that Ad (j (g?)) t(go) belongs to l(Gq) because the latter is normal. 
As manifold we consider 

G = G x G 2 (3.520) 

and we define the multiplication law 

■: G x G -> G 

(3.521) 

(50,52) ■ (5o>5 2 ) = (5o^ ff2 (5o)>525 2 )- 

For associativity we have 

(50,52) • ((5o,5 2 ) ' (5o,5 2 '))) = (9oR 92 (9'oRgM), 52525 2 ') (3-522) 

while 

((50, 52) • (g' : 52)) • (50, 52) = (goR g2 (g'o)R g2a ' 2 (go), (gW?)) ■ (3.523) 



(3.519) 
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Thus the product is associative if and only if 



(3.524) 



That equality is in fact true because R is a morphism from G 2 to Aut(Go), so that R g2 R g ^ = R go g 2 - 
The neutral in G is (eo, e 2 ). 

Since R 92 (go) is smooth with respect to both variables, the product is smooth. In that way G becomes a 
Lie group named the semi direct product of G 2 by Go and is denoted by 



Go »r G2 



(3.525) 



All the construction is still valid when R is an homomorphism which does not comes from a split extension. 
We define the product G x G 2 — » G by 



The diagram 



9o -92 = (50, e 2 ) ■ (e ,g 2 ) 



Gi 

A 



(3.526) 
(3.527) 




Go 

id x {e} 




G 2 




G 



suggests us to define the map 



p : G x G 2 -> Gi 

(.90,52) •-> 1(90)3(92) 
This is a Lie group homomorphism because on the one hand 

^(30,52) • v(g'o-,92) = 1^(90)3(92) ■ <fl , o)i(fl , 2)> 

while on the other hand 

f((9o,92) ■ (90,92)) = f(9oRg 2 (9o),9292) 

= ^(.9ot" 1 (Ad(j(.g2))t(5ro)),52ff 2 ) 
= i ( 5ot - 1 (Ad(j(.92)) i (5o)))j(5232) 

= t(go)3(g2)t(g )j(92) 

because 1 and j are homomorphisms. 

The Leibnitz rule on t(go)j(92) provides the differential 

(d(f) e = (di) eo ®(dj)e 2 - 

This is injective because j is injective. The kernel of ip is the set 

Kex(tp) = {(50,52) st i(g ) = j(g 2 y 1 }- 



(3.528) 



(3.529) 



(3.530) 



(3.531) 



(3.532) 



Since t(Go) and j(G 2 ) have no intersections 41 (a part the identity), we have that the kernel reduces to the 
identity: 

Ker(</?) = {e}. 

The differentials provide the diagram 



(d(,)e («Jir) ei 

yo yi < > y2- 



(3.533) 
(3.534) 



We have (dn) ei o (dj) e2 = id \g 2 and the map 



(d(^)e : Gi -» ^0 © 02 



(3.535) 



is an algebra homomorphism (as differential of group homomorphism) . It is also an isomorphism by dimension 
counting. The inverse theorem then shows that ip is a local diffeomorphism: <p(G) contains a neighborhood of 
the identity and then is surjective by proposition 2.1. 
We conclude that tp is a Lie group isomorphism. 



1 They are transverse because j o n — id | q 2 . 
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3.19.3.2 Example: extensions of the Heisenberg algebra 

Let J4?(V, Q) = V © 1R.E be the Heisenberg algebra. A derivation is a map D : J%? — * such that 

D [X, Y] = [DX, YT] + [X, DY] . (3.536) 
Let us look at the derivations under the form 

D=( X t V ) (3.537) 



A a , 

where aeE,Ie End(y), v eV and £ e V*. The left hand side of the condition (3.536) reads 

D[w + zE, w' + z'E] = D(fl(iu, w')E) = Q(w, w')(v + aE). (3.538) 
Now, using Dw = Xw + £(w)E and D(zE) = v + aE, the right hand side is 

(Q{Xw, v') + n(zv, v') + Q(w, Xw') + Q{w, z'v))E. (3.539) 
Equating (3.538) and (3.539) we find v = and 

Sl(Xw, w') + Q(w, Xw') = a£l(w, w'). (3.540) 

If we write it as matrices, we find 

X*Q +QX = aQ. (3.541) 
The derivations with a = form the algebra 

Derpf ) = aj)(0, V) xV*. (3.542) 

If a # 0, we find the symplectic conform group 

Conf(V,fi) = {A: V -» V st il(Av, Aw) = XQ(v,w) with A e (3.543) 

Taking the derivative of the group condition, we find 



[n(j4(t)u,A(t)ii;)l = ^-\\(t)n(v,w)] , (3.544) 

L J t — GEE L J t — 



C?t L ' ' ' _lt=0 Ctt L ' Jt=0 

which produces the condition (3.540) with X = A and a = A. 

(i) If X = id and £ = 0, then we must have a = 2 and we have the derivation 

H = id|y©2id| RS . (3.545) 

(ii) If £ = 0, a = and X if exchange the Lagrangian in the decomposition V = W © W^. 
3.19.4 Group algebra 

Let A and £> be abelian algebras and p: A — > Der£> be a homomorphism. We want to put a group structure on 
the set A x B in such a way that the Lie algebra of A x B has Lie bracket given by 

[{A + B), {A 1 + B')] = [A, B 1 } + [B, A'] = p{A)B' - p{A')B. (3.546) 

We claim that the group law should be 

(a, b)(a', b') = (a + a', e p < Q V + b) (3.547) 

whose inverse is 

(a^y 1 = (-a 1 -e- p(a ^) (3.548) 
Indeed, the general form of the commutator is 



\X,Y\ = ~ Ad(X(t))Y(s) 



s=0 
t=0 



dt ds 

with respect to the group law. A path in A x B with tangent vector (a, b) is (at, bt). Then 

d d 



[(a, 6), (a', b')] = |-[(ot,W)(o'«,&' S )(ot,Wr 1 ] >=fl 
= (0,-p(a)b + p(a)b f ). 



i-o 



(3.549) 
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3.20 Pyatetskii- Shapiro structure theorem 

Definition 3.251. 

A normal j -algebra is a triple (s,a,j) where 

(i) the Lie algebra s is solvable and such that ad(AT) has only real eigenvalues for every X e s, 
(ii) the map j : s — > S is an endomorphism of a such that j 2 = —1 and 

[X, Y] + j [jX, Y] + j [X, jY] - [jX, jY] = (3.550) 

for every X, Y e s, 
(Hi) a is is a linear form on s such that 

(a) a([jX,X])>0ifX^0, 

(b) a([jX,jY])=a([X,Y]). 

If s' is a subalgebra of s which is invariant under j, then the triple (s',a\ S ',j\ s >) is a also normal j-algebra 
and is said to be a normal j-subalgebra of s. 

A normal j-algebra has a real inner product defined by the formula 

g(X,Y) = a([jX,Y]). (3.551) 

If g is an Hermitian Lie algebra 42 , we can build a normal j-algebra out of g in the following way. First, we 
choose an Iwasawa decomposition 

= a©n©e, (3.552) 

and we pick s = o©n. Let G = ANK be the group associated with the Iwasawa decomposition (3.552). The 
manifold M = G/K is an Hermitian symmetric space, and we have a global diffcomorphism 

R = AN -+ G/K 

1 (3.553) 
g^>gK 

which endows the group R with an exact left invariant symplectic structure and a compatible complex structure, 
see section ??. We define a by Q e = da (fi is exact) and j is the complex structure evaluated at identity. 

A normal j-algebra build from an Hermitian symmetric space of rank 1 (i.e. dim a = 1.) is elementary. 
Elementary normal j-algebra are well understood by the following proposition. 

Proposition 3.252. 

An elementary normal j-algebra is a split extension 

Sei = ai ©ad ni = oi © ad (V ©3i) (3.554) 

where ni is an Heisenberg algebra rii = V ®$i and a\ is one dimensional. Moreover, V is a symplectic vector 
space and one can choose H e di and E e 31 in such a way that 

[H,v]=v, 

[v,v']=Q(v,v')E, (3.555) 
[H, E] = 2E. 

Any normal j-algebra is build from elementary normal j-algebras by mean of the following lemma. 
Proposition 3.253. 

Let (s,a,j), a normal j-algebra and 31, a one dimensional ideal ofs. 
(i) There exists a vector space V such that 

Sx=3lx+V+n (3.556) 
is an elementary normal j-algebra, and such that s is a split extension 

s=s' ©ad si (3.557) 

where 5' is, itself, a normal j-algebra. 



2 i.e. the center of its maximal compact is one dimensional. 
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(ii) If Si = ai ©ad (Vffi3i), iften 

J3i+3i=Qi©3i (3.558) 



and 

[s',ai ©3l] = 0, 
[s',V]cV. 



(3.559) 



(Hi) Such an ideal 31 exists in every normal j -algebra. 

Let us see what are the possibilities for j. If = aH + biVi + cE, then 

\jE, E] = 2aE. (3.560) 

We can prove that a # 0. Indeed, if a = 0, then ji5 = cE and — E = j 2 E = cjE = c 2 E. 

Now, we use the following Jacobi identity on [H, [jE,v]] and the commutation relations, we find bi = 0. 
Now, suppose that jH = a'H + b ■ + c'E. In that case, 

-E = j 2 E = j(aH + cE) = aa'H + ab' iVi + ac'E + caH + c 2 E. (3.561) 

Since a ^ 0, we have &' = 0. So we have 



jE = aH + cE 
jH = a'H + c'E. 

Expressing that j 2 E = —E and j 2 H = —H, we find the following constrains on the coefficients: 

aa' + ca = 
ac' + c 2 = -1 
c' 2 + c'a = -1 
c'c + c'c = 0. 



(3.562) 



(3.563) 



We check that a # 0, c! # and a' = — c. The remaining relation is c 2 + c'a = —1. Thus in the basis {H, E), 
the endomorphism j reads 

. (-c a> 
J= {C c, 

with detj = 1. 



(3.564) 



Lemma 3.254. 

An elementary normal j -algebra has no proper j -ideal. 

Proof. Let i be a j-ideal of the elementary normal j-algebra s e i. Let s e i = a © a d (V ©3). We denote by 
H and E the elements of a and 3 (which are one dimensional) who fulfill the standard relations (3.555). If 
X = aH + b^i + cE e i, then [[X, v],v] £ i. Using the relations, we conclude that jci. By j-invariance of i, 
we have j'3 <z i. Now, the fact that [jE, v] = av implies that i = s e i- □ 

The structure of a normal j-algebra is thus as follows. We have the decomposition 

0=0' ©ad (01 ©ad (Fi ©31)) (3.565) 

where 0' is again a normal j-algebra. Furthermore, dimai = dimji = 1 and we can choose a basis H e ai, 
E 631 such that 

[H, v] = v 
[H, E] = 2E 

[v,v'] = n(v,v')E (3.566) 
W,V]<zV 
[s',Oi ©31] = 0. 

for all v, v' e V\. The algebra V\ ©31 is an Heisenberg algebra. 

The algebra 0' can be decomposed in the same way again and again up to end up with a sequence of 
elementary normal j-algebra. 
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Chapter 4 

Fibre bundle 



4.1 Vector bundle 

Let M be a smooth manifold. A F-vector bundle of rank r on M is a smooth manifold F and a smooth 
projection p: F — * M such that 

• for any x e M, the fiber F x := p^ 1 (x) is a vector space of dimension r on the same field that V (let's say 
IK = R or €). 

• for any x e M, there exists an open neighbourhood U of x and a "chart diffeomorphism" <f> : p^ 1 (JJ) — » IA x V 
such that for any I e 

- m = Mvii)) 

— 4> y : E y — » V is a vector space isomorphism. 

The pair (Li, <fi) is a ZocaZ trivialization; M is the fease space; F, the iota/ space, p the projection and r, the 
ranfc of the bundle. The denominations of total and base spaces will also be used in the same way for principal 
bundles. 

We will sometimes use charts diffeomorphism (p: U x V — » p^iU) instead of <f>: p~ x (U) — > W x V. Since 
they are diffeomorphism, this difference don't affect anything. 

4.1.1 Transition functions 

The trivializations will be denoted by Greek indices: U a , <p a ,. . . The symbol U a p naturally denotes Li a n Up. If 
we consider two local trivializations (U a , (f> a ) and (Up, (f>p), we have to look at (f> a o<j)~ l : U a p x K r — > U a p x K r . 
We define the transition functions g a p : U a p — > GL(r, K) by 

<£ a o^" 1 ^,?;) = (x,g a p(x)v). (4.1) 

These functions take their values in GL(r, K) because <f> y : E y — > V is a vector space isomorphism. Since 
(0 Q o = 0/3 ° ^q 1 , it is clear that g a p(x) = g a p(xy 1 . 

If £ e U a p 1 = U a nUp n i/ 7 , we have Q o <j)~ l (x,v) = (x, (7 a7 (a;)w), but also 4> a o (/j" 1 = <f> a o (f>g (f>p o 
then 

(x,g Q7 (x)w) = ((fraotp^fagfaWv) = (x,g a p(x)p 7 (x)v). (4.2) 
Thus g a -y(x) = g a p(x)gp~f(x). So, as linear maps, we have 

5a,3 ° 3a 7 ° 37a = 1- (4.3) 

4.1.2 Inverse construction 

Let us consider a manifold M, an open covering {U a : a e 7} and some functions <? Q ^ : U a p — > GL(r,~K) which 
fulfill relations (4.3). We will build a vector bundle E — M whose transition functions are the g a ^'s. Let E 
be the disjoint union 

E = \_\ U a x K r , 

aei 

i.e. triples of the form (x,v,a) e M x K r x I with the condition that x e U a . We define an equivalence 
relation on E by (x,v,a) ~ (y,w,/3) if and only if x = y and u> = g a p(x)v. Next, we define E = Ej ~ and 



143 



144 



CHAPTER 4. FIBRE BUNDLE 



lu: E — > E, the canonical projection. The projection p: E — » M is naturally defined by p([x,i>,a]) = a;. The 
chart diffeomorphism is <p a : U a x K r — > p~ l (U a ), 

tp a (x,v) = u(x, v, a). 

Now we have to prove that E endowed with the <£> a 's is a vector bundle. 

First we prove that cp a is surjective. For this we remark that a general element in can be written 

under the form lj(x, v, a) with x e U a p. But 

<p a (x,g a p(x)w) = u(x,g a p(x)w,a) 

= u}(x,g a p{x)g a p(x)w,f}) (4.4) 
= u>(x, w/3), 

then ip a is surjective. Now we suppose ip a (x,v) = ip a (y,w). Then ui(x,v,a) = uj(y,w,a) and x = y, w = g aa v 
which immediately gives v = w. Then tp a is injective. 
Finally, we have 

(ipaoip- 1 )(uj(x 1 v 1 a)) = cp a (x, g a p(x)v) = w(x,g a p(x)v, a), (4.5) 
which proves that the maps g are the transition functions of the vector bundle E. 

4.1.3 Equivalence of vector bundle 

Let E — M and F -^-> M be two vector bundles on M. They are equivalent if there exists a smooth 
diffeomorphism / : E — > F such that 

. p' of =p, 

• f\E x ' E x — » F x is a vector space isomorphism. 

Let E and F be two equivalent vector bundles, {U a st a e /}, an open covering which trivialize £7 and F in 
the same time and <p^, <f> F the corresponding trivializations. A map f : E —> F reads "in the trivialization" as 
'Pa ° /Ip-^Mq) ° 1 : U a x K r — > U a x K r and defines a map A Q : U a — » GL(r, K) by 

(0a ° /V> Q ) o^^X^u) = (^,A a (a:)u). (4.6) 
If we denote by g £ the transition functions for _E (and <7 F for F), 

€ ° ^r 1 = i€ ° / ° ^f- 1 ) ° (€ ° ^r 1 ) ° ° r 1 ° ^r 1 ), 

so that 

= ^(^(^A^)- 1 . (4.7) 

Once again we have an inverse construction. We consider a vector bundle E on M with transition functions 
<7 B and some maps A Q : U a — > GL(r, K); then we define g^g{x) by equation (4.7). 

From subsection 4.1.2, one can construct a vector bundle F on M whose transition functions are these g F '. 
With the trivializations </> F of F, one can define / : E — » F by 

When a basis space £> is given, we denote by Vect(-B) the set of isomorphism classes of vector bundles over 
B. In the complex case, we denote it by Vectc(-B). 

Proposition 4.1. 

Any vector bundle over R™ is trivial. 

Proof. Let p: F — > M be a vector bundle on M = R™ and {W Q } be covering of IR" by local trivializations. Now 
consider a partition of unity related to the covering hi a : a set of functions f a : M — > R such that 

• /a>0, 

• Vi e M , one can find a neighbourhood of x in which only a finite number of f a is non zero, 
. VzeM, £ a / (a:) = 1. 

• /a = outside of W Q . 
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Using that partition of unity, we build the trivialization function / : F — » IR™ x V by f(l) = (x, 2 a fa{x)4> ax (l)). 

□ 

The following two propositions have some importance in K-theory. 
Proposition 4.2. 

Let it: E —> B be a complex vector bundle over a basis compact, Hausdorff, connected basis B. Then there exists 
a vector bundle E' such that E © E' is trivial. 

Proposition 4.3. 

Let f : A — » B be a map between the topological spaces A and B, and consider a vector bundle tt: E —> B. Then 
there exists one and only one vector bundle ir' : E' —> A and a map f: E' — > E such that f'\E' '■ E' x — » is 
an isomorphism. The vector bundle E' is unique up to isomorphism. 

Proofs can be found in [30]. Let us denote by f*(E) the function given by proposition 4.3. It satisfies the 
following properties 

(/.?)*(£) =. 9* (/*(£)) 
id*(E)=E 
f*(E 1 ®E 2 ) = f*(E 1 )®f*(E 2 ) 
f*(E 1 ®E 2 ) = f*(E 1 )®f*(E 2 ). 

4.1.4 Sections of vector bundle 

A section of the vector bundle p: E — * M is a smooth map s: M — > E such that p o s = id \m- The set of all 
the sections is denoted by r°°(M) or simply T(E). 

If (U a ,(f> a ) is a local trivialization, one can describe the section s by a function s a : lA a —>■ V defined by 
4>a(s(x)) = (x, s a (x)), or equivalently by 

s ( x ) = C 1 ^- s a (x)). 

As usual when we define such a local quantity, we have to ask ourself how are related s a and sp on lA a n Up. 
The best is s a = sp, but most of the time it is not. Here, we compute 

4>p o 0" 1 o c/) a (s(s)) = (x,g a p(x)s a (x)), 

which is obviously also equal to (x, sp(x)). Then 

sp(x) = g a p(x)s a (x) (4.9) 

without summation. 

4.2 Vector valued differential forms 

Let £ be a vector bundle over M. A i?-valued p-form is a section 

p 

e e T(E® /\T*M). 

We denote by fi(M, E) = T(E ® /\ p T*M) the set of ^-valued differential forms. An element of fi^M, E) = 
T(E® f\T*M) always reads s t ® co t for some sections Si and usual differential forms tOi. 
A form of QP(M , E) can be seen as a fiber morphism TM (x) - - ■ g) TM — > E by associating 

p times 

s®w(Xi,-- - ,X P ) = s{x)u){Xi,-> - ,X P ) e E x 

to the element (s®w) e f2 p (M, E). There exists a wedge product between vector- valued forms. If e e fl p (M, E\) 
and / e Q. q (M, E 2 ), then we define e a / e QP +q (M, E x ® E 2 ) by 

(e a f)(vi,--- ,v p+g ) = — ^ (- i y e ( v K(i),--- v Tr(p))®f( v Tr(p+i),--- ,VTr(p+q))eE 1 ®E 2 . (4.10) 

where (— l) 71 stands for the sign of the permutation 7r. For example when e, / e f2 1 (M, _E), we have 

(e a /)(A, F) = e{X) ® /(F) - e(F) ® /(A) e E ® E. 



146 



CHAPTER 4. FIBRE BUNDLE 



When M is a differentiable manifold, the fundamental 1-form is the element 9 e Cl(M, TM) such that 

i(X)6 = X 

for every X e T(TM). 

4.3 Lie algebra valued differential forms 

An important particular case of vector valued forms is given by Lie algebra valued forms. That case appears 
for example in the connection theory over principal bundle 1 . If uj and r\ are elements of Dr{M, Q) for some Lie 
algebra Q, we define 

(w a r))(X,Y) = uj(X)®i](Y) - u>(Y)®T)(X). 
Combining with the Lie bracket, we define 

[w a r,](X,Y) := [u,(X), V (Y)] - [uj(Y),t](X)], (4.11) 

Using the proposition 7.11, we often implicitly transforms the tensor product into a product (7.41b) and put 

(uj aoj)(X,Y) = [uj(X),uj(Y)]. (4.12) 

Let us point out the fact that that kind of formula only holds for a "wedge square", but not for a general product 
uj a r/. Remark that for uj e Q}(M, Q) and (3 e fl 2 (M, Q), a simple computation of definition (4.10) yields 

(uj Ap)(X,Y,Z)=oj(X)®p(Y,Z)-uj(Y)®p(X,Z)+uj(Z)®p(X,Y), (4.13) 

so that, using the same trick as for equation (4.12), we find 

(w a p - p a u)(X, Y, Z) = [u(X), p(Y, Z)] - [u{Y), p(X, Z)] + [w(Z),P(X, Y)]. 

But that expression is exactly what we find by exchanging the tensor product by Lie bracket in expression 
(4.13). So we define 

[OJ A P] = UJ A P - P A OJ (4.14) 

when uj e il 1 (M, Q) and P e il 2 (M,Q). The reader should remark that this is what one would expect from 
generalisation of definition (4.11). 

4.4 Principal bundle 

Let M be a manifold and G, a Lie group whose unit is denoted by e. A G-principal bundle on M is a smooth 
manifold P, a smooth map it: P — » M and a right action of G on P denoted by £ ■ g with g e G and £ 6 P such 
that 

• TT^-fl 1 ) = 7T(£), 

. VCstt- 1 ^), ir- 1 (x) = {£- g st g e G} ^ G, 

• Vx e M, there exists a neighbourhood lA a of x in M, a diffcomorphism </> Q : 7r _1 (W Q ) — > W Q x G and a 
diffeomorphism Q;E : P — » G such that 

- 0a(O = (»,0aa:(C))) 

- 0a:r(£ ' ff) = (?) " 9- 

The group G is often called the structure group. We suppose that the action is effective. We will sometimes 
use the notation P(G, M) to precise that P is a principal bundle over M with structure group G. 

The whole construction is given in figure 4.1. All is not yet defined, but in the following, the notations will 
follow this scheme. 

Lemma 4.4. 

The map (j)^ 1 fulfills 

(fia^ix,^ ■ g = ^(x^g). 



So in Maxwell and other gauge field theories. 
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Figure 4.1: Some bundles 



Proof. From the definition of a principal bundle, any (eF can be written under the form £ = (fi^ (x, <fi ax (Q) 
with <p x satisfying </> x (£-ft) = <j> x {£,)h f° r a certain function <f> x : P — » G. We consider in particular £ = (^(x, ft)-#. 
Then £ ■ g" 1 = (^(a;, ft). But £ • g" 1 = ^(x^axiO^ 1 ), then ft = ^a^Qg^ 1 and ax (£) = ft#. So we have 



□ 



Let 

i? = {(a;, y)ePxPstx = y- g for a certain g e G}. 

Proposition 4.5. 

TTie function u: R — » G defined by the condition 



P ■ u(p, q) = q. 



is differentiable. 

Proof. Let W be an open subset of M and u : £Y — > P, a section. We consider a differentiable map p : -K^iU) — > G 
such that p(£ • g) = p(£) ■ g and p(a(x)) = e. Such a map is given by 

p(Q = 0x(<r(aO)-V*(O 

where x = 7r(£). We naturally define i?^ = R n (7r _1 (iY) x 7r _1 (W)) and we pick (£, 77) e Ru- Let s e G be the 
one such that £ • s = 77, so that • s = p(f]). Then the restriction of u to Ru is given by 77) = p(£,)~ 1 p(r]) 
which makes u\u differentiable. Since this reasoning can be made on every chart open U, u is differentiable 
everywhere on P. □ 

The following is a corollary of Leibnitz rule. 
Corollary 4.6. 

If P is a G-principal bundle and v, a are curve in P and G respectively, we can consider the curve u(t) = v(t)a(t). 
We have: 



dt^ 



t=o 



j t v(t)a(0) 



1 = 



+ -v(0)a(t) 



t=o 



The proof is direct. This result is often written as 

u t = v t at + v t a t . 

A main application is 



d_ 
~dt 



[r ■ h(t) 



t=o dt 



r ■ e 



th'(O) 



J/=o 



(4.15) 
(4.16) 
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4.4.1 Transition functions 

Let (Z7 a , 4> a ) be a local trivialization of P. This induces transition functions g a p : U a nUp — » G defined by 



1,-1 



o <p„ ' : U a n Ur x G — » U a n W« x G 

^ (4.17) 
(x, a) i * (x,g a p(x)a). 



Clearly, g aa = e and g a pg a p = e on U a n Up. Then the triviality 

(f>a ° 0^ ° 4>p ° ^7 '/'a 1 = id 

implies the compatibility conditions 

9apgp 1 g 1 a = e (4-18) 

on U a nUp ni/ r 

There is an inverse construction. Let {U a st a e 7} be an open covering of M and g a p : Z7 a n Up —> G a 
family of functions such that g aa = e, g a pg a p = e onU a nUp and g a pgp-yg-ya = e on W Q o ZY^ nW 7 . Then the 
following construction gives a G-principal bundle whose transition functions are the ffa/j's. 

• P = \_\ a€l U a x G (disjoint union), 

• if (x, a) e W Q x G and (y, 6) 6 x G, then (x, a) ~ (y, 6) if and only if x = y and 6 = g a p(x)a, 

• 7r : P — » A7 is dehned by 7r[(x, a)] = x where [(x, a)] is the class of (x, a) for ~, 

• the action is defined by [(x, a)] ■ g = [(x, ag)]. 
Theorem 4.7. 

Let G be a Lie group; M, a differ entiable manifold; {U a }aei, an open covering of M and some functions 
(p a p: U a nlAp — > G smc/i that ip a p(x) = ip a 'y(x)tp~ / p(x). Then there exists a principal bundle P whose transition 
functions are the ip a 's for the covering {U a } ae i. 

Proof. We consider the topological space 

E = (J(G x U a x 7) (4.19) 

ael 

where we put the discrete topology on 7. Each G x U a x {a} is a manifold. Thus E has a structure of 
differentiable manifold induced from the one of G x M. We consider on E the equivalence relation given by the 
following subset of E x E: 

R = {((g,x,a), (h,y,0)) eExEsty = x and h = tp a p(x)g} . 

We will show that P = E/R has a structure of principal bundle. We begin by defining an action of G on P by 

[(g,x,a) ■ h] = [(gh,x,a)]. 

In order to see that this definition is correct, let us consider [<?',x,/3] = [(?,x,a]. From the definition of the 
equivalence class, g' = <p a p(x)g. Then [(<?', x, /3)] ■ h = [(ip a p(g)gh,x, f3)], and the form of R shows that this is 
well [(gh, x, a)]. Since the map (g, h) — > gh is differentiable on G, the so defined action is a differentiable action 
of G on P and G is a transformation group on P 2 . 

If [(g, x, a)] = [(gh, x, a)], then gh = tp aa g = g and h = e. So the action is effective. 

Now we consider the quotient P/G. A typical element is 



(s, x, i) = {[s, x, i] ■ g st g e G}. 



The projection tt: P — > M, [(s,x,a)] — >■ x is well defined and we can consider tp: P/G — > il7, </j(s,x, a) = x. It 
provides a bijection between P/G and M. So we can identify P/G and M. Now we are going to show that P 
endowed with the projection tt : P —> X is & principal bundle. 
We consider the map 

h a : G xW a — > P (g,x) <-^ui(g,x,a) (4.20) 
where u>: E — > P = P/P is the canonical projection. Since 

(tt o frcXs, x) = (?r o x, a) = n[(g, x, a)] = x, 



2 Faut voir comment ca correspond a la definition de I'autre texte. 
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the map ft Q actually is h a : G x U a — » 7r _1 (W a ). In order to see that h a is surjective on 7r _1 (W a ), let us take a 
general element of 7r _1 (L/ Q ) under the form u>(g, x, j3) with x e U a n W/j. Then (g, a;, /?) e [((p a ^(x)g, x, a)] and 
therefore u)(g,x,/3) = h a (ip a p(x)g,x). For the injectivity, remark that u)(g,x,/3) = uj(h,y,a) implies x = y and 
ft = tpi3(s(x)g = g. In particular, h a (g,x) = h a (h,y) implies x = y and g = ft. 

Now we will prove that the inverse of h a is continuous. For this we consider an open set fl <z G x U a and 
we have to show that h a (fl) is open in 7r _1 (£/ Q ). 

We recall the quotient topology: if A is a topological space with an equivalence relation ~ and the 
canonical projection (p: A — > A/ ~, then V c A/ ~ is open if and only if a A is open. So in our case, 

we have to check the openness of V = uj~ 1 (h a (Q)) in E. We consider the open covering 

{G x lA a x {a}} a6/ 

of E and we will show that the intersection of V with any of these open set is open. We have to show that 
(h a (n) n (G x W Q x {/?})) is open for any /? e 7. For this, we define a map a: G x (W Q nWjj) x {/3} — » G xW a 

by 

"^(ff, a;, /?) = (<p a p(x)g, x) (4.21) 

which is continuous. The set (h a o (fr Q (f2)) = a / ^ 1 (r2) is open because h a o a^j is the restriction of cj to 

G x (W Q nW^j)x{/3}. Thenft, Q isan homeomorphism fromGxM tp7r _1 (ZY a ) . Since it is build from differentiable 
functions, it is moreover a diffeomorphism. 

So we have a chart system {(h a ,U a )} a ei where h a fulfils the "good" properties with respect to ir. It remains 
to be proved that the </? a ^'s are the transition functions and that 7r _1 (7r(^)) = £ • G for every £ 6 P. We begin 
by the latter. For £ = [((/, x, a)], 7r(£) = £ and we have to study the set 

ir-^x) = {[(h,x,0)] st heG,/3eI}. 

Clearly, [(ft, x, /?)] ■ G <z 7r _1 (a;). The fact that there is nothing else than [(ft, x, /?)] • G in 7r _1 (x) is seen by 

[ft, ir, /?] = [ip aP (x)g, x, a] e [(ft, x, a)] ■ G. 

In order to check the change of charts, let us consider g' = h~^ \ o h a . x (g) where 

h a ,x(g) = h a (g, x) = ui(g, x, a). (4.22) 

The fact that hp(g',x) = g a {g,x) concludes the proof. To see this fact, remark that hp tX (hp x o h ajX (g)) = 
h a ,x(g), so that h a (g',x) = h a (g,x) implies Lj(g',x,/3) = U!(g,x,a) which proves that g' = <p a p(g). □ 

The trivial bundle is simply P = M x G and -k{x, g) = x with the action (x, a) ■ g = (x, ag). 
4.4.2 Morphisms and such. . . 

An homomorphism between P(G, M) and P'(G', M 1 ) is a differentiable map ft: P — > P' such that V£ 6 P, g e 
G, 

HZ ■ g) = HZ) ■ ha(g) (4.23) 

where ft<3 : G — > G' is a Lie group homomorphism. From the definition, h maps a fiber to only one fiber, but it 
is not specially surjective on any fiber. So ft induces a homomorphism \im'- M — > M' such that ir' oh = Hm ° tt- 
An isomorphism is a homomorphism g: P(G, M) — > P'(G', M') such that 

• ftp is a diffeomorphism P — » P', 

• ftg is a Lie group homomorphism G — » G', and 

• ftM is a diffeomorphism M — » M'. 

A principal bundle is trivial if one can find an isomorphism ft: G x M —> P such that ir o ft = idopr 2 , i.e. 
the following diagram commutes: 

GxM^-^P (4.24) 

pr 2 

M — >■ M 

id 

We say that P is locally trivial if for every x e M, there exists an open neighbourhood U in M such that 
7r _1 (W) endowed with the induced structure of principal bundle is trivial. 
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4.4.3 Frame bundle: first 

In the ideas, the building of a vector bundle is just to put a vector space on each point of the base manifold. 
A principal bundle is to put something on which a group acts on each point. If you have a vector bundle on 
a manifold, you can consider, on each point x e M, the set of all the basis of the fiber E x over x. The group 
GL(r, K) naturally acts on this set which becomes a candidate to be a GL(r, K)-principal bundle. 

More formally, we consider a vector bundle F — — » M, and for each x, the set of the basis of the vector space 
F x = p~ 1 (x). We define 

P = (J (basis of F x ). 

xeM 

We naturally consider the projection it: P — » M, ir(b x ) = x if b x is a basis of F x . 

Let (f)^ ■ p^iUa) — > U a x K r be a local trivialization of F, and {ei, . . . , e r }, the canonical basis of K r . We 
naturally define 

S ai (x) = 4> F a _1 (x,ej). 

The set (Saifi), . . . , ^w^)} is a "reference" basis of F x with respect to the trivialization <f> a . If we choose 
another basis {vi, . . .v r } of F x , we can find a matrix A e GL(r,~K) such that Uk = A l k S a i(x). This gives a 
bijection 

One can give to P a GL(r, K)-principal bundle structure such that the (f> p are diffeomorphism. 

Let (U a ,4>a) be a local trivialization of F and g^ : U a r<Up — > Gi(r,K). In this case, (W Q ,<^D ^ s a 
trivialization of P whose transition function is g^ = g^. Indeed 

4>^o(j)^- l {x,A) =4>?{{v 1: ...,v r }) 

where v s = A l s ei). In order to see it, recall that v s = A l s S a i(x) and that 4> F ~ 1 (x,e s ) = S as (x). Then 

v s = (^)- 1 (x 1 A l s e l )=A l s S as (x). 

On the other hand, from the definition of <j>p, the basis ((j>^)~ 1 (x, A) is the one obtained by applying A on S. 
With all this, 

4> p a o A) = ^{($)~ 1 (a!,4ei)}.=i 1 ...r 



= (x s sS,(x)i4). 
The last product g F „{x)A is a matricial product. 



4.4.4 Frame bundle: second 
4.4.4.1 Basis 

If M is a m-dimensional manifold, a frame of T X M is an isomorphism b: R m — > T X M. In our purpose, we will 
always deal with (pseudo)Riemannian manifold. So, the tangents spaces T X M comes with a metric, and we ask 
a frame to be isometric. In other words, we ask b to be an isometry from (R m , ■) to (T x M,g x ), where the dot 
denotes the (pseudo)euclidian product on R m . Such a frame is given by a base point x of M and a matrix S in 
SO(g x ): 

b(v) = (Sv)*(di) X) (4.27) 

if the vector v is written as v = v l li in the canonical orthogonal frame {1^} of M m and SO^) is the set of the 
to x m matrix A such that A t g x A = g x . 

This frame intuitively corresponds to the basis of T X M (see as a "true" vector space) that we would have 
written by {Sei} x if ei = In order to follow this idea, we will effectively denote by {Sei} x the map 

b: R m -> T X M given by (4.27). 

We will often write the frame b as {bei} x , making no differences in notation between the b of SO (M) and 
the b of SO(g x ) which implement it. 

Remark 4.8. 

One has to distinguish a frame and a basis: a basis is only a free and generator set while a frame can be 
interpreted as an ordered basis. 
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4.4.4.2 Construction 

We just saw how to build a frame bundle over a manifold. One can get another expression of the frame bundle 
when we express a basis of T X M by means of an isomorphism between R™ and T X M . If M is a n-dimensional 
manifold, a frame at x is an ordered basis 

b = (bi, . . . ,b„) 

of T X M . It is clear that any frame defines an isomorphism (linear bijective map) 

b : R n — > T X M 

(4.28) 

where {e^ is the canonical basis of R™. It is also clear that any isomorphism gives rise to a frame. Then we see 
a frame of M at x as an isomorphism b: R™ — » T X M. Let B(M) X be the of all the frames of M at x; we define 



B(M) = (J B(M) X . 



xeM 

For all b e B(M) X , we definep s (6) = x and the action B(M) x GL(n, R) -> B(M) by b-g = (bi, ...,b'„) where 

b; = b i5 /. (4.29) 
It is easy to see that b ■ g = b o g: R™ — > T X M . So we can give to 

GL>, R) > B(Af) (4.30) 

PB 

M 

a structure of principal bundle 3 . If (U a , ip a ) is a local coordinate chart on M, we define 

0: P B \U a ) -» </? Q (Z4) x GL(n,R) 6 ~ (^(x), A(6)) (4.31) 

where A(6) e GL(n, R) is defined by the condition hj = A?di\ x . The matrix A(b) is the one which transforms 
the canonical basis (in the trivialization (p a ) into b e B(M) X . That's for the principal bundle structure. 
The manifold structure of B(M) is given by <& a : Pg (Ua) — > U a x GL(R), 

= (^a 1 X id |Gi(n,R)) ° &( b ) 

= (x,A(b)) (4.32) 
= (p B (&M(6)). 

It fulfils A(b ■ g) = A(b) ■ g. A section s:U a — > B(M) is sometimes called a moving frame over W Q . 
Frame bundle over R 2 is given as example in page 203 

4.4.5 Sections of principal bundle 

A section of a G-principal bundle is a smooth map s: M — > P such that s(x) e 7r _1 (a;) for any cc 6 M. A 
trivialization <^ P on £4, defines a section of P over W a by 

a a (x) = (^) _1 (x,e) 

where e is the neutral of the group. In the inverse sense, we have the following: 

Proposition 4.9. 

If a a : U a — > P is Zoca/ section of P over U a c M, then the definition = (x,a) if £ = o~ a (x) ■ a is a local 

trivialization. 

Proof. The function (fi^ is well defined because £ e ^^(Ua) implies the existence of a x e U a such that 
£ e 7r _1 (a;) = {£ • 5} ~ G. For this x, there exists a, g e G such that £ = cr Q (x) • g. 

Now we prove that the couple (x, a) is unique in the sense that s a (x)-a = o~ a (y) - b implies (x, a) = (y, b). The 
left hand side belongs to tt~ 1 (x) while the right one belongs to ir~ 1 (y). Then x = y. The condition tt~ 1 (x) ~ G 
imposes the unicity of the g making £ = 77 • g for each couple, £, 77 6 tt~ 1 (x). □ 



3 Much more details and proofs are given in [31]. 
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If a and a' are two sections of the same principal bundle P, then there exists a differentiable map / : M —* G 
such that o~'(x) = a(x) ■ f(x). So all the sections can be deduced from only one and multiplication by such a /. 

Theorem 4.10. 

If it: P(G,M) — > M is a principal bundle, then the four following propositions are equivalent: 
(i) P is trivial, 
(ii) P has a global section, 

(Hi) there exists a differentiable map 7: P — » G such that 7(£ • g) = <? _1 7(£) for all £ e P and g e G, 
(iv) there exists a differentiable map p: P — > G such that p(£ ■ g) = p(S,)g. 

Proof. (%>=> (ii). The diagram (4.24) commutes and 

t: M —> G x M x ^(e,x) (4.33) 

is a local section of G x M. From it we build the following global section of P: 

a:M^Px ^>h(e,x). (4.34) 

This is injective because tt o h = pr 2 and differentiable because this is a composition of x — > (e, x) and 
(g,x) -» h(g,x). 

(ii)=> (i). The principal bundle P admits a global section a: M — > P. From it, we can build the differentiable 
map 

h: G x M -> P (g,x) ^ o(x) ■ g (4.35) 

which satisfies h(gh, x) = h(g, x) ■ h and 7r o (g, x) = x. First we show that h is a fiber homomorphism and an 
isomorphism between P and G x M so that P is trivial. For this remark that 

g(gh, x) = g(g, x) ■ h = a(x) ■ gh, 

hence equation (4.23) reduces to h((g, x)-h) = h(g, x)-hc(h) which is true with he = id. Moreover h: GxM — >P 
is bijective because a(n(£)) belongs to the fiber of £ e P, therefore there is one and only one 7^) = o"(7r(£))) 
such that £ • 7^) = (a o 7r)£. The inverse map is 

d-.P^GxAH -»(7(0.t(0) (4-36) 

which is differentiable because 7 and ir are. So far we see that h and h^ 1 are differentiable. Then h is an 
isomorphism between P and GxM. 

(ii) => (Hi). Let a be the global section and define 

1-P^Gi .-«(£, (aonK) (4.37) 

where u: R —> G is the map defined by the condition £ ■ (£, 77) = 77. The map 7 is differentiable and we have to 
prove that 7^ ■ g) = gr^f )■ Since £ ■ 7(f) = ct o tt(£), 

7(f • 5) = "(£ • 9, (o- o tt)(£ • g)) = u(£ • g, (cr o tt)(£ )). 

But (£ • ffjfe-^tf)) = £ • 7(0 = So 7 (£ • 5 ) = u(£ • 5, a;). Thus 7 (£ • 3 ) = ^(O- 

(iii) => (ii). The given map 7 fulfils £ • #7(£ • g) = £ • (£), so 

^ :P ^P£ (4.38) 

is just function of the class of £, thus we have a section a': P/G — > P, but we know that P/G and M are 
isomorphic. 

(iii) => (iv). Let us define p: P — > G by p = J o-f with J(g) = thus p(£) = 7(C) -1 and 

Pit ■ 9) = i{t • a)- 1 = (g- 1 ^))- 1 = 7(0~ 1 s = p(09- 

(iv) => (Hi). The proof is just the same with p = J o p. □ 
Definition 4.11. 

A section ip e T(P, TP) is G-equivariant when 

<ir g il>(Z) = 1>(S ■ g). 



Be careful: this does not define equivariant sections of the principal bundle. 
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4.4.6 Equivalence of principal bundle 

Two principal bundles it : P — > M and %' : P' — » M are equivalent if there exists a diffeomorphism p: P — > P' 
such that 

• it' o ip = n 

• • 5) = </?(£) • 3- 

If {W a } ae / is an open covering of M on which we have trivializations <j) a of P and "0a of P' , the diffeomorphism 
93 induces some functions A : U a — > G by setting 

(0 Q o t^" 1 o-0 Q : 1 )(a;,a) = (x, A Q (cc)a). 

This definition works because from the definitions of principal bundle and equivalence, one sees that (4> a oip~ l o 

^X*, •) = (*,•)■ 

4.4.6.1 Transition functions 

We have some transition functions for P and P' given by equations 

(<f> Q o ( j)- 1 )(x,g) = (x,g a p(x)g) 
(-0a o^- 1 )(x,g) = (x,g' ap {x)g). 

Now, we want to know what is g' a p in function of g a p. First remark that (ip a o ip o Q : 1 )(a;, a) = (x, X a (x)^ 1 )a, 
and next, compute 

(x,g a p(x)a)a = (ip a aipa^ 1 o^p o ip' 1 oTp~ 1 )( x ,a) 
= (ip a opo 4>^)(x, Xp (x)a) 
= (lj) a o ip o (j)- 1 o(f) a o (/)p 1 )(x, Xp(x)a) 
= (x,X a (x)~ 1 g a p(x)Xp(x)a). 

Then 

9ap{x) = X a (x)~ 1 g a p(x)Xp. (4.40) 

One can show that if two principal bundle have transition functions whose fulfill this condition, they are 
equivalent. A G-principal bundle is trivial if it is equivalent to the one given by 7Ti : M x G — > M. 

4.4.7 Reduction of the structural group 

We say that a principal bundle P(G, M) is reducible when there exists a principal bundle P'(H, M) such that 

• H is a subgroup of G, 

• there exists an homeomorphism h: P' — > P such that Hq : H — > G is an injective homomorphism. 
In this case we say that G is reducible to H and that P' is a reduced principal bundle. 

Theorem 4.12. 

If P is a principal bundle over M , the structural group G is reducible to the Lie subgroup H if and only if there 
exists an open covering {Ui}i S i of M and transition functions tfij taking their values in H. 

Proof. No proof. □ 

The following comes from [32] . Let us consider the principal bundle 

q - — ^ p (4.41) 



M 

and H, a closed subgroup of G. We denote by j : H — > G the inclusion map. The principal bundle 

H — Q (4.42) 

M 
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is a reduction of P to the group H if there exists a map u: Q — » P such that npou = ttq and u{^-h) = u(^)-j(h). 
In this case, u is an embedding 4 of Q in P and the image is a closed submanifold of P. 

Let M be a n-dimensional manifold and B(M) be its frame bundle. This is a GL(n, R)-principal bundle. If 
G is a closed subgroup 5 of GL(n, R), a G-structure is a reduction of B(M) to G. 



4.4.8 Density 

A density on a d-dimensional manifold M is a section of the principal bundle whose fiber P x over leMis the 
space of homogeneous non vanishing maps 

d 

p: T X M — > R* (4.43) 
such that p(Xv) = \X\p(v) for every A e R and v e f\ d T x M. 



4.5 Associated bundle 

Let 7r: P — » M be a G-principal bundle and p: G — > GL(V), a representation of G on a vector space (on 
K = R or (D) of dimension r. 

The associated bundle E = P x p V — — > M is defined as following. On P x V, we consider the equivalence 
relation 

9, p(<T» 

for <? e G, £ e P and u e V. Then we define 
. E = P x p V := P x V/ ~, 
. p[(f, 

where [(£, u)] is the class of (£, u) in P x V. 

If 0a (0 = MO; a (£)) i s a trivialization of P on then 

4> E mv)] = (7T(0,p(a)v) (4.44) 

is a trivialization of E. 

In order to see that it is a good definition, let us consider (rj,w) ~ (£,«)• ^ immediately gives the existence 
of a g e G such that r] = £ ■ g and u> = p(g^ 1 )v. Then ^> B [(^ ■ 5,p(<7 _1 )f)] = (7r(£ • g), p(b)p(g^ 1 )v). From the 
definition of the vector b is given by P (£ ■ g) = (7r(£ • g),b), and the definition of a principal bundle gives 
6 = 07r(£)(£ ■ <?) = <l>ir ' 5 = a 5- The fact that p is a homomorphism makes p(ag)p(g~ 1 ) = p(a)v and </> B is 
well defined. 

p r i 

Let G be a Lie group, p a representation of G on V and Af, a manifold. We consider P = M x G — > M, the 
trivial G-principal bundle on M. Then P = P x p V -^-» M is trivial, i.e. we can build a ip: P x p V — > M xV 
such that pi^ oip = p. It is rather easy: we define 

f[((x,g),v)] = (x,p(g)v). 

It is easy to see that (j>r 1 oip)[(x, g), v] = x and p[(x,g),v] = pr 1 (a;,<7) = x. 



4.5.1 Transition functions 
Proposition 4.13. 

Let (U a , <pa) be a trivialization of P — > M whose transition functions are g a p : U a nUp — > G. Then (U a , <f>®) 
given by (4.44) is a local trivialization of E — — » M whose transition functions g®p' l^a oUp —> GL(dimy, K) 
are given by 

Proof. Ifwewritea := (j>^ x (Tr~ 1 (x)), wehave(j>p(n~ 1 (x)) = (x, a) and </>f o(cj)^)~ 1 (x, v) = (j)^[(n~ 1 (x), p(a)~ 1 v)]. 
So, 

/ 1 \ (4 - 45) 

= h, p(<j> ax (n (x))(/)p x (TT (x)))j. 



4 plongement 

5 Typically SO (p,q) or SO (p,q)- 
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Then 

9% = P^a^Hx^^ix))) = p(g^(x)). (4.46) 

□ 

4.5.2 Sections on associated bundle 
4.5.2.1 Equivariant functions 

We consider a bundle E = P x p V — M associated with the principal bundle P -—> M and a section 
ip:M^>E. 




M 

A section of E is a map ip : M — * E such that -k e oip = idm ■ We define the function ip : P — > V by 

^(0) = K^(01- (4-47) 

Let us see the condition under which this equation well defines y>. First, remark that a ip defined by this equation 
is a section because p[£, v] = 7r(£), so that (p o ip)(n(Q) = tt(£). Now, consider a T) such that 77(77) = tt(£). Then 
there exists a g e G for which f] ■ g = For any g and for this one in particular, 

ip(w(ri)) = [v^iv)] = [v ■ g^ig^ Wiv)]- 

Then equation (4.47) defines y> from ip if and only if 

^■g)=p(g- 1 m)- (4.48) 

This condition is called the equivariance of ip. Reciprocally, any equivariant function ip defines a section of 
E = Px p V. 

If r\ = £ • g = x ■ k, one define a sum 

[C,v] + \xM = bh p(g)v + p(k)w]. (4.49) 

If tp,rj: M — » E are two sections defined by the equivariant functions ip,r): P ^> V, then the section ip + r\ is 
defined by the equivariant function ip + r). 

4.5.2.2 For the endomorphism of sections of E 

Let us now make a step backward, and take A in Endr(-E). We will now see that A defines (and is defined by) 
an equivariant function A: P — > EndT^. Let ip: M — > i? be in r(£'). If - 0(a ; ) = [^j^]) we define the new section 
Aip by 

(AiP)( X ) = [^A(0v] = [^,A(^(0l 
In order for Aip to be well defined, the function A must satisfy 

Mt ■ 9) = p{g- l )A{Qp{g) (4.50) 

for all g in G. 

4.5.2.3 Local expressions 

We consider a local trivialization p^ : ir^ 1 (U a ) —> U a x G of P on U a and the corresponding section a a :U a — > P 
given by 

cr a (x) = (0^) _1 (a;,e). 

We saw at page 154 that a trivialization of P gives a trivialization of the associated bundle E = P x p V; the 
definition is 

€l&v)] = (Tr(0,p(a)v) (4.51) 
if K(0 = MO, «)• With £ = o- a (x), we find 

0f[(ff a (x),«)] = (7r((7 a (;r)),p(a)t;) = (x,v). (4.52) 
The section ip can also be seen with respect to the "reference" sections a a by means of the definition 

ip(x) = [a a (x),ip (a) (x)] (4.53) 

for a function tpi a \ '■ M — > V. 
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Lemma 4.14. 

Let ip: M — » E be a section and ip: P — » V, the corresponding equivariant function. Then 

i>(a)(x) = ${o- a {x)). 

Proof. By definition, ip(x) = V'( 7r (€)) = Thus if we consider in particular £ = <7 a (a;), 

</>f(V(z)) = 0fK,$(O] = <^M*)^K(z))] = (4.54) 

□ 

Let us anticipate. A spinor is a section of an associated bundle E = P x p V where P is a Lorentz-principal 
bundle, V = (D 2 and p is the spinor representation of Lorentz on (D 2 . So a spinor ip : M — » £ is locally described 
by a function V'(a) : Af — » (D 2 . The latter is the one that we are used to handle in physics. In this picture, the 
transformation law of ip under a Lorentz transformation comes naturally. 

Let {ei} be a basis of V; we consider some "reference" sections j a i of the associated bundle E = P x p V 
defined by 

jai(x) = [<t>~ 1 (x,e),e i \. (4.55) 

A general section ip: M — »■ E is defined by an equivariant function ip: P — > V which can be written as 
$(0 = aK^W li V = fc'^.e) and £ = V 9(0, 

iP(x) = fro**] = a t [ V ,p(g)e l ] = ^ ^)p(g^))/ [ V , e,] = 6>(t)7 aj (x). (4.56) 

Since the left hand side of this equation just depends on x, the functions e 7 must actually not depend on the 
choice of £ e 7r _1 (a;). So we have c J ' : M — » R. Indeed, if we choose x e 7r ^ 1 ( x ), 

ip(x) = c>(£)l a j(x) = K,a l (x)e l ] = . .. = c 3 '' (x)laj(x), 
so that c J (£) = c?(x). So any section ip: M ^ E can be decomposed (over the open set li a ) as 

V>(a) = s^ix^aiix). (4.57) 

4.5.3 Associated and vector bundle 
4.5.3.1 General construction 

We are going to see that a vector bundle is an associated bundle. For this, we consider a vector bundle p: F —> M 
with a fiber F x = V of dimension m. Let G = GL(V), P be the trivial principal bundle P = M x G and p be 
the definition representation of G on V. We set E = P x p V. Our aim is to put a vector bundle structure on 
E which is equivalent to the one of F. The bijection b: F — »■ E will clearly be 

b(<f>- 1 (x,v)) = [(x,e),v]. (4.58) 



We define the projection q : E — » M by 

and we have to show that q~ 1 (x) = {[(x,g),w] st g e G and w e V) is a vector space isomorphic to V. The 
following definitions define a vector space structure: 

• multiplication by a scalar: \[(x,g),v] = [(x, g), Xv], 

• addition: [(x, g),v] + [(x, h), w] = [(x, e), p(g)v + p(h)w\. 
As local trivialization map, we consider 

X- q^{U) xV 

(4.59) 

[(x,g),v] ' * (x,p(g)v). 



With this structure, the bijection b is an equivalence because is a vector space isomorphism and qob = p. 
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4.5.4 Equivariant functions for a vector field 

In order to define in the same way an equivariant function for a vector field X e X(M), we need to see TM as 
an associated bundle. 

Proposition 4.15. 

If M is an dimensional manifold, we have the following isomorphism: 

SO(M) x pM R m ~ TM 
where p M : SO (to) x R m -> R m is defined by p M (A)v = Av. 

Proof. Recall that an clement b e SO(M) i is a map b: 1R" 1 — » T X M. The isomorphism is no difficult. It is 
V>: SO(M) x p m R m -> TM defined by 

V>[6, u] = b(v). 

It prove no difficult to see that ip is well defined, injective and surjective. □ 

Now, let us consider X e X(M). We can see it as an element of T(SO(M) x p u R m ), and define an equivariant 
function!: SO(M) — R m . 

Let us make it more explicit. A vector field Y e X(M) is, for each x in M, the data of a tangent vector 
Y x e T X M. Hence the formula b(v) = Y x defines an element [b,v] in SO(M) x p M R m , and Y defines a section 
Y(x) = [b(x),v(x)] of SO(M) x p M R m . The associated equivariant function is given by Y(b) = v if = K„. 
In other words, the equivariant function Y : SO(M) — » R m associated with the vector field Y e X(M) is given 

by 

Y(b) =b~ 1 (Y x ), (4.60) 

where x = n(b). 

4.5.5 Gauge transformations 

A gauge transformation of the G-principal bundle it : P — » M is a diffcomorphism <p : P — > P such that 



• 7T O ip = 7T, 

• • .9) = <P(0 ' 9- 

When we consider some local sections on a a : U a — > P, we can describe a gauge transformation with a 
function p a : M — » G by requiring 

p(o- Q (a;)) = cr a (a;) ■ <£ a (a:). 

This formula defines p> from (p as well as (/? from p. 

The group of gauge transformations has a natural action on the space of sections given by 

{p-ip){x) = [p{0A- (4.61a) 

if ip{x) = [t;,v] = [£,$(£)]• This law can also be seen on the equivariant function tp which defines ip. The rule 
is 



p-iP(0=iP(p-'(0). (4.61b) 

Indeed, in the same way as before we find (p-tp)(x) = [£, ip ■ ip(x)] = [tp(£),v] = [y>(£)> ^(01- Taking £ — » p^ 1 ^) 
as representative, (<p ■ ip)(x) = [£, $ o y> _1 (£)]. 



4.6 Adjoint bundle 

Let 7r: P —> M be a G-principal bundle. The adjoint bundle is the associated bundle Ad(P) = P x^d Q- An 
element of that bundle is an equivalent class given by 

[t,X] = tf.g,Ad(g- 1 )X] 

for every g e G. Here £ e P and Xe!J. 
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4.7 Connection on vector bundle: local description 

A connection on the vector bundle p : E — » M is a bilinear map 

V: £(M) x T(E) -> L(£), (X, s) >-> V x s (4.62) 

such that 

• V x (/s) = (X-f)s + fV x s 

for all X e 3t(M), / e C rj ~(M) and s e r(E'). The operation V is often called a covariant derivative. 

An easy example is given on the trivial bundle E = pr x : M x (D — > M . For this bundle, T(E) = C CC> {M, (D) 
and the common derivation is a covariant derivation: \7 X s = (c?s)X. 

Proposition 4.16. 

TVie m?we of (Vxs)(i) depends only on X x and s on a neighbourhood of x e M. 

Proof. Let I, X(M) such that Yj = f(z)X z with /(x) = 1 and /(z) ^ 1 everywhere else. Then 

(Vy»)(ar) - (V x s)(x) = (/(a) - l)(Vxs)(z) = 0. 

Since it is true for any function, the linearity makes that it cannot depend on X z with z # x. If we consider 
now two sections s and s' which are equals on a neighbourhood of x, we can write s' = fs for a certain function 
/ which is 1 on the neighbourhood. Then 

(V x s')(x) - (V x s)(x) = (f(x) - l)(V xS )(x) + (Xf)s(x) 

which zero because on a neighbourhood of x, f is the constant 1. □ 

This proposition shows that it makes sense to consider only local descriptions of connections. Let {ei, . . . , e r } 
be a basis of V and consider the local sections S a i : U a — > E, 

S a i(x) = ^(x^i). 

A local section s a : U a — > V can be decomposed as s a (x) = s l a (x)ei with respect to this basis (up to an 
isomorphism between the different V at each point). Then on U a , 

s l a S ai (x) = s* a (x)<f>~ 1 (x,ei) =^ 1 (a;,s^e i ) = ^{x, s a {x)) = a (at). (4.63) 

The first equality is the definition of the product ExF-»F. 

So any s e T(E) can be (locally !) written under the form 6 s = s l a S a i; in particular Vx(5 m ) can. We define 
the coefficients by 

V x (S ai ) = (6 a )i(X)S aj . (4.64) 
where, for each i and j, (9 a )i is a 1-form on U a . We can consider 9 a as a matrix-valued 1-form on lA a . 

Proposition 4.17. 

The formula 

(V x s) a = Xs (X)s a (4.65) 

gives a local description of the connection. 
Proof. For any s e L(£'), we have 

Vxs = Vx(£4^-) 

3 

= ^ ((Xsi)S aj + siV x S aj ) 



^[(4)+4(^(i) 



□ 



6 be careful on the fact that the "coefficient" depends on x : the right way to express this equation is s(x) — s' a (x)S a i(x). 
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4.7.1 Connection and transition functions 

A connection determines some local matrix- valued 1-forms 9 a on the trivialization U a . Two natural questions 
raise. The first is the converse: does a matrix-valued 1-form defines a connection ? The second is to know what 
is 9 a in function of 9p on U a nUp ? The answer to the latter is given by the following proposition : 

Proposition 4.18. 

The 1-form 9 a relative to the trivialization (lA a ,<j) a ) is related to the 1-form 9p relative to the trivialization 

°P = 9al d 9afi + g~pO a g a /3- (4.66) 

This equation looks like something you know ? If you think to equation (7.3) or (7.11) or any physical 
equation of gauge transformation for the bosons, then you are almost right. 

Proof. We can use equation (4.9) pointwise on (Vxs) a : 

(V x s) Q = g a pCVxs)p 

= g a p(Xsp+9 p {X)sp) (4.67) 
= g a p(X(g a /3S a ) + 9 f j(X)g a i3s a ). 

We have to compare it with equation (4.65). Note that g a p and 9 a (X) are matrices, then one cannot do 

g a /3dp(X)g al 3 = g a pg a p6p{X) = 9p(X) 

by using g a pg a p = 1- Taking carefully subscripts into account, one sees that the correct form is {gai3) l jSp{X) :, k {g a p)^ 
Applying Leibnitz formula (X(fg) = f(Xg) + (Xf)g), and making the simplification g a pg a p = 1 in the first 
term, we find 

9 a (X)s a = g a p(Xg a p)s a + g~p9p(X)g a i3S a . 
The claim follows from the fact that Xg a/ 3 = dg a /3(X). □ 

Notice that formula (4.66) shows in particular that 9 a takes its values in the Lie algebra Ql(V), see for 
example subsection 2.2.2. 
The inverse is given in the 

Proposition 4.19. 

// we choose a family of qI(V) -valued 1-forms 9 a on U a satisfying (4.66) ,then the formula 

(Vxs)« = Xs a + 9 a (X)s a 

defines a connection on E. 

Proof. Note that 9 is C x (M)-linear, thus 

(V fx s) a = (fX) (fX)s a = f[Xs (X)s a ] = f(V x s) a . (4.68) 

In expressions such that 9 a (X)(fs a ), the product is a matrix times vector product between 9 a (X) and s Q ; the 
position of the / is not important. So we can check the second condition : 

(Vx(fs)) a =X(fs a )+6 a (X)(fs a ) 

= X(f) Sa +f(Xs a ) + f9 a (X)s a (4.69) 
= df(X)s a +f(V x s) a . 

This concludes the proof. □ 

4.7.2 Torsion and curvature 

The map T v : X(X) x X(X) X(X) defined by 

T V (X,Y) = V X Y -W Y X -[X,Y] (4.70) 

is the torsion of the connection V. When T V (X,Y) = for every X and Y in X(X), we say that V is a 
torsion free connection. Let X, Y be in X(M), and consider the map R(X,Y): T(E) — > T(E) defined by 

R(X,Y): T(E) -*T{E) s « V x V y s- V y V x s- V^yjs. (4.71) 
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For each x e M, R can be seen as a bilinear map R : T X M x T X M — » End(-Ez). It is called the curvature 
of the connection V. For every / e C°°(M), it satisfies 

R(fX, Y)s = fR(X, Y)s = R(X, Y)fs. 

In a trivialization (U a ,4> a ), we have (Vxs) a = Xs a + 9 a (X)s a . In the expression of (R(X,Y)s) a , the terms 
coming from the Xs a part of covariant derivative make 

XYs a - YXs a - [X,Y]s a = 0. 

The other terms are no more than matricial product, hence the formula 

(R(X,Y)s) a =n a (X,Y)s a (4.72) 

defines a 2-form fi Q which takes values in GL(r, K). We can find an expression for in terms of 9 : 

Q a (X, Y) = X9 a (Y) - Y9 a (X) - 6 a ([X,Y]) + 9 a (X)9 a (Y) - 9 a (Y)6 a (X); 

it is written as 

fl a = d9 a +9 a A9 a = d9 a + i[6U 9 Q ] (4.73) 

which is a notational shortcut for 

n a (X,Y) = d9 a (X,Y) + [9 a (X),9 a (Y)]. (4.74) 

These equations are called structure equations. Pointwise, the second term is a matrix commutator; be 
careful on the fact that, when we will speak about principal bundle, the forms 0's will take their values in a Lie 
algebra. On U a nUp, we have 

n (X,Y) = g-^ a (X,Y)g aP . 
The curvature and the connection fulfill the Bianchi identities : 

Lemma 4.20. 

dfl a + [9 a a S1 Q ] = 0. 

Proof. For each matricial entry, 9 a is a 1-form on U a , then 9 a (X) is a function which to x e M assign 9 a (x) (X x ) e 
R. So we can apply d and Leibnitz on the product 9 a (X)9 a {Y). 

d(9 a (X)9 a (Y)) = 9 a (X)d9 a (Y) + d9 a (X)9 a (Y). 

Differentiating equation (4.73), dQ a = d9 a a 9 a — 9 a a d9 a . □ 

4.7.3 Divergence, gradient and Laplacian 

We define the gradient of a function / e C°°(M), denoted by V/ as the vector field such that 

g(Vf,X)=X(f). (4.75) 

The divergence of a vector field X e T(TM), is the function V ■ X e C cfj (M) defined by 

(V • X)(x) = Tr (v t—* V„X) (4.76) 

where the trace is the one of v <-* V V X seen as an operator on T X M . The Laplacian of the function / is the 
function A/ given by 

A/ = V • (V/). (4.77) 

4.8 Connexion on vector bundle: algebraic view 

A connection on the vector bundle n : E — » M is a linear map 

V: Y™{E) — > T CC (E)®Q 1 (M) 

which satisfies the Leibnitz rule 

V(af) = (Va)f +a®df (4.78) 
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for any section a: M — » E and function f:M — * <D. If {(Ji) is a local basis of E, one can write a = <Jif and 
one defines the Christoffel symbols in this basis by 

V<7 = Vfa/*) = (W;)f + *i ® /(f) = f ® dx" + a, ® <*(/*). (4.79) 

The notations der = er j; ® d(/ 1 ) and Tcr = /T| <7j ® da;'' lead us to the compact usual form 

Vcr = (d + T)a. 

When E = TM over a (pseudo)Riemannian manifold M, we know the Levi-Civita connection which is 
compatible with the metric: 

9(VX, Y) + g(X, VY) = d(g(X, Y)) . (4.80) 
One can see g as acting on (X(M) ®il 1 (M)} x X(M) with 

g{rid i ®dx v ,t i d j ) := rij i g{d i ,d j )dx v , 

which at each point is a form. From condition (4.80), we see V as a Levi-Civita connection on the bundle 
E = T*M which values in 

T cc (T*M)®n 1 {M) ~0 1 (M)®0 1 (M). 

This is defined as follows. A 1-form oj can always be written under the for u> = X'" := g(X, .) for a certain 
X £ X(M). Then (4.80) gives 

(VXfY +oj(VY) = d(ioY), 

and we put Vw = (S7X f , i.e 

(Vw)Y = rf(wY) - w(VY) (4.81) 
for all Y e X(M). When w = da;* and F = wc find 

(Vcfo 1 )^- = dfdaj'Sj) - dx^Wdj) = d(5]) - T l jk di ® dx fc = -T^tf? ® dx fc = -rj fc dx fc . (4.82) 

So we get the local formula 

\/dx l = -T) k dx J ® dx fc . (4.83) 

If the form writes locally to = dx t fi, 

Vlu = V{dx l )f % + dx i ® dfi = -fiT) k dx j ® dx k + du = (d - f> (4.84) 
where we taken the notations doj = dx % ®dfi and Tlo = fiT^dx^ ®dx k . 

4.8.1 Exterior derivative 

If E is a m-dimensional vector bundle over M and s : M — » E is a section, we say that a exterior derivative 
is a map D : T(E) -> r(£ ® Q}M) such that for every / e C x (M) we have 

D(fs) = s®df +f(Ds). 

An exterior derivative can be extended to D : T(E ® Q k M) — > T(E ® £l k+1 M) imposing the condition 

D(lj a a) = (Duj) a a + (-l) k oj a da (4.85) 

for every u e T(£; ® VL k M) and a e T(E ® Q'M) . The result is an element of T(E ® fi fe+ ' +1 M). 

Coordinatewise expressions are obtained when one choose a specific section (e^) of the frame bundle of E. 
In that case for each i, the derivative is an element of T(E ® f^M) and we define ojj e fi 1 (M) by 

fe 

£> ei = 2 e j®^- (4.86) 

For each i and j, we have an element u)\ e fi 1 (M), so that we say that uj e 17 1 (M, g[(m)). Now a section can be 
expressed as s = s l ei where s 1 are functions, so we have 

D(s) = D{s i e i ) = e i ®ds i + s i D{e i ) = e i ®ds i + s l ej®ujf = e i ®ds i + < , ®.s (4.87) 

Expressed in component, we find D(s) 1 = ds l + s^ojp so that we often write 

D = d + uj. (4.88) 
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When a section e is given, we write s = s l (e)e.;, indicating the dependence of the functions s l in the choice of 
the frame e : 

D(s) = e l ®ds l (e) + a® s 3 (e)u(e)). 
When we apply both sides to a vector X e T(TM), we find 

D x (s) = e t ® (x(s l ) + s^(X)). (4.89) 

By convention we say that, when / e C' X (M), is a function, Dx reduces to the action of the vector field X: 

D x (f)=X(f). (4.90) 

4.8.1.1 Covariant exterior derivative 

An important exterior derivative is the covariant exterior derivative. If the vector bundle E is endowed by a 
covariant derivative V, we define the corresponding covariant exterior derivative by the following : 

1. for a section s: M — > E (i.e. a 0-form) we define 

(d v s)(X) = y x s, (4.91) 

2. and on the 1-form ® uj % ) e T(E ®T*M), 

rfv(^] Si = 2^ vSi ) A UJ% +^] s i® duJ i. (4.92) 

i i i 

The latter relation is the condition (4.85) with k = 0. 

4.8.1.2 Soldering form and torsion 

Let us particularize to the case where E has the same dimension as the manifold. In that case, we can introduce 
a soldering form, that is an element 9 e fi 1 (M, E) such that for every x e M the map X : T X M — » E x is a 
vector space isomorphism. When a soldering form is given, the torsion is the exterior derivative D is 

T = D6. (4.93) 

Using a local frame e, we have forms 0*(e) 6 fi 1 (M) such that 

0(X) = 0*(A>i. 

We see 6 as an element of T(E ® S1 1 (M)) by identifying 9 = e, ® 6* 1 . Thus we have 

D6> = D( ei ® 6» 4 ) = Dei a 6»'(e) + e 4 a d6»'(e) = (e^) a 9\e) + a a d9 l (e), 
or in coordinates : 

(D9) 1 = a ^ (e) + d9 l (e) . (4.94) 

Notice that it provides the formula 

T = d u 9 (4.95) 
for the torsion as exterior covariant derivative of the connection form. 

4.8.1.3 Example : Levi-Civita 

We consider the vector bundle E = TM and the local basis e$ = <2j. An exterior derivative in this case is a map 
D : T(TM) -> r(TM <g) n 1 Mj. In that particular case, we denote by Vx7 the vector field D(Y)X, and it is 
computed by first writing D(X) X = ^ Z l x ®oj l x with Z l e T(TM) and e O^M). The we have 

D(X) X Y X =LJ+x i {Y x )Zi (4.96) 

A good choice of soldering form is 9 X = id for every x e M, or 9(X) = X. In coordinates, that soldering form 
is given by 9 z (dj) = <Jj. The Christoffel symbols arc defined by 

V0 t dj = rld k , (4.97) 
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and the covariant derivative reads 

W X Y = V.v ,- (T'V,) = X'^diY^dj + V'V, r ; ) = (x{Y k ) + .Y ' V ' 1^) r,. (4.98) 

We can determine the Christoffcl symbols in function of the connection form using the fact that on the one 
hand, V^dj = T^dk, and on the other hand, 

W 8i dj = D(dj)(di) = dk^u^Ui), 

so that 

r£.= Wj *(di) (4.99) 

Now we can get the same result as equation (4.98) using the exterior derivative formalism. First we have 
BY = di® dY i + di® X'u) , so that 

(DY)X = d l ®dY\X) = d l ®X^)(X k d k ), 

in which we use the relation u>j(X k dk) = X k u!j(dk) = X k Tj k to get 

(DY)X = (X(Y l )+XiX k T) k )d t . 

Notice that the anti-symmetric part of T with respect to its two lower indices does not influence the covariant 
derivative. Let us compute the torsion in terms of T. For that remark that dO l = because 

(d8 l )(X,Y) = X6 i (Y)-Y9 i {X)-e l ([X,Y]) = X(Y i ) - Y(X i ) — [X, Yf = 0. 

Thus we have 

(D9)(d k ®d l ) = ((Ddi)dk)0 i (di) - ((D^)^)^(^) 

=^ik^-m^ 

The connection V is moreover compatible with the metric because 

V z (g(X,Y)) =Z(r)(eX,eY)) = r,(D z (eX), eY) + r)(eX, D z {eY)) = g(V z X, Y) + g(X, V Z Y). 

= e(V z X) 

4.9 Connection on principal bundle 

4.9.1 First definition: 1-form 

We consider a G-principal bundle 

G — 

71 

M 

and Q, the Lie algebra of G. 
Definition 4.21. 

A connection on P is a 1-form lu e £l(P, 0) which fulfills 
. u £ (A*) = A, 

. ( J R» e (S)=Ad( 5 - 1 )( W? (S)), 
for all Ae G. g e G, £, e P and £ e T 5 P 

Here, R g is the right action: R g ^ = £ ■ g and ^4* stands for the fundamental field associated with A for 
the action of G on P: 

(4.100) 

t=o 

For each £ e P, we have : T^P — > Q. See section 2.3. 

If a is a connection 1-form on P, we say that £ is an horizontal vector field if a^(E) = for all £ e P. If 
X x 6 T X M and £ e 7r _1 (a;), there exists an unique £ in T^P which is horizontal and such that ^^(S) = X x . 
This S is called the horizontal lift of X x . We can also pointwise construct the horizontal lift of a vector field. 
The one of X is often denoted by X; it is an element of 3i(P). 

7 See [I], chapter II, proposition 1.2. 
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4.9.2 Second definition: horizontal space 

For each £ e P, we define the vertical space VjP as the subspace of T^P whose vectors are tangent to the 
fibers: each v e V^P fulfills dirv = 0. Any such vector is given by a path contained in the fiber of £. So, v e V^P 

if and only if there exists a path g(t) e G such that v = ^ |~£ ■ <7(f)l 

A connection T is a choice, for each £ e P, of an horizontal space Pf P such that 

. T e P = V i P®H i P, 

• P 4 . s = (dRg)^H^, 

• PfP depends on £ under a differentiable way. 

The second condition means that the distribution £ — > is invariant under G. Thanks to the first one, for 
each X e TjP, there exists only one choice of Y e H^P and Z e V^P such that X = Y + Z. These are denoted 
by vX and hX and are naturally named horizontal and vertical components of X. The third condition means 
that if X is a differentiable vector field on P, then vX and hX are also differentiable vector fields. We will 
often write V£ and instead of V$P and V£P. 

The word connection probably comes from the fact that the horizontal space gives a way to jump from a 
fiber to the next one. When we consider a connection T, we can define a C/-valued connection 1-form by 

cj(X)| = vX^. 

The existence is explained in section 2.3. It is clear that u>(X) = if and only if X is horizontal. The theorem 
which connects the two definitions is the following. 

Theorem 4.22. 

IfT is a connection on a G -principal bundle, and u is its 1-form, then 

(i) for any Ae Q , we have u(A*) = A, 

(ii) (R g )*0J = Adig-ip, i.e. for any X e T^P, g e G and £ e M, 

ui({dR g \X) = Ad^Kpf) 

Conversely, if one has a Q -valued 1-form on P which fulfills these two requirement, then one has one and only 
one connection on P whose associated 1-form is uj. 

Proof, (i) The definition of lj is = vX. Then w(A*)? = vA^ = A* because A* is vertical. From lemma 

2.10, lj(A*) = A. 

(ii) Let X e X(P). If X is horizontal, the definition of a connection makes dRdX also horizontal, then the 
claim becomes = which is true. If X is vertical, there exists a A e Q such that X = A* and a lemma shows 
that dRgX is then the fundamental field of Ad(g~ 1 )A. Using the properties of a connection, 

(B*u)t(X) = u ( . g (dR g X) = Adig-^A = AdQr 1 )^*). (4.101) 

Now we turn our attention to the inverse sense: we consider a 1-form which fulfills the two conditions and 
we define 

H £ = {X e T^P st uj{X) = 0}. (4.102) 

We are going to show that this prescription is a connection. First consider a X e Vj, then X = A* and 
u>(X) = A. So n V£ = 0. Now we consider X e X^P and we decompose it as 

X = A* + (X -A*) 

where A* is the vertical component of X. If uj(dR g X) = for all g e G, then uj(X) = 0, then a vector X e 
fulfills at most dimG independent constraints oj(dR g X) = and dimi/^ is at least dimP — dimG. On the 
other hand, dim = dim G; then 

dim Vj + dim P ? ^ dim G + dim P - dim G. 

Then the equality must holds and © i?£ = T^P. 

We have now to prove that ui is the connection form of H^, i.e. that u>(X) is the unique Ae Q such that A* 
is the vertical component of X. Indeed if X e T^P, it can be decomposed as into A* e V% and Y e and 



u(X) = uj(A* +Y)= u(A*) = A. 
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It remains to be proved that the horizontal space of any connection T is related to the corresponding 
1-form uj by = {X e T^P st uj^(X) = 0}. From the connection T, the 1-form is defined by the requirement 
that <jj(X)* = vX^. For X e H^, it is clear that vX = 0, so that uj(X)* = 0. This implies uj(X) = because 
we suppose that the action of G is effective. 

□ 

The projection it: P — » M induces a linear map dn: T^P —> T X M . We will see that, when a connection is 
given, it is an isomorphism between H% and T X M (if x = 7r(£)). The horizontal lift of X e X(M) is the unique 
horizontal vector field (i.e. it is pointwise horizontal) such that diT(X^) = X„t£y The proposition which allows 
this definition is the following. 

Proposition 4.23. 

For a given connection on the G-principal bundle P and a vector field X on M , there exists an unique horizontal 
lift of X . Moreover, for any g e G, the horizontal lift is invariant under dR g . 

The inverse implication is also true: any horizontal field on P which is invariant under dR g for all g is the 
horizontal lift of a vector field on M. 

This proposition comes from [1], chapter II, proposition 1.2. 

Proof. We consider the restriction dn: — > T W /^M. It is injective because dTr(X — Y) vanishes only when 
X — Y is vertical or zero. Then it is zero. It is cleat that dir: T^P — > T V ^M is surjective. But dirX = if X 
is vertical, then dir is surjective from only H^. 

So we have existence and unicity of an horizontal lift. Now we turn our attention to the invariance. The 
vector dRgX^ is a vector at £ ■ g. From the definition of a connection, dR g H^ = H^. g , then dR g X^ is the unique 
horizontal vector at £ • g which is sent to X x by dix . Thus it is X^. g . 

For the inverse sense, we consider X, an horizontal invariant vector field on P. If x e M, we choose £ 6 7r _1 (a;) 
and we define X x = dir^X^). This construction is independent of the choice of £ because for £' = £ ■ g, we have 

dn(X e ) = Tr(dR g X ( ) = tt(X ? ). 

□ 



An other way to see the invariance is the following formula: 

X(-. g = {dR g )^X^. 

By definition, X^. g is the unique vector of T^. g P which fulfils dirX^.g = X x if £7r _1 (a;), so the following compu- 
tation proves the formula: 

(d7r) 6 . g ((dR g ) 6 X 6 ) = d(Tr o R^X^ = d^X ( = X x . (4.103) 



4.9.3 Curvature 

The curvature of a vector or associated bundle satisfies f2 Q = d6 a + 9 a a 6 a . So we naturally define the 
curvature of the connection w on a principal bundle as the ^-valued 2-form 

= du + uj a uj. (4.104) 

When we consider a local section o~ a : U a — > P on U a a M, we can express the curvature with a 2-form on M 
instead of P by the formula 

F (a) = 

or, more explicitly, by Fr a y x (X,Y) = VL a t x }(dcr a X , da a Y)) . Note that if Q is abelian, f2 = duj and dVl = 0. 



4.10 Exterior covariant derivative and Bianchi identity 

Let uj e fi 1 (P, Q) be a connection 1-form on the G-principal bundle P. Using the operation [. a .] defined in 
section 4.3, we define the exterior covariant derivative by 

when a eQ\P,g), (4.105) 
when j3 e n 2 (P,G), (4.106) 



d u a = da + — [uj a a] 

d u {3 = d(3 + [uj a m 
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The curvature is the 2-form defined by 

Q = d^uj = dui + uj a uj (4.107) 

where d u is the exterior covariant derivative associated with the connection form u>, and the wedge has to be 
understood as in equation (4.12). 

Proposition 4.24. 

The curvature form satisfies the identity 

d^n = (4.108) 

which is the Bianchi identity 

Proof, taking the differential of Q = du> + uj a uj, we find 

dQ = d 2 ui + duj a uj — uj a duj 
in which d 2 ui = and we replace dui by Q, — uj a uj, so that 

d£l = Q a uj — uj a Q, 

which becomes the Bianchi identity using the definition of and the notation (4.14). □ 
Remark that the Bianchi identity reads d^uj = 0, but that in general d^ does not square to zero. 

4.11 Covariant derivative on associated bundle 

Now we consider a general G-principal bundle it: P — > M and an associated bundle E = P x p V. We define a 
product R x E — » E by 

AK,«] = K,A«]. (4.109) 
It is clear that the equivariant function Xip defines the section Xif>. A covariant derivative is a map 

V: X(M) x T(M,E) T(M, E) (X, tp) ^ V ' x ^ (4.110) 

such that 

V / xV' = /VxV', (4.111a) 
Vx{m = (X-f)il> + fVx1> (4.111b) 
where products have to be understood by formula (4.109). 
Theorem 4.25. 

A connection on a principal bundle gives rise to a covariant derivative on any associated bundle by the formula 

Vffr(t)=X~S) ( 4 - 112 ) 
where ip: P — > V is the function associated with the section ip: M — > E. 

We have to prove that it is a good definition: the function V^-i/j must define a section V^ip: M — > E and 
the association ip — > must be a covariant derivative. 

With the discussion of page 14 about the application of a tangent vector on a map between manifolds, we 
have (dipX)f = X(foip), By using this equality in the case of X with ijj and R g , we find (dR g X)(tfj) = X(ipoR g ) 
and thus 

X s . g ($) =X 5 (dR g i>). 

We prove the theorem step by step. 
Proposition 4.26. 

The function V x ip defines a section of P. 

Proof. We have to see that S7^ip is arl equivariant function. The equivariance of gives ip o R g = p(<7 — 1 
thus 

Vf&(e'9)=XU$) = ((dR a )^ i )^)=xSoR g )=X i (p(g- 1 )^)=p(g- 1 )xS)- (4-113) 

The last equality comes from the fact that the product p(g~ 1 )ip is a linear product "matrix times vector" and 
that X(. is linear. □ 
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Theorem 4.27. 

The definition 

defines a covariant derivative. 

Proof. We have to check the two conditions given on page 158. 

First condition. By definition, V^ x ip{^) = fX^^i/j). Now we prove that 



fXeW) = (fon)(Z)X i ty). (4.114) 

This formula is coherent because Xf(^>) e V and (/ o7r)(£) e By definition of the horizontal lift, fX^ is the 
unique vector such that 

. d^(fX^ = (fX) x = f{x)dnX i = (/ o n)(OdnX s , 

. ^(/^)=0. 

We check that (/ o 7r)(^)X^ also fulfills these two conditions because dir and ui are C x (P)-linear. Equation 
(4.114) immediately gives 

vf^(0 = (/°*)tt)vjhKO. (4.115) 

Now we show that fV^ip is the same. The section /V^-0 : M — > E is given by (/V^^)(x) = f(x)(Vxip)(x), 
and by definition of the associated equivariant function, 

f(x)(v^)(x) = [tf(x)vTmi 

Then 

/Vf m = f(x)V E x m = (f o 7r)(0Vf (4.H6) 

All this shows that = / v f "0- 

Second condition. This is a computation using the Leibnitz rule: 
V|(7VO(0 = ( = } Xs((n o /$) 

= dU^d^X^) + fV*fr(x) = X x (f)${0 + fvfhKx) 

= (xfjm + fvfm 

where (a) is because ftp = ir* fip, and (b) is an application of the Leibnitz rule. □ 



Theorem 4.28. 

Using the local coordinates related to the sections a a : U a —> P , the covariant derivatives reads: 

(Vx^)(a)(aO = X x i/j {a) - p*(o-*u x (X))ip (a) (x) (4.118) 
where p* : Q — » End(V r ) is defined by 

^-jti^Lo (4 - 119) 

Proof. The problem reduces to the search of X because 

(Vx^)( Q )W = V x ^(o- a (x)) = X aa ( x 0). 

We claim that X„ a i x ^ = da a X x — cj(da a X x )* . We have to check that dnX = X and oj(X) = 0. The latter 
comes easily from the fact that uj(A*) = A. For the first one, remark that s a is a section, then d(ir o s a ) = id, 
and d-n(ds a X x ) = X x , while 



d 



d 



dn(AI) = *r_ { ■ = - _ = 0. (4.120) 



Since the horizontal lift is unique, we deduce 

(Vx</0(a)(z) = - u{da a X x )*)i>. (4.121) 
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From the definition of a fundamental vector field, 

u(da a X x )* aa{x) $ = j t [l>(v a (x) ■ e-M*'-*-))]^ 

= (dp) e (uj o da a )X x (tp o a a )(x) 

We can express the covariant derivative by means of some maps 9 a : X(M) x M — > End(y) given by 

VxJ a i=0 a (X) i j j aj . (4.123) 
where the 7 a i's were given in equation (4.55). By the definition (4.111b), 

(V x tp)(x) = (X ■ s? a ) x ^ ai {x) + s l a (x)(VxJ m )(x) 

= (X ■ S l a ) xlm (x) + S^xWaiXKlajix). 

On the othre hand with the notations of equation (4.53), j a j = and X x j a j = 0. Then equation (4.118) gives 
a (X) =p4a*u x (X)), or 

6 a = p*(<j*uj x ). (4.124) 

4.11.1 Curvature on associated bundle 

From the definition (4.49), it makes sense to define the curvature 2-form by 

R(X,Y)iP = V^VyV - VyVxV- - Vfx.y]^- 

It is also clear that ip( a ) defines a section of the trivial vector bundle F = MxV by x^> (x,ip( a )(x)), so one 
can define Sl a (X, Y) : F(M, E) -> T(M, E) by 

(R(X,Y)i,) (a) =Q a (X,Y)i; (a) 

and take back all the work around Bianchi because of the relation (4.118) which can be written as (VxVO(a) (%) = 
X x ip( a ) + @a(X)ijj( a }(x) and which is the same as in proposition 4.19. 

4.11.2 Connection on frame bundle 
4.11.2.1 General framework 

The frame bundle was defined at page 150. Let F — — > M be a K-vector bundle with some local trivialization 
(li a ,(j)a) and the corresponding transition functions g a p : U a nUp — > GL(r, K). We consider n: P — » M, the 
frame bundle of F; it is a GL(r, K)-principal bundle. Let V be a covariant derivative on F and 9 a , the associated 
matrices 1-form. The frame bundle is 

P= (J (frame of F x ). 

xeM 

A connection is a C?-valued 1-form; in our case it is a map 

w%: T t (K- l {U a )) -»fl[(r,K). 
We define our connection by, for g e GL(r, K), x e U a , X x e T^M and A e gl(r, K), 

^W-.^.'-W*^ + :=A + kd{g- l )6 a {X x ). (4.125) 

where S* Q : U a —* P is the section defined by the trivialization </>^: 

S a (a;) = {w a = <f>® {x,ei)} i= i t ... tT . 

Since ^a(^x) 6 End(K r ) c g[(r, K), the second term of (4.125) makes sense. This formula is a good definition 
of oj because of the following lemma: 



from (4.48; 
by (4.119) 



(4.122) 



□ 
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Lemma 4.29. 

If £, = S a (x) ■ g and £ e T^P, there exists a choice of Ae Q, and X x e T X M such that 



Z = R g *s a (X)^X x + Al 



( x )-g' 



(4.126) 



Proof. If £ e P is a basis of E at y, there exists only one choice of x e M and g e G such that £ = S a (x) ■ g. 

Let us consider a general path c: R — » P under the form c(t) = s a (x(t)) ■ g(t) where x and g are path in M 
and GL(r, K). The frame c(i) is the one of ^(t) obtained by the transformation from s a (a;(i)). It is a set 
of r vectors, and each of them can be written as a combination of the vectors of s a (x(t)), so we write 



c\t) = si{x{t))g){t) 



(4.127) 



where s J a (x(t)) e F x (t) an d <?}(*) e K. We compute £ = c'(0) by using the Leibnitz rule and we denote 
x'(0) = X x , x(0) = x and <?j(0) = 5] (the matrix of g): 



(4.128) 



(</<),. v,/,; • «;'(())<(.'•;. 

Going to more compact matrix form, it gives 

£ = (rfsajjtlj • 3 + s Q (a;)3'(0). 

The second term, s£(a;)<7j*(0), is a general vector tangent to a fiber. So it can be written as a fundamental field 
4* 



□ 



Lemma 4.30. 

On U a n Up, the form fulfills u> a = . 

Proof. Let 7 : R — » M be a path whose derivative is X x . Then 



(-^5 ) * ^ a ) * ^ x 



dt 
d 
~dl 



s a (it) ■ g 



t=0 dt 



sp(jt)g a /3(jt) -g 



(=0 



(4.129) 



What is in the derivative of the first term is R ga0 ^ g (s/3('yt))- Taking the derivative, we find the expected 

For the second term, we note r := sp{x) ■ g a p(g)g, and we have to compute the following, using equation 
(4.16), 

r ■ Ad g -i(g-^(x)g a p(j t )) 



dt 



d r 

d_ 

dt 



|r • expt((dAd g -i) e (g a ^(x)(dg a/3 ) x X x ))^^ 
■expt(Ad g ~ig~p(x)dg a p ^_ 
= (Ad g -i g~l{x)dg a pX^ . 
Using this, we can perform the computation: 

U 8 a (x).g ( R 9* s * + A * Sa = U S ( X )-g a0 (x)g ( R 9c ( X )9*Sp {x)„X x 

+ (A^- 1 9al{x)dg a0 X x )* r + A*) 

+ Ad g -i g-p(x)dg a0 (X x ) + A 
= Ad g -i ((g~pOpg a p + g~^dg a p)(X x )) + A 



(4.130) 



(4.131) 



J S a (x)g 



{ R g* s a(%)*X x + A§ a , x y g ) 



□ 
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Proposition 4.31. 

The lj defined by formula (4.125) is a connection 1-form. 

Proof. The first condition, u?(A*) = A, is immediate from the definition. The lemma 2.11 gives the second 
condition in the case £ = j4?. It remains to be checked that u>(dR g Y<) = Ad(g _1 )a;(S) in the case £ = 
dRhds a X x . This is obtained using the fact that Ad is a homomorphism. □ 



4.11.2.2 Levi-Civita connection 

Let (M,g) be a Riemannian manifold. We look at a connection 1-form a e 1 (SO(M), so(R m )) on SO(M), 
and we define a covariant derivative V Q : 3C(M) x T(M) — » T(M), where T(M) is the tensor bundle on M by 
(cf. theorem (4.27)) 

V%s = Xs, (4.132) 

for any s e T(M). Our purpose now is to prove that an automatic property of this connection is V Q g = 0. The 
unique such connection which is torsion-free is the Levi-Civita one. 

The metric g is a section of the tensor bundle T*M (x) T*M. So we have, in order to find g and to use 
equation (4.132), to see T*M (x)T*M as an associated bundle. As done in 4.5.4, we see that 

T*M (x) T*M ~ SO(M) x p (V* 

with the following definitions: 

• The isomorphism is given by ip[b, a (x) 0](X (x) Y) = a(b~ l X)(3(b~ 1 Y), 

• p(A)a = a o A, 
. b ■ A = bo A. 

Here, V = R m ; b: V -> T X M; a, e V*; X , Y e T X M and A e SO(m) is seen as A: V V. 
The following shows that ip is well defined: 



(4.133) 



ip[b ■ A, piA-^a ® p\(X ® Y) = (a o A)(A- 1 o b^X)^ o A)(A- 1 o b^Y) 

= iP[b,a®(3](X®Y) 

Proposition 4.32. 

The function g is given by 

g(b)(v ® w) = g x (b(v) ® b(wj) = v ■ w. 

Proof. The second equality is just the fact that b: (R m , •) — > (T x M,g x ) is isometric. On the other hand, if 
g(b) = a (x) /3, we have: 

g x {X®Y) =i>[b,a®$\{X®Y) =a(b- 1 X)P{b~ 1 Y) 

= a®f3(b- 1 X®b- 1 Y)=g(b)(b- 1 X®b- 1 Y). 

Since b is bijective, X and Y can be written as bv and bw respectively for some v, w £ V, so that 

g x (bv (x) bw) = g(b)v (x) w. 

□ 



It is now easy to see that Xg = 0. As g takes its values in V* (x) V*, Xg belongs to this space and can be 
applied onv®w eV®V. Let X(t) be a path in SO(M) which defines X; if X e T h SO(M), A(0) = 6. We 
have 



= ^g{X{t))v®w 



(4.135) 



t=o 



which is obviously zero. 
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4.11.3 Holonomy 

Let the principal bundle 

G — *p (4.136) 

and w a connection on G. Let 7: [0,1] — > M, a closed curve piecewise smooth; 7(0) = 7(1) = x. For each 
p e n~ 1 (x), there exists one and only one horizontal lift 7: [0, 1] — > P such that 7(0) = p. There exists of course 
an element g e G such that 7(1) = p ■ g. 

We define the following equi variance relation on P: we say that p ~ g if and only if p and g can be joined 
by a piecewise smooth path. The holonomy group at the point p is 

Hol p (o;) = {g e G st p ~ p ■ g}. 



4.11.4 Connection and gauge transformation 
Proposition 4.33. 

If uj is a connection on a G-principal bundle and if, a gauge transformation, the form f3 = ip*uj is a connection 
I- form too. 

Proof. It is rather easy to see that ip^A^ = A^ x y. 

^•-|[*«^L-|[*o^L-^>- 

The same kind of reasoning leads to <f*R gij . = P ffH .</5*. From here, it is easy to see that 
and 

(R*(v*u)t)(Z) = (R* g uj) v{0 (^n) = Ad( 5 - 1 )((^^(S)). 

□ 

So, the "gauge transformed" of a connection is still a connection. It is hopeful in order to define gauge 
invariants objects (Lagrangian) from connections (electromagnetic fields). 



4.11.4.1 Local description 

Let 7r: P — » M be a G-principal bundle given with some trivializations 4>a : n (Li a ) — > U a x G over U a c M 
and s a : U a — » 7r _1 (W Q ), a section. In front of that, we consider an associated bundle p: E = P x p V — » M with 
a trivialization ^ : — > Z// Q x V. One can choose a section s Q compatible with the trivialization in the sense 
that (j>a(s a (x) ■ g) = (x,g); the same can be done with E by choosing <f>®(\s a (x), v]) = (x,v). All this given in 
figure 4.1. 

A section ip: M — » E is described by a function tAq : U a ^> V defined by 4>^(tp(x)) = (x,ip a (x)). In the 
inverse sense, ip is defined (on U a ) from tp a by = [ s a(^), V'a( a; )]- I n the same way, a gauge transformation 
93: P — > P is described by functions (p a :lA a — > G, 



The function also fulfil 
because 



(^(s Q (x)) = s a (ar) • <£ a (a;). (4.137) 
o p o ^"^(x, 3) = <p(x) ■ g) (4.138) 



(0a <P 0f )(^,5) = (0a °<^)(s Q (a;) -3) 
= K(v(s a (x)) -g) 

= <t>a(Sa(c) ■ <f> a {x)g) 

= (x,(p a (x)g). 

We know that a connection on P is given by its 1-form to. Moreover we have the following: 
Proposition 4.34. 

A connection on P is completely determined on n (M a ) from the data of the Q-valued 1-form a*u> on U a . 



(4.139) 
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Proof. We consider a 1-form ui which fulfils the two conditions of page 163. Our purpose is to find back cjj(S), 
V£ e P, £ e T^P from the data of alone. For any £, there exists a g such that £ = a a (x) ■ g. We have 

Ad g ~t((J aaix ^) = (R*<j)„ a (x)(^) = ^a a (x)-g((dRg)a a (x)^) ■ (4.140) 

If we know s*w, then we know u)((ds a ) x v} for any v e T X M. So 

w o- Q (a;)-3((^-Rg)<T Q (x)^0 

is given from cr*w for every S of the form £ = (dcr Q )a;?;. From the form (4.126) of a vector in XjP, it just 
remains to express ui aa ( x y g (A* r x y g ) in terms of s*. The definition of a connection makes that it is simply A. 

□ 

4.11.4.2 Covariant derivative 

If we have a connection on P, we can define a covariant derivative on the associated bundle E by 

(Vx^)( a )(i) = X x (ip a ) + p*(s*uj x (X))^ {a) (x), 

the matricial 1-form being given by a = p^a*uj. The gauge transformation ip acts on the connection ui by 
defining lo v := (p*u). 

Proposition 4.35. 

If fl = <p*uj, then 

S*{fl) = Ad^^)-! s*(w) + &,(aO _1 dft,- 
Proof. Let 7: R — > M be a path such that 7(0) = x and 7'(0) = X x . We have to compute the following: 



(s*(3)(X x ) = (s*ip*uj)(X x ) = ui( V0Sci )( x )(((p o s^tXx). 
What lies in the derivative is: 

= |[*a(7(*)) • 6*(7(0))] t=0 + l[ s «(7(0)) • ^a(7(*))] t=0 



(4.141) 



(4.142) 



R<p a (x) ^ s a *X X + ^ 



s a (x) ■ <p a (x)e tl ?«^ 1 W-)-t'(0) 



A justification of the remplacement y> Q (7(t)) — > (p a (x)e t ^°'^ (°) is given in the corresponding proof at 

page 245. If we put this expression into equation (4.141), the first term becomes 

U{ VOSa )( x )(R,£ a ( x ) ^Su^Xx) = (Rp a ( x )U)a a (x)(Sa*Xx) 

= ^•fi a (x)- 1 ( UJ s a (x)( s a lt :X x )) 

The second term is the case of a connection applied to a fundamental vector field. 

□ 

4.12 Product of principal bundle 

In this section, we build a G\ x G2-principal bundle from the data of a Gi and a G2-principal bundle. The 
physical motivation is clear: as far as electromagnetism is concerned, particles are sections of [/(l)-principal 
bundle while the relativistic invariance must be expressed by means of a SL(2, (D)-associated bundle. So the 
physical fields must be sections of something as the product of the two bundles. See subsection 7.5. 

4.12.1 Putting together principal bundle 

Let us consider two principal bundle over the same base space 
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and 



First we define the set 



G 2 



P 2 M. 



PioP 2 = e?i x P 2 stpiKi) =pa(6)} (4-143) 

which will be the total space of our new bundle. The projection p: Pi o P 2 — M is naturally defined by 

= Pi(£i) =p 2 (6), 
while the right action of G\ x G 2 on Pi o P 2 is given by 

• (31,52) = (6 -32) 

With all these definitions, 

d x G 2 > Pi o P 2 

p 
M 

is a G\ x G 2 -principal bundle over M. We define the natural projections 

tt,: Pi xP 2 ^1, 6) -»&, 



(4.144) 



and if ej denotes the identity element of Gi, we can identify G\ to Gi x {e2} and G 2 to G 2 x {ei}; in the same 
way, Q\ = Q\ x {0} c (/1 x Q 2 . So we get the following principal bundles: 



G 2 



Pi o P 2 



Pi 



d > P l o P 2 

It is clear that the following diagram commutes: 



P 2 . 



Pl ^ Pl oP 2 ^P 2 



Pi 



M 



4.12.2 Connections 

Let Wi be a connection on the bundle pi : Pi — M. Using the identifications, 7r*wi is a connection on ir 2 : Pi o 
P 2 — > P 2 (the same is true for 1 — 2), and -k*uj\ © n*cj 2 is a connection on p: P\o P 2 — M. Let us prove the 
first claim. 

Let A e Q\. We first have to prove that ir*u>i(A*) = A. For this, remark that A = (A, 0) £ Q\ © £ 2 and 



A * ~ dt 



£ . e -*(^o)- 


d ■ 




t=o (it . 



t=0 



(4.145) 



SO d7Ti^4 



— tit 



7Tl(...) 



this case we have 



wi(A*) = A. Let now E e T (6i6) (Pi o P 2 ) be given by the path (£1 (*),&(*))■ In 
(^(3,62)^*0-1) (6 ,€2 ) S = W w i)( rfi? fee 2 )S) 



(4.146) 



Ad( 5 - 1 )7T 1 * Wl (-[(6(i),6W)] 4=0 ) 

Ad^-^TrrwiE. 
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4.12.3 Representations 

Let V be a vector space and p^: Gi — > GL(V) be some representations such that 

[px{9i),pM] =0 (4.147) 

for all gi e Gi and (72 G G2 (in the sense of commutators of matrices). In this case, one can define the 
representation pi x p 2 : G\ x Gi — > GL(F) by 

(Pi x P2)(gi,ff2) = Pi(ffi) 0^2(52) = ^2(32) opi(ffi)- (4.148) 

The relation (4.147) is needed in order for p\ x p 2 to be a representation, as one can check by writing down 
explicitly the requirement 

(pi x P2)((9i,92)(g' 1 ,9' 2 )) = (pi x P2)(gig' 1 ,g2g' 2 ) 
4.13 Hodge decomposition theorem and harmonic forms 

Among other sources for Hodge decomposition and harmonic forms, we have [33-35]. Some parts of the wikipedia 

article Hodge dual are interesting. 

Let E be an oriented Euclidian space of dimension m = In. We define the operation * by 

* : A E -> A E 

1 X 1 X (4.149) 
e n a e l2 a • • • a e lk e. lk+1 a • • • a e im 

when {e^} is an oriented basis of E and {i^} is an even permutation of {1, 2, • • ■ , m}. If it is impossible to build 
an even permutation, then we add a minus sign. We have * * u> = (— \)P( m ~P)ui belongs towe /\ p E. 

Example 4.36. 

If we consider the space R 4 with the coordinates (x, y, z, t), 

* (dx Adz a dt) = dy (4.150) 

because (x, z,t, y) is an even permutation of (x, y, z,t). Now, *dy = dz a dx a dt = —{dx a dz a dt) because 
(y, z, x, t) is an even permutation of (x, y, z, t). 

More generally, if we have a differential p-form wonam dimensional space, we have 

* (e CT (i) a e a{ 2) a ... a e a ( p) ) = e a{p+1} a ... a e a(m) (4.151) 

In order to compute *(e .( p+ ]/\ a ... a e CT ( m -)), we need a permutation of (a(l), . . . ,cr(m)) which begins by 
a(p + 1) . . . a(m). This reduces to permute the m — p elements a(p + 1), . . . , a(m) with the p first elements. 
Thus we have 

* *w = {-l)^ m -^uj. (4.152) 



Let V be a compact, oriented manifold. Each of the spaces of sections C 00 (V, Ac(^*^)) ^ s endowed with 
a 2-form 

(wi,W2)= / U>1 A *Ul2- (4.153) 

Jv 

Lemma 4.37. 

The codifferential 8 defined by 

S:A(T'V)^/\(T*V) (4154) 
p 1 — > (-l) mk + m + 1 * d * (3 

is a formal adjoint of d for the product (4.153). 
Proof. If P e /\ k c (T*V) and a 6 /^r 1 (T*V), we have 

*S/3 = (-l) mfc+m+1 * *(d*P) 

_ f^\mk+m+lf_i\(rn,-k+l)(m-rn,+k-l)^^^ (4.155) 

= (-l) fe d*/3. 
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Using that formula we find 

(da, P) — (a, 5/3} = da a *fi — a a *S(3 
Jv 

= / da a */3 - (-l) k a a d * (3 
Jv 

= [ da a *f3 + (-l) k+1 a a d * /3 
Jv 

= / d(a a */?) 
Jv 

= a a */3 

JdV 



(4.156) 



0. 



This proves that (da, /?) = (a, 3(3}. 



Problem and misunderstanding 



20. 



/ do not understand why the integral in the boundary is zero. 



□ 



Now we define the Laplace-Beltrami operator by 

A = Sd + d8 (4.157) 

and the space of harmonic forms 

H k = {uj e n k st Alo = 0}. (4.158) 

Lemma 4.38. 

If M is a closed manifold, a k-form is harmonic if and only if du = 5co = 0. 

Proof. No proof. □ 
Theorem 4.39 (Hodge decomposition theorem). 

For every integer ^ k ^ m, the space H p is finite dimensional and £l k (M) has the orthogonal decomposition 

n k (M) = H k © A(n k (M)), (4.159) 
i.e. the space splits into the kernel of A and its image. 
Theorem 4.40. 

Let M be a compact orientable manifold of dimension m. Any exterior differential k-form can be written as a 
unique sum of an exact form, a coexact form and an harmonic form : 

u = da + 6(3 + 7. (4.160) 

with uj e n k (M), a e fi fe - 1 (M) ; (3 e fl k+1 (M) and 7 e fl k (M) harmonic. 

The operator A commutes with the differential d and we have dA = Ad = d5d since 

dAu) = ddSui + dSduj = dSdui, (4.161) 

because d 2 = 0, while 

Adco = dSduj + Adduj = dSduj. (4.162) 

Lemma 4.41. 

On a close manifold, Alu = if and only if Sui = dui = 0. 

In the case of a closed manifold, a form is harmonic if and only if is belongs to the kernel of d + S. Moreover, 
a form in the image of d + 5 is orthogonal to the harmonic forms : 

(da^ 1 +Sf3 k+1 ,j) = (4.163) 

whenever 7 is harmonic on a closed manifold. 
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Chapter 5 

From Clifford algebras to Dirac 
operator 



Bibliography for Clifford algebras, spin group and related topics are [36-40]. More agebraic point of view can 
be found in [41, 42]. More details about "square rooting" second order differential operators are in [43]. For 
physical concerns, the reader should refer to [44-46]. 



5.1 Invitation : Clifford algebra in quantum field theory 
5.1.1 Schrodinger, Klein-Gordon and Dirac 

The origin of the Klein-Gordon equation is almost the same as the one of the Schrodinger: one replace physical 
functions by operators. For a free particle, the correspondence are 

energy E ih—, 

dt 

momentum p — > — ihS7 . 

The Schrodinger equation (which is the non relativistic quantum wave equation) comes from replacement in the 
non non relativistic expression of the Hamiltonian 

2m \ * 2m ) ^ ' 

while the Klein-Gordon one (which is the relativistic quantum wave equation) comes from the relativistic 
corresponding equation: 

E 2 = p 2 c 2 + m 2 c 4 — » (d% + (^) 2 ) V = 0. 

This is a second order differential equation; there are however no "law of nature" which forbid a first order 
equation. We try 

M = ( Tfc^ + p mc 2\ ^ ^ ^ 

at \ i J 

There are some physical constraints on the coefficients a k and j3. We will study one of them: we want the 
components of ip to satisfy the Klein-Gordon equation, so that the plane waves fulfill the fundamental relation 
E 2 = p 2 c 2 + m 2 c 4 . 

In order to see the implications of this constraint on the coefficients, we apply two times the operator H, 
and we compare the result with the Klein-Gordon equation. We find: 

aW+a J a i =2i ij l, (5.1a) 
a'p + fia^O, (5.1b) 
(a 1 ) 2 = p 2 = 1. (5.1c) 

If we define 7 = (3 and 7* = /3a 1 , we find that the matrices 7^ have to give a representation of the Clifford 
algebra 1 : 

7V + TY =2^1. (5.2) 



1 Don't be afraid with the extra minus sign: the quantum field theory is most written with the metric (+, — , — , — ) instead of 
(-,+,+,+)• 
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The Dirac equation reads 

(-*7% + jr) V> = o. 

If we want to perform some computation with the quantum field theory, we need an explicit form for the 7's; 
that's the reason why we study representations of the Clifford algebra. The Dirac operator T> is the operator 
which lies in the Dirac equation: 

fj,=0 

5.1.2 Lorentz algebra 

There is an other physical reason (which is in fact the same, but differently presented) justifying the study of 
the Clifford algebra. The quantum field theory need representation of the Lorentz algebra 2 

[J» v , J pa ] = iiifj*" 7 - if p J ua - Tf a J^ + ^ a r p ). 

A proof of these relations is given in lemma 5.1. Dirac had a trick to find such J matrices from a representation 
of the Clifford algebra. If we have n x n matrices 7 M such that 

a n-dimensional representation of the Lorenz algebra is obtained by 
Lemma 5.1. 

The matrices ofso(p,q) satisfy the definition relation 

M f T) + r]M = 0, (5.4) 

and if M is the "rotation" in the place of directions a and b (i.e. a trigonometric or an hyperbolic rotation 
following that a and b are of the same type or not), then the action on M^' 9 ) is given by (x') p = (M ab ) p x l/ with 

(M ab ) p = n afi Sl - if p 5 a u . (5.5) 

The commutation relations are given by 

[M ab , M cd ] = -f] ac M bd + if d M bc + rj bc M ad - if d M ac . (5.6) 

Notice that M ab = —M ba . 

See section 12.5 of [47]. By a simple redefinition J = iM, one obtains 

[J, J] = ir]J (5.7) 
instead of [M, M] = T]M, and the matrices J are Hermitian. Here r\ is the matrix 77 = diag(+, ...,+,—,..., — ). 

p times q times 

As convention, we say that a direction corresponding to a positive entry in the metric is a time direction, while 
the spatial directions are negative. That corresponds to the convention of page ?? to say that a time-like vector 
has positive norm. 

5.2 Clifford algebra 

5.2.1 Definition and universal problem 
Definition 5.2. 

Let V be a (finite dimensional) vector space and q, a bilinear quadratic form over V . The Clifford algebra 
C\(V,q) is the unital associative algebra generated by V subject to the relation 

v ■ v = q(v) (5-8) 

for all v in G\(V,q). Here the dot denotes the algebra product and q(v) means q(v,v). 



2 When one think to real infinitesimal rotation matrices, the presence of i seems not natural, but one redefines J — > ij for 
formalism reasons. 
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Theorem 5.4 proves unicity of such an algebra, so that it makes sense. 
Remark 5.3. 

The relation (5.8) is no more a restriction for the elements in C1(V, q) than a restriction on the choice of the 
algebra product. 

Theorem 5.4. 

Let E be an unital associative algebra and j : V — > E a linear map such that 

j(v)-j(v)=q(v)l. (5.9) 

Then we have an unique extension of j to a homomorphism J: Cl(V,q) — > E. Moreover, Cl(V,q) is the unique 
associative algebra which have this property for all such E. 




This theorem can be seen as a definition of C1(V, q). 

Proof. The proof shall belongs two parts: the first one will show how to extend j and why it is unique, and the 
second one will prove the unicity of C\(V, q). 

We begin by define the extension of j. First note that any linear map / : V — > E can be extended to an 
algebra homomorphism /: T(V) — » E in only one way. Indeed, the homomorphism condition require that 
f(v (x) w) = f(v) ■ f(w). The whole map / is then well defined by the data of / alone. 

As far as the map j is concerned, we have the relation (5.9) which says that = 0. Indeed, 

j(v ® v - q(v) ■ (1)) = J(v) ■ 3(v) - q(v)j(l) = j(v) ■ j(v) - q(v)l = 0. (5.10) 

Thus j : T(V) — » E is a class map for I, and we can descent j from T(V) to C1(V, q), We define j : Cl(V, q) — » E 
by 

j[x]=j(x) (5.11) 

where [x] is the class of x. That's for the existence part. 

The unicity is clear: f\ = fi on V implies that f\ = /2 on T(V). Thus f\ = fi on C\(V,q). 

We turn now our attention to the unicity of C1(C, q). Let D be an unital associative algebra such that 

(i) V c D, 

(ii) For any unital associative algebra E and for any / : D — > E such that f(v) ■ f(v) = —q(v)l, there exists 
only one homomorphic map / : D — » E which extend /. 

We should find a homomorphic map k: D — > G\(V, q). Let i be the canonical injection i: V — > D. Clearly, 
we have a homomorphism V — * i(V). Now, as a space E, we can take Cl(V,q); i can be seen as a linear map 
i : V — > C1(V, q) such that i(v) ■ i(v) = q(v)l. The assumptions say that i can be extended (in only one way) to 
a homomorphic map i: D — > C\(V,q). 

The Clifford algebra is thus unique up to a homomorphism. 

□ 

What we proved is the following: if for any E and for any j: V — > E such that j(v) ■ j(v) = q(v)l, there 
exist an unique j : D — > E which extend j, then D = Cl(V,q) up to a homomorphism. One ays that Cl(V,q) 
solve an universal problem. 

An explicit construction of Cl(V, q) can be achieved in the following way. We consider the tensor algebra 
T(V) = ® n ^ (® n V) = <C®V ®(V ® V) @ . . . over V the two-sided ideal 1 generated by elements of the form 
v (x) v — q(v)l. The Clifford algebra for (V, q) is given by 

Cl(p,q):=T(V)/l (5.12) 

in which product of C1(V, q) is naturally defined by [a] (x) [b] = [a (x) b] if [a] is the class of a e T(V). 

Let us now fix some notations more adapted to what we want to do. Let V = H p ' q the vector space 
MP +q endowed with a diagonal metric which contains p plus sign and q minus signs. For v, w 6 V, the inner 
product with respect to the metric r\ of v by w will be denoted by rj(v, w). The norm on V will be defined by 
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\\v\\ 2 = —T](v,v). It is neither positive defined, nor negative defined. The explanation of the minus sign will 
come soon. The Clifford algebra is the quotient Cl(p, q) := T(V)/I of the tensor algebra by the two-sided ideal 
I generated by elements of the form 

(v (x) w) © (w (x) v) © 2rj(v, w)l 

for v, w in V. Depending on the context, we will often use the notations Cl(?y) or Cl(l^) or Cl(p, q). The algebra 
product is [x] ■ [y] = x, y e T(V). As long aszel^c Cl(p, q), the expression rj(z, z) is meaningful. The 

definition of CI is such that z-z = —r](z, z). This leads to the somewhat surprising formula z 2 = \\z\\ 2 = —r/(z, z). 



5.2.2 First representation 

Let (V, g) be a metric vector space and C1(V, g) its Clifford algebra. For each v e V, we define the two following 
elements of End]R,(/\ V): 

e(v)(ui a ■ ■ ■ a Uk) = v a iti a ■ • ■ a Uk (5.13a) 

k 

l(v)(ui a ■ ■ ■ a Uk) = '^ J (—iy~ 1 g(u,Uj)ui a ■ ■ ■ a uj a ■ ■ ■ a uj. (5.13b) 

j'=i 

One has e(v ) 2 = and l{v) 2 = because v a v = 0. In order to understand the latter, we wonder what are the 
terms with g{v,Ui)g{v,Uj) are in 

k fc-i 

i(v) 2 (u\ A • • • A U k ) = 2 (-ly^giv, Uj) ^ (-l) /_1 g(w, Ul)U! A III A Uj A ■ ■ ■ A U k . 

1=1 1=1 

Let's suppose i < j. The first term comes when the first l(v) acts on Uj, its sign is given by (— 1) J (— 1)* . 
The second term has the same (— l) l_1 , but in this term, Uj is on the position j — 1 because Ui has disappeared. 
Now we use c(v) = e(v) + i(v) which fulfils for all u, v e V: 

c ( v f = g{v,v,)l 
c(u)v(v) + c(v)c(u) = 2g(u,v)l. 

Therefore c can be extended to a representation c: C1(V, g) —> End(/\ V). If {eo, • • • e„} is an orthonormal basis 
of V (i.e. g(ei, ej) = %•); in this case the c(ej) are anticommuting and a basis of Cl(V,g) is given by 

{c(e fel ) • • -c(e kr ) st 1 ^ fci < • • • < k r ^ n). (5-14) 



5.2.3 Some consequences of the universal property 

The map — id \ y extends to a e Aut ( C\(V)) , 

a(v\ ■ ■ ■ v r ) = (— l) r wi ■ • ■ v r 

(vi e V) and provides a graduation 

ci(V) = ci°(y)©ci 1 (y). 

The map r: C1(V) — » Cl(V^) extends id \v to an anti-homomorphism: 

t(v\- ■ -v r ) = v r ■ ■ ■ v\. (5.15) 

The complexification of C1(V, g) is 

C\ c (V,g) :=C\(V,g)® R <£^C\(V c ,g% 

the isomorphism being a (D-algebra isomorphism. The R-linear operator v <—> v in V c of complex conjugation 
extends to a R-linear automorphism a h- > a. We define the adjoint by 

a* = r(a) (5.16) 
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5.2.4 Trace 
Theorem 5.5. 

There exists one an only one trace Tr : C1 C (V) — > <C such that 
(i) Tr(l) = 1, 

(ii) Tr(a) = when a is odd. 

Proof. Let {ei, • • • , e„} be an orthonormal basis of (V,g) and a e Cl c (y). When one decomposes a into the 
basis of et, one finds a lot of terms of each order. Since Tr is a trace, when the ki are all different, 

Tr(e fel • • • e fe2r ) = Tr(-e k2 ■ ■ ■ e k2r e kl = Tr(-e fel • • • e k2r ) 

So the trace of any even element is zero. We decompose a into 

a = 2 a K Y\ e i 

K ieK 

where the sum is taken on the subsets of {1, ... , n}. A trace which fulfils the conditions must vanishes on even 
(but non zero) elements as well as on odd elements, so the only possible form is 

Tr a = a0 . 

Notice that in order to get this precise form, we used Tr(l) = 1 and linearity. This proves unicity and existence. 
Now we have to prove that this is a good definition in the sense that an other choice of basis gives the same 
result. So we take a new orthonormal basis 

n 

e'j = ^] Hj k e k 
k=i 

with H 1 !! = l„ xn - Now we have 

a = 2 a K Y\ et = ^ a' K Y\ e-, 

K ieK K ieK 

and we will prove that a@ = a' . Let's compute a lot: 

e * e i = YjYj HikH i iekei 

k I 

= ^] H ik Hjie k ei + ^ H ik Hjie k ei 

k=l k^l 

= ^H ik H jk l + ^ H ik Hjie k ei 

k k^l 

= {HH^ijl + ^ H lk Hjie k ei. 

The sense of this formula is that when i # j, the product e£e^ has no term of order zero. In other terms, as long 
as we only have terms of order zero, one and two, a change e — » e' does not change the term of order zero. We 
are now going to an induction proof: we want to prove that . . . e^eje' fc has no scalar term assuming that no 
even combination has scalar terms up to 2(r — 1). It reads 

Yi a K e »e{e' fe , 

K even isK 

therefore we just have to look at terms of the form 

e jl ...e j2r [(HH)i l l-Y i C i k i l e i e j ) 

where the e^ are all different. The first term cannot produce a scalar term. In order to find a scalar term in 
e h ■ ■ ■ e j2r efce '' we begin to look at terms whose decomposition of . . . e'j 2r ends by eie k , i.e. 

H i2r-2i H hr-ike' jl ■ ■ ■ e' 2r _ 3 ei e k e k ei . 

The induction assumption says that there are no scalar term in e' 2r _ 3 eie k e k ei. 

□ 
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One can prove that C1 C (C) is a Hilbert space with the scalar product 

(a\b) = Tr(a*b). (5.17) 
Let v eV with g{v, v) = 1 (thus in C1(V), we have v 2 = 1); since v = v, we have 

a*v = vv* = v 2 = 1. 

Lemma 5.6. 

T/ie maps a h- > ua awd a h-» au are unitary if and only if uu* = u*u = 1. 



Proof. We pick A e ?7(1) and w = Aw e F c which fulfils w*w = 1. This is the most general element such that 
ww * = w*w = 1. Now for an arbitrary a, b e C1 C (V), we compute the two followings: 

(wa\wb) = Tr ((wa)*wb) = Tr (a*w*w6) = Tr(a*6) = <a|6>, 



and 

(aw\bw) = Tr (w*a*6w) = Tr(ww*a*b) = Tr(a*6) = <a|6>. 

This proves that a i— > too and a aw are two unitary operators on the Hilbert space C\ C (V). 
For the converse, we impose for all a, b e Cl c (y): 

<ita|uk> = Tr(6a*H*w) = Tr(6a*). 

In particular with a*b = 1, Tr(w*u) = Tr(l) = 1, thus the scalar part of u*u is 1. So we write u*u = 1 + / 
where / is non scalar, and for any a; e Cl c (V r ) , we have 

Tr(x) = Tr(a;w*u) = Tr(x) +Tr(x/). 

We conclude that Tv(xf) = 0, and therefore that / = 0. □ 

5.3 Spinor representation 

For the spinor representation, we restrict ourself to the even case p + q = 2n. 

The aim of this subsection is to find some faithful representations of the complex Clifford algebra CI (p, q). 
In order to achieve this, we first consider V c , the complex vector space of V with an orthonormal basis 
{ei, • • • , e p -i,e p , • • • , e q }. The metric is r/(ek,ek) = 1 and i](e p+ k, e p +k) = — 1 for fc = 0, • • • ,p — 1. We use the 
following basis: 

fk = \( e k + e p+k ), gk = ^(efe - e p+k ), (5.18) 

fp+s = ^ e2 P+ 2s +* e 2p + 2s + l), g P +s = -^{&2p+2s — i&2p+2s) (5.19) 

for k = 0, ■ ■ ■ ,p — 1. We note that {/o, 50} spans a (D 2 -space which is 77-orthogonal to the one which is spanned 
by {/1, gi}. The following two spaces will prove to be useful: 

Fy = Span c {/ ,/ 1 }^C 2 , (5.20a) 
I£ = Span c { ff0 , 5l }^C 2 . (5.20b) 

It is easy to compute the various products; among others we find 

»7(/o,/o)=0, r?(/i,/o)=0, r/(/i,/i)=0; (5.21) 

so that for any w e W, we have (w, w) = 0; for this reason, we say that W is a completely isotropic subspace 
of (F c , 77 C ). The space W_ has the same property. 

Proposition 5.7. 

We have 

W~W*, (5.22) 
where W* is the dual space ofW. By ~ we mean that there exists a linear bijective map ip: W_ — > W* . 
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Proof. For each w e W_, we define ip(w) : W — > <D by 

We first show that the map ip is injective. Let w £ W be so that ip(w) = 0. Thus for all v e W, we have 

ip(w)v = r)(w,v) = 0. (5.23) 

By decomposing w = ®9o + bg± and taking successively v = fo and V = /i, we see that a = 6 = 0. 

The next step is to see that the map ib is surjective. We know that dimicW_ = dimcW* = 2 and that 
VKffo) ^ 0- Let's prove that {^(c/o), VKffi)} i s a basis of W* . It is clear by linearity that {if)(ag ) : a e <C} = 
Span{?/)((7o)}- The fact that ip is injective imposes that tp(gi) doesn't belong to Spanji/^go)}- So {ip(go),ip(gx)} 
is a two-dimensional free subset of W*, and therefore is a basis of W*. □ 

We turn our attention to the exterior algebra AW = € ®W ® (W a W) ® ■ ■ ■ ® A p+q W of W. 

Definition 5.8. 

We define the homomorphism p: — * End(ATL r ) by 



(5.24) 



p{fi)<* = ft A a, 
p{gi)a = -i{gi)a 

(v e , a e AW) where i denotes the interior product defined in page 19. 
More explicitly, for all z e C and for all w, w' e W, we have 

p(fi)z = zfi, p(9i) z = °> (5.25a) 

P(fi) w = ft A w : P(9t) w = -v(9i, w ) 1 , (5.25b) 

p(fi)(w a w') = 0, p(gi)(w a w') = -r](g l , w)w' + rj(gi, w')w. (5.25c) 

We will see that, via some manipulations, p provides a faithful representation of the Clifford algebra, the spinor 
representation. 

Remark 5.9. 

By " endomorphism of AW", we mean an endomorphism for the linear structure of AW . We obviously not have 
p(x)(a a j3) = p(x)a a p(x)f3. 

Proposition 5.10. 

The map p is injective. 

Proof. We have to show that p(v) = (v in V c ) implies v = 0. Any v e V Cl can be written as v = a l fi + b l gi 
with a sum over i. We first have that 

p(a l fi + b t g i )z = za l f, = 0, 
but the fi are independents and then a % = 0. We can also write 

P(b°g + b x gi )h = -b°v(g , h) - b l r,{ gi , h) = = 0, 

then b 1 = 0. The same with fo proves that b° = 0. □ 

The homomorphism p extends to the whole the tensor algebra of V c by the following definitions: 

p(l) = id AW , (5.26a) 
p(e k ) = p(e k ), (5.26b) 
p(e kl ®.-.®e kr ) = p{e kl ) o . . . o p(e kr ). (5.26c) 

So we get p: T(l /C ) — > End(AW). The following proposition will allow us to descent p to a representation of 
the Clifford algebra. 

Proposition 5.11. 

The homomorphism p maps I to 0: p(T) = 0. 
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Problem and misunderstanding 21. 

This proposition is wrong: there is a double covering. 

Moreover, there is a sign problem in the proof: the sign in the first lines is not the one used in the definition 
of the Clifford algebra. 

Proof. We have to check the following: 

p(v ®w@w®v — 2rj(v,w)l) =0 

for any choice of v,w in {eo, ex, e 2 , e-&\- Here we will just check it explicitly for v = eg and w = e\. The 
computation uses the definition (5.26c): 

p(e (x) ei © ei (x) e - 2i](e Q , ex) = p(e ) o p(e\) + p(ex) o p(e ) 

= 2[p(f a f-p( 90 f]. ( ' ] 

It is easy to see that p(fo) 2 = 0: 

P~(fo) 2 [z®w®wx a w 2 ] = p(fo)[zfa®fo a w] = zf a f , = 0. (5.28) 
The proof that p(go) 2 = is almost the same: 

/5(ffo) 2 [z®w@wi aw 2 ] = p(go)[-T)(g ,w)l ® -r]{g ,wx)w2 ®r}(g ,W2)wi]. 

□ 

We can now see p as a map p: Cl c (p, q) — * End(AVJ/). By construction, it is a homomorphism and, thus, is 
a representation of Cl c (p, q) on AW. For compactness, we use the notation 

la := V2p(e a ). (5.29) 

Lemma 5.12. 

The 7 's operators satisfy the following relation: 

la lb +lbla = -2l] ab l. (5.30) 



□ 



Proof. We have to check this equality on any element of AW. If we choose w\ = afo + bfi and w 2 = a'fo + b' fx, 
we find Wx a w% = (ab' — ba')fo a f\. 

For example, we will explicitly check (5.30) with a = b = 0, i.e. p(eo) o p(eo) = ^ id, which proves that 
7o 7o = id. 

p(eo) 2 [z ®w® (ab' - ba')f A fx] = p{fo + 9o) 2 [z © w © (ab' - ba')f a fx] 

= P(h + 9o) Zfo © /o A W © -77(50, w)l 

-(ab' -ba')r)(g ,fo)fi (5.31) 
+ (ab' -ba')rj(g ,fx)fo 

= \(z®w®(ab' -ba')fo a fx). 
Lemma 5.13. 

For any sequence io, . . . i% of and 1 (with at least one of them equals to 1), we have 

Tr(7o°---72 2 n --i)=0. (5.32) 

We take the convention that 7° = 1 . 

Proof. If the number of nonzero ik is even (say 2m), we have: 

Tr(7 ai . . .7 a2m ) = Tr( 7 

<J2„7ai ■ ■ • la 2m -i ) 

because the trace is invariant under cyclic permutations. But we can also permute ia 2m with the 2m — 1 other 
7's. Tr(7 ai ■■■la 2m ) = ( — l) 2n_1 Tr(7 Q2m 7 ai ••■7a 2m -i) because each permutation gives an extra minus sign 
(lemma 5.12). Then the trace is zero. 

If the number of nonzero ik is odd (say 2m — 1). Let i a = (we restrict ourself to the even dimensional case). 
We have Tr(A) = — r/ aa Tr(j47 a 7 a ). Using once again the cyclic invariance of the trace, Tr(7 ai . . . ia 2m -ilala) = 
Tr(7 Q 7 ai . . . 7a 2m _ 1 7a)- But, if we permute the first i a with the 2m-l first 7's, we find Tr(7 ai . . . 7o 2m _ 1 7o7a) = - Tr ( 
and the trace is zero again. □ 
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Proposition 5.14. 

The subset 

{1,7a 76 ( a < b),jajbjc (a < 6 < c), • ■ ■ ,70 ■ • -72™} 

is free in End(AM /r ). 

Proof. We consider a general linear combination of these operators: 

E = Al + ^ -^q7q + 2 ^fc7a7fc + ■ ■ ■ + 2 ^abcdlalblcld- 
a a<b a<b<c<d 

The claim is that if E = 0, then all the coefficients A(...) must be zero. First note that Tr(E) = = A by lemma 
5.13. It is also clear that Tr(jiE) = = A^. In order to see that Ay- = 0, we compute Tr^jjiE) = = Ajj. 
And so on. □ 

How many operators does we have in this free system ? Any operators in this system can be written as 
7q°, • • • 72^-1 w ith ik equal to zero or one. Thus we have 2 2n operators. On the other hand, we know that 
dim c AW = 2p + 2, and then that dim c End(AVF) = 4 2 = 16. The result is that {7*°, • --J^-l st i k = Oor 1} 
is a basis of End(AI / K). In other words (if we suppose a suitable ordering), the image by p of 

B = {1, ® e b , e a ®e b ® e c , e a ®e b ®e c ® e d ) 

is a basis of End(AW). 

If B is a basis of C9 q y then p is bijective and thus isomorphic. Therefore, we expect p: Cj^ — > End(AW) 
to be a faithful representation. It is not difficult to see that B is indeed a basis thanks to the equivalence 
relation. 



5.3.1 Explicit representation 

First, we choose a basis for AW: 
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Jo A /1 



Here is the explicit computation for the matrix 70 in this basis. 
P(eo)/i = Jo a fx, p(e )(f a fx) = \f X - Then 
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VJ 

First remark that p(eo)l 



(5.33) 
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(5.34) 



7o 



This allows us to write down 70; the same computation gives the other matrices. 
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(5.35) 



It is easy to check that these matrices satisfies (5.30). 

Notice that, up to a suitable change of basis in AW, these are the usual Dirac matrices. Indeed we actually 
solved the physical problem to find a representation of the algebra (5.2). We understand by the way why do 
physicists work with 4-components spinors: the 7's are operators on the four-dimensional space AW; hence the 
Dirac operator will naturally acts on four-components objects. 

The main result of this section is an explicit faithful representation of Cl c (p, q) . This allows us to write 
a Dirac operator which solve (see the invitation 5.1 and [43]) the problem to find a "square root" of the 
d'Alembert operator: the differential operator V = "f^d^ satisfies V 2 = Q 
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5.3.2 A remark 

Let us compare the two faithful representations 

c: Cl(V) End R (AV r ) 
p: Cl c End n (AW). 

They obviously comes from the same ideas. One common point is that 

c(ei)(ei a e 2 ) = 2p(ei)(ei a e 2 ) = e 2 , 

but they are different: 

P(e3)(e a e 2 ) = 

c(e 3 )(e a e 2 ) = e 3 a e a e\. 



5.3.3 General two dimensional Clifford algebra 

The Clifford algebra for the metric 

fJ 

is realised by matrices 

/« \ ^ _J5/^ P-S 2 /\a\ 

-'■ 1 



a (5 

(5 /3 



where e = +1 is chosen in such a way that e\a\ = a. 

5.4 Spin group 

We will not immediately go on with Dirac operators on Riemannian manifolds because we still have to build 
some theory about the Clifford algebra itself. In particular, we have to define the spin group which will play a 
central role in the definition of the Dirac operator. Almost all -and (too ?) much more- the concepts we will 
introduce in this section can be found in [42] ; a more physical oriented but useful approach can be found in [48] . 
Let define the map X' F(p,q) -> GL(]R}' 3 ) by 

X{x)y = a(x) ■ y ■ x^ 1 . (5.36) 

Let 

L(p, q) = {x € Cl(p, q) st x is invertible and x( x )y 6 V f° r au V 6 

It should be remarked that this definition comes back to the real Clifford algebra. The Clifford algebra product 
gives this subset a group structure which is called the Clifford group. Any x e V is invertible since x ■ x = 
—r](x,x)l, the inverse of x is given by x^ 1 = x/\\x\\ 2 . 

The subset C\(p,q) + (resp. Cl(p, q)~) of Cl(p, q) is the image of even (resp. odd) tensors of T(V) by the 
canonical projection T(V) — > Cl(p, q). With these definitions, we have a natural grading of CI: 

Cl(p,q) = C\( P ,q) + ®C\(p,q)-, (5.37) 

and the subgroups 

r(p,«)+=r( P , 9 )nCl( P , ? )+ T(p,q)- =T(p,q)nC\(p,q)-. (5.38) 



For xi, . . . ,x n e V, we have t(x\ ■ ■ ■ x n ) = x n ■ ■ ■ x\. The spin group is 

Spm(p,q) = {xeT(p,q)+\T(x)=x- 1 } (5.39) 
while the spin norm is the map N: T{p,q) — > T(p, q) defined by 

N(x) = XT(a(x)). 

We will see in proposition 5.25 that N actually takes its values in R and is therefore a homomorphism 
N:T(p,q)^~R 

Remark 5.15. 

The elements o/ Spin(p, q) are spin-normed at 1. Indeed, take a s in Spin(p, q). We have N(s) = s ■ t(s) = 1 
because a(s) = s and r(s) = s _1 . In particular Spin(p, q) n R = Z 2 . 
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5.4.1 Studying the group structure 
Proposition 5.16. 

The set q) admits a Lie group structure. 

Proof. During this proof, /i denotes the Clifford multiplication: fj,(x,y) = x ■ y. We know that Cl c (p, q) is 
isomorphic to End(AM /r ) in which the multiplication is a continuous map. Thus [i is continuous on Ci c (p, q). 
But Cl(p, q) is a closed subset of Cl c (p, g), so /i is a continuous map in Cl(p, q). This proves that x seen as a 
map from T(p, g) x to V is a continuous map. 

The space V is closed in C\(p,q), thus cr _1 (^) is also closed. But cr _1 (V r ) = T(p,q) x Cl(p, g). So r(p, g) is 
closed in Cl(p, g). 

Now the result is just a consequence of theorems A. 6 and ??. Indeed, let us study the subset 1 which 
appears in the definitions of the Clifford algebra. It makes no difficult to convince ourself that it is a closed 
subgroup of T(V). The theorem ?? thus makes C\(p, q) = T(V)/X a Lie group. But we just say that T(p, q) is 
closed in Cl(p, g), and the fact that T(p, g) is a subgroup of C\(p, q) is clear. By theorem A. 6 we conclude that 
there exists a Lie group structure on T(p, q). □ 

Lemma 5.17. 

The map x *' s a homomorphism, in other words x is a representation ofT(p,q). 
Proof. The following computation uses the fact that a is a homomorphism: 

x(a ■ b)y = a (a ■ b) ■ y ■ (a ■ = a (a) ■ a(b)y ■ 6 _1 • a -1 
= a(a) ■ X(b)y ■ a -1 = x(a)x(%- 

□ 

Let y e T(p, g)~ and v e V. Where is y ■ v ? First note that (y ■ v)^ 1 = v^ 1 ■ y^ 1 , so that 

a(y ■ v) ■ w ■ (y ■ v)^ 1 = —a(y) ■ v ■ w ■ v^ 1 ■ y^ 1 

= —a(y) (2i](v, w) — w ■ v) ■ • y~ x (5.40) 
= —2rj(v, w)a(y) ■ v^ 1 ■ y + a(y) ■ w ■ y^ 1 

which belongs to V because y e T(p, q). This reasoning shows that (apart for 0), y ■ v e T(p, q) + if and only if 

y e r(p, q)~. 

Lemma 5.18. 

If x e V is non-isotropic (i.e. r/(x,x) ¥^0), the automorphism x( x ) zs the orthogonal symmetry with respect to 
We recall that 

x 1 = {y e V st rj{x,y) = 0}. 
We will denote by a x the orthogonal symmetry with respect to x x . 

Proof. When the operator a x acts on y, it just change the sign of the "x-part" of y. So we can write a x y = 
y — 2r)(x,y)l x , where 1^ := £c/[[a;|[. It should be checked if x( x )y = ct{x) ■ y ■ x^ 1 is equal to y — 2rj(x,y)l x or 
not. We know that x ■ x = r)(x, x)l = —\\x\\. It follows that 

x ■ x 

x-y + y-x = 2ri{x,y)-—. 

N 

If we multiply this at right by x~ l , using the fact that a(x) = —x, we find 

-a(x) ■ y ■ x^ 1 = -y + 2r)(x, y)l x , 
which is precisely the identity we wanted to check. □ 

The following result will help us to identify subgroups of Clifford group as isometry groups. 
Theorem 5.19 (Cartan-Dieudonne theorem). 

Each a in 0(1, 3) can be written as a = T\ o . . . o r m , where the t 's are orthogonal symmetries with respect to 
hyperplanes which are orthogonal to non-isotropic vectors. 
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Proposition 5.20. 

x(T(p,g)) = 0(p,g). 



Proof. In order to show that x(r(p, <?)) <^ 0(p, g) take z e V and a; e g). Since a(x) ■ z ■ x~ x lies in V, we 
can write: 

a(x) ■ z ■ x^ 1 = —a (a(x) ■ z ■ x ) = —x ■ ot(z) ■ a{x^) = x ■ z ■ a(x^ 1 ). 

In order to see that x( x ) e 0(p,q), we have to prove that ||x( a; )2/||(p q ) = Wvffpqy This is achieved by the 
following computation: 

WxWyffaq) = - (a(x) ■ y ■ x' 1 ) 2 = (a{x) ■ y ■ x' 1 ) (x ■ y ■ a(x -1 )) 
= ~a(x) -y 2 -aix' 1 ) = \\y\\ 2 (M y 

The last step is simply the fact that y 2 e 1R and therefore commutes with anything. We now know that 
X(x) 6 0(p, q) for all x £ T(p, q). Thus x(r(p, «)) <= 0(p, q). 

For the second part, let a be in 0(p,q). The Cartan-Dieudonne theorem(theorem 5.19) says that a = 

a Xl o . . . o a Xr for some x\, . . . ,x r in V. Thus a = x( x i ' " ' x r), and 0(p, q) a x(r(p, q))- □ 

Proposition 5.21. 

kerx = R x (5.42) 
where the right hand side is the set of invertible elements of 1R. 

Proof. Before beginning the proof, we want to insist on the fact that x 6 kerx does not mean that x( x )y = 
for all y in V . The "zero" of an algebra is the clement e which satisfies e • y = y ■ e = y for all y in the algebra. 
In other words, x is in the kernel of x if an d only if x( x ) = id- 
First we show that Ro c ker^- If x e R, then a(x) = x. Therefore, when x 0, 

x( x )y = a(x) ■ y ■ x^ 1 =y, 

because the algebra product • between an element of C\(p, q) and a real is commutative. Note that this does 
not work with x = 0. 

We are now going to show that ker% <z R. Let z e kerx- We decompose (definitions (5.38)) it into his 
odd and even part: z = z + + z~ , with z- e T(p,q) ± . These two can be written as z + = ej 1 ■ ■ ■ e j2j . and 
z~ = ejj • ■ • ej 2p _ 1 with no two or jk equals. This is almost the general form of elements in even and odd part 
of T(p,q): the only other possibility is z in R. Obviously a(z-) = +z-. Multiplying the condition x{ z )y = 2/ 
at right by (z + + z~), we find 

(z + - z~)y = y(z + + z~). 
Thanks to equation (5.37), we can split this condition into even and odd parts: 

z + y = yz + , z~y = -yz~. (5.43) 

The first equation with y = ej 1 gives • • • e j2j . • ej x = e^e^ ■ ■ ■ ej 2r . In the left hand side, permute the last ej 1 
from last to second position. So we find the right hand side, with an extra minus sign. This means that z + = 0. 
In the same way, the second equation gives z~ = 0. We are left with the last possibility: z e R. □ 

Corollary 5.22. 

For any s 6 T(p,q), there exists some non-isotropic vectors d c e R such that s = cx\ ■ ■ ■ x r . 

Proof. Let us take a s e T(p, q); we just saw (theorem 5.20) that x( s ) is an element of 0(p, q). It can be written 
x(s) = a% a ... o a m . But we had shown that <jj = x( x i) f° r anv x i normal to the hyperplane defining Cj. We 
thus have 

X(s) = x( x i ■ ■■x m ), 

where s belongs to T(p,q) and is therefore invertible. This leads us to write id = x( s 1 ' x i ' ' ' x m)- But the 
kernel of x is R (proposition 5.21); so one can find a r e R such that s _1 ■ x\ ■ ■ ■ x m = r. The claim follows. □ 

Lemma 5.23. 

Ifv 6 V, 

detx(«) = -1. (5.44) 
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Proof. We already know that det\(v) = +1. To check that the right sign is plus, take the following basis of V: 
{v, v^-} where {v^-} is a basis of v 1 . Calculating the action of x( v ) on this basis, we find: 

X(v)v = -v ■ v ■ v' 1 = -v, 

, s X X -1 X -IX ( 5 - 45 ) 

X(v)v l =-vv i -v = v l ■ v ■ v = Vi . 

In this computation, we used the relation v ■ w = —w ■ v — 2(v, w) which is true for all v, w in V. The action of 
x(v) on this basis is thus to let unchanged three vectors and to change the sign of the fourth. This proves the 
claim. □ 

Theorem 5.24. 

x(I>,g)+) = SO(p,g). (5.46) 

Proof. From corollary 5.22, and definition 5.38, an element s e T(p, q) + reads s = cv\ ■ ■ ■ V2r- Thus 

detx(s) = detx(ui • ■■v^r) = det [x{v\) ■ ■■x{ v 2r)] ■ (5.47) 

But we know that, for all Vi in V, detx(Vi) = —1. So detx(s) = 1 and x(T(p, q) + ) c SO(p, q). As set, 

r(p,g) = r(p,g) + u T(p,q)~, 

but the lemma shows that detx(r(p, q)~) = —1 so, from theorem 5.20, x(r(p, q) + ) must be the whole SO(p, q). 

□ 

Proposition 5.25. 

The map N takes values in 1R and the formula 

N(x-y) = N(x)N(y), (5.48) 

holds for all x, y 6 T(p, g). 

Proof. We write as usual x e T(p, g) as x = cv\ ■ • ■ v r . So, 

N(x) = cvi ■ ■ ■ v r T(a{cv\ ■ ■ ■ v r )) = (— l) r c 2 vi ■ ■ ■ v r ■ v r ■ ■ ■ v\. (5.49) 

The first equality comes from the fact that a{cv\ ■ ■ -v r ) = (— \) r cv\ ■ ■ -v r . Now N(x) e R because • = 
— (vi, Vi} e R for all i. Hence the following hold: 

N(x -y) = v-y r(a(v ■ y)) 

= v ■ y ■ r(a(y)) ■ r(a(v)) 
= v ■ N(y)r(a(v)) 
= N(y)N(x). 

This is the claim. □ 
Theorem 5.26. 

We have the following isomorphism of groups 

Spin(p,g) = SO (p,g). 

provided by the map x- 



Problem and misunderstanding 22. 

This result is wrong because of a double covering issue. The real proposition is the next one. I should try to 
merge the proofs. 

Proof. Let {ei, ■ • ■ , e p , fx, ■ ■ ■ , f p ) be a basis of R p+9 where the e^s are time-like and the fj's are space-like. 
Following the discussion at page ??, we have 

SO(p,g) = SO (p,g) u £SO (p,g) 

where £ is defined as follows: £ei = — ei, £/i = — f\ and = ejt, £/fe = fk for k ^ 1. This element can 
be implemented as £ = x(g) f° r 9 = ei/i. It is easy to see that g _1 = —f\e\ and that r(g) = /iei, so that 
g $ Spin(p, g). 
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Is it possible to find another h e T(p, q) such that x{h) = £ ? If x( a ) = x(°) for a, b e g), then a = rb for 
a certain reft. So we find that h = g^ 1 jr is the general form of an clement in T(p, q) such that xQ 1 ) = £■ This 
is an element of Spin(p, q) if and only if t(K) = h^ 1 , or —e\f\jr = re±fi which has no solutions. We conclude 
that no element of Spin(p, q) is send on £ by x- So 

x(Spm(p,q)) c SO (p,q). 



Problem and misunderstanding 23 



/ still have to prove the surjectivity of x from Spin(p, q) to SO(p, q). 



□ 



Theorem 5.27. 



X (Spm(p,q)) = SO (p,q) (5.51) 
where the index means the identity component. 

Proof. Proposition 5.21, theorem 5.24 and remark 5.15 show that the map x : Spin(p, q) —> SO(p,q) is a 
homomorphism with Z 2 as kernel. We begin to prove that x : Spin(p, q) — > SOo(p, q) is surjective. On the one 
hand, elements of Spin(p, q) satisfy one more condition than the ones of T(p, q) + . Thus the algebra Spin(p, q) 
has codimension one in T(p, q) + . 

On the other hand, we know that SO(p, q) = SOo(p, q) u hSOo(p, q) where h is the matrix such that 
hei = —ei for i = 0, . . . , 3. Since Spin(p, q) has codimension one in T(p, q) + , there is at most one more generator 
in x(r(p, q) + ) than in x(Spin(p, q)) (because x is a homomorphism). In order to prove this theorem, we just 
need to show that elements of xfiip, q) + ) which do not belong to x(Spin(p, q)) is h. 

Is is no difficult to see that x( e o -e.\-e.i - e^ei = —ei for i = . . . 3: just write x( e o ' e i " e 2 " £3)^1 = eo • ei ■ £2 ■ 
63 "Ci ■ e^" 1 ■ e^" 1 ■ ej -1 ■ 1 and use the commutation relations. An easy computation gives N(eo ■ e\ -ea ■ 63) = — 1; 
then this is not in Spin(p, q) by remark 5.15. □ 

We write it by the exact sequence 

Z 2 < ^Spin(p, g )^UsO (p,g) (5.52) 

we say that the group Spin(p, q) is a double covering of SOo(p, q). 
Lemma 5.28. 

If tt: X — » X is a covering which satisfies 

(i) X is path connected, 

(ii) Va; e X , X x := 7r _1 (a;) is path connected in X i.e. for all a, b e X, there exist a path in X which joins a 
and b, 

then X is path connected. 

Proof. If x and y are in X, we can suppose that tt(x) # 7r(y) (because if tt(x) = n(y), the second assumption 
gives the thesis). We define x and y as their projections: x = tt(x) and y = n(y). Let 7 be a path such that 
7(0) = x and 7(1) = y, and 7 be the lift of 7 in X which contains x: 7(0) = x, and 77(7(1)) = 7(1) = y. Then 
7(1) lies in X y . Therefore, we can consider 7' which joins 7(1) and y. 

So, 7' o 7 is a path which contains x, and y. □ 

Proposition 5.29. 

The group Spin(p, q) is connected. 

Proof. We will prove that the covering X- Spin(p, q) — * SOo(p, q) fulfils lemma 5.28. We just have to show that 
Spin(p, q) fulfills the second assumption of the lemma. First note that x(^) = x(v) implies x(^?/ _1 ) = e i and 
then x = +y because of proposition 5.21. Since the other case is trivial, we can suppose x = —y. 

It remains to prove that for every g e Spin(p, q), there is a path in Spin(p, q) which joins g and —g. The 
answer is given by the path 1 1— > j(t)g where 

7(i) = exp(iei • e 2 ) = cos(t)(-l) + sin(i)ei • e 2 



which satisfies 7(0) = 1 and 7(71") = 



-1. 



□ 
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Proposition 5.30. 

The homomorphism p restricts to a homomorphism p: Spin(p, q) —> GLi(A + W). 
Proof. An element in Spin(p, q) reads s = cv\ ■ ■ ■ V2r and its image by p is 

p(s) = Cp(Vx) o • ■ • o p(v 2r )- 

When one applies p(v±) to an element a e A k W, one obtains a linear combination of an element of A fc_1 W and 
one of A k+1 W. The element p(s) being an even composition of such maps, its transforms an element of A+iy 
into an element of A + W. □ 

Notice that an element of V — no V c — is represented on A + W by complex matrices. This is not a problem. 
In the case of R 1 ' 3 , we have dim A+VF = 2 and thus 

p(Spin(l,3)) c GL(2,(D). 

The following is the lemma 8.5 (page 57) of [37]. 

Lemma 5.31. 

Let p: Cl(p, q) — > Home (£, E) be a representation of the Clifford algebra on a vector space E. If p + q ^ 2, 
then for all s e Spin(p — 1, q) a Cl(p, q), 

det c (/»(*)) = +!• 

Proof. No proof. □ 
Theorem 5.32. 

The representation p provides a group isomorphism 

Spin(l,3) ~ SL(2,C) 

Proof. In the case p = 2, q = 3, the lemma assures us that for each s in the spin group, det p(s) = 1. Since 
Spin(l,3) is connected and the determinant function is continuous, we deduce that det p(s) = 1. This proves 
that p( Spin(l, 3)) c SL(2, (D). The proposition 2.1 thus implies that 

p(Spin(l,3)) =SL(2,<D), 

but from Cl(l, 3), the representation p is yet injective. A forciori, the representation p is injective from Spin(l, 3). 
This finishes the proof. □ 

5.4.2 Redefinition of Spin(F) 

As it, this new definition only holds when g is positive defined. 



Problem and misunderstanding 



24. 



When we work with a signature (p,q), maybe we only get the connected part. To be checked. 

Let us take v, x e V with g(v, v) = 1. We have 

-rat; -1 = —vxv = —2g(x, v)v + xv 2 = x — 2g(x, v)v 6 V. 

The effect was to reverse the v component of x; the map x i— > —vxv -1 is a" . Now, when A £ U(l) and w = Xv, 
we also have that x i— > —wxw^ 1 is a v . Now we look at x( a ) '■ x l— * a(a)xa^ 1 with a = w\ . . . w r , a product of 
unitary vectors in . Explicitly, 



x(a)x = (—l) r wi . . . w r xw r 



i 



a composition of reflexions in V. When r is even, it is a rotation. We conclude that when a is an even product 
of unitary vectors in , then x( a ) e SO(V). Theorem 5.19 states that any rotation of V is a composition of 
reflexions. So we define 

Spin c (y) = { Wl ...w 2k st w,j e V € , w* Wj = 1} c Cl c °(^), (5.53) 
and x : Spin c (y) SO(V) is a surjective group homomorphism. The inverse in Spin c (V) is given by 
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In the real case, proposition 5.21 says that ker% = R x . In the complex case we get ker% = (D x and, when we 
look at kerx|g P i n <=(y), we find 

kev X = U(l). (5.54) 

Then we find the short exact sequence 

1 £7(1) Spinal/) SO(V) 1. (5.55) 

Let u = w\ . . . W2k £ Spin c (y) with Wj = XjVj and Xj e V, so t(u) = w 2 k • ■ ■ Wi and 

t(u)u = W 2k ■ ■ ■ WiWi . . . w 2 k = X\ ■ ■ ■ X\ k e [7(1). 
This proves that t(u)u is central in Spin c (V r ). We define the homomorphism 



v. Spin c (y) -» f/(l) 
u i-> t(u)u. 



(5.56) 



This is a homomorphism because 



v{uiu 2 ) = t(u 1 u 2 )u 1 u 2 = t(u 2 )t(ui)uiu 2 = t(u 2 )u 2 t(ui)ui 

central 

= v(u 2 )v(ui) = v(u\)v{u 2 ). 
The map v naturally restricts to [7(1) as 

v(\) = A 2 . 

The combined map (x,v): Spin c (V^) -> SO(V) x [7(1) has kernel {±1}. We define 

Spin(F) = keri/| Spin c (v) . (5.57) 

Lemma 5.33. 

This group is the same as the one defined in equation (5.39). 

Proof. Let u e Spin(y) (in the sense of equation (5.57)). The fact for u to belongs to Spin(y) implies the two 
following: 

(i) u e Spin c (V) => u*u = 1, 

(ii) u e keri/ =^> t(u)u = 1. 

The second point says that m _1 = t(u), which is a first good point to fit the first definition of Spm(V'). Now 
we have to prove that u e T + (V): u must be invertible and x( u ) x must belongs to V for all x e V. These two 
points are contained in the definition of Spin c (y). □ 

Let us see in the new definition how is x : Spin(V) — » SO(V). On Spin c (V r ), we have ker^ = U(l), but on 
Spin(V r ) we require moreover t(u)u = 1, thus an element of ker x in Spin(V^) fulfils t(A)A = 1, so that A = {+1}. 
We conclude that kerx|spin(v r ) = {±1}; an d then that Spin(V) is a double covering of SO(F). 

5.4.3 A few about Lie algebra 

Proposition 5.34. 

We have an isomorphism 

spin(p,g) ~ so(p,q) 
between the Lie algebras of Spin(p, q) and SO(p, q). 

Proof. Using the second part of lemma A. 7, with the map x '■ Spin(p, q) — > SO(p, q), we find that <ix e (spin(p, q)) = 
so(p,q). Then we know (lemma A. 8) that 

so(p, q) = spin(p, q)/ker dx e - 

On the other hand, the first part of the same lemma gives us that x _1 ( e ) is a Lie subgroup of Spin(p, q) whose 
Lie algebra is ker dxe- But X _1 ( e ) = %>2> so ker dx e = {0}. □ 
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Let us now shortly speak about the Lie algebra of T(p,q) + . A basis of C\(p, q) + is 

{l,7o -7i, 7o -7i ; 7o -73,7o • 71 1 72 -73}- 

Thanks to the anticommutation relations, we don't need 71 • 72 in the basis. 

Remember that T(p, q) + is the set of the x e G\ + (p, q) such that x • v ■ a(x _1 ) lies in V for all v e V. Let 
x(t) be a path in T(p, q) + such that x(0) = e and i(0) = X. Differentiating the definition relation, we find 

x ■ v ■ a(x^ 1 )\o + x ■ v ■ (— )a(i)|o = X ■ v — v • X, 

therefore 

£ie(I>, q) + ) = {X e Cl + (p, q) such that X ■ v - v ■ X e V, Vw £ V} . 

It is clear that <C is a subset of £ie(F(p, q) + ), and that V is not. The following computation shows that V ■ V 
is a subset £ie(r(p, (?) + ): 

a ■ b ■ v — v ■ a ■ b = 2rj(v, a)b — 2r](v, b)a. 
We can also check that V" • V • V • V n £ie(r(p, = 0. A basis of £ie(r(p, is 

{1, e Q • ep st a < /3} 

We know that ker[%: T{p, q) + — > SO(p, g)] = Ro- So the kernel of the restriction of dx e to £ie(T(p, + ) is 
the Lie algebra of Ro (see lemma A. 7), which is R. Therefore, a basis of spin(p, q) is 

{e a ■ ep st a < /?}. 

5.4.4 Grading AW 

We already know that AW = <D ©W © A 2 W. This space can be written as 

AW = AW + ®AW~, 

with AW^ + = W and AW~ = (D © A 2 VF. The interest of such a decomposition lies in the definition of an action 
of Cl + (p, q) on AW. This action will be defined by • : Cl + (p, q) x AW — > AW, 

a; • a = p(x)a 

for any a; in Cl + (p, g) and any a in AVT (see definition 5.8). 
Proposition 5.35. 

This action preserves the grading of AW: 

C\ + (p,q) • AW+ =AW+ 

(5 58) 

C\ + (p, q) • AW~ =AW-. 

Proof. For x e (D, theses equalities are obvious. We have to check it for x = ei ■ ej. Here, we will just check that 
(ei ■ eo) • (v a w) e APF" 1 ". This follows from a simple computation: 

/5(ei)/5(/ + 9o)(« a w) = p(/i + gi) [-r)(g , v)w + 77(30, 

= -r)(9o,v)fi a to + fl(go,w)f 1 a ?J (5.59) 
+ v(go,v)v(gi,w) -T](g ,w)i](g 1 ,v). 

□ 

Since Spin(p, g) is a subgroup of Cl + (p, g), we can construct two new representation of Spin(p, q). These are 
p ± : Spin(p, q) x AW ± -> AW ± , 

p- ( s ) w - = p[a)w~ , 
p (s)ui = p(s)w , 

for w 111 in AVK*. This is no more than the fact that p is reducible and that two invariant subspaces are AM^ + 
and AW~. 
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5.4.5 Clifford algebra for V = R 2 
5.4.5.1 General definitions 

The whole construction can also be applied to V = R 2 with the Euclidean metric. This is our business now. 
We take the complex vector space and an orthonormal basis {ei,e2}. As before, we define 

h = ^(ei +ie 2 ), 9i = -(ei -ie 2 ). 

There are no difficulties to see that Span(fi) is a completely isotropic subspace of V c . Thus we define W = <D/i, 
AW = <£®W 7 AW+ = C, and AW~ = W. The homomorphism p: V c -> End(AVF) in AW is defined by 

= /i a a, 

x ., x ( 5 - 61 ) 

where a is any element of AW. In the basis 1 = (^] and /i = , we easily hnd that 

j_ 

' 2 



o; J1 vi 



o -A x /o 



P( e i) =1 n 2 > /5( e 2 



i o r rv z; \-i o ^ 

For c e R we also have p{c)f\ = c/i and p(c)l = c, thus we assign the matrix to the number c. 

As before, we define ji = \/2p(ei). We immediately have 7172 + 7271 = and 7i7^ = —21, so that the 7's 
satisfy the Clifford algebra for the euclidian metric. 

For notational conveniences, it proves useful to make a change of basis so that we get 

- - (! -o 1 ) ■ »-(! 5)- 

The algebra Cl(2) is isomorphic to the algebra which is generated by direct sum Cl(2) ~ R©7i©7 2 ©R7i72- 
A general element of Cl(2) can be written as xji + 2/72 + x'R + 2/7172- In the representation of p, a general 
element of Cl(2) is therefore 

' x' + iy 1 x + iy 
-x + iy x' — iy' 

so that we can write the Clifford algebra of R 2 as 

Cl(2) = {(_^ £j :a> ^C 
The following four matrices provide a basis: 



v o 1/' v° v' v °/' v-i 

We can check that these matrices satisfies the quaternionic algebra 

•2 -2 ; 2 I 

% = j = k = —1 

ij = -ji = k, 
jk = -kj = i, 
ki = —ik = j. 



(5.64) 



The algebra Cl(2) = H is represented by p on <D by the Pauli matrices 1, k which are given by (5.63). 
5.4.5.2 The maps a and t 

What are the matrices which represent V ? These are p(ei) and p(e.2)- Thus we can write V = Span ]R {7i, 72} 
s P an ]ft{j- or 

-{(-Vo) — 

As before, a is the unique homomorphic extension to Cl(2) of — id on V. From the definitions, we get 
a(j) = — j, a(k) = —k. The extension present no difficult. For example: a(i) = a(jk) = a(j)a(k) = jk = i, 
but a(jk) = a(i); then a(i) = i. The same gives a(l) = 1. 
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The case of r is treated in similar way. We find: r(j) = j, r(k) = k, t(i) = —i, t(1) = 1. 
Now, we can find the group T( 2 ). The condition for x e Cl(2) to be in T( 2 ) is a(x)yx~ 1 to belongs to V for 
all y eV. We put 



A typical y in V is 

A few computation gives: 

a(x)yx^ 1 



a 0\ , . fa -A 



tA 
-rj ■ 



1 / arjfi + ftrja aar] — (3(3rj 



£ N 

If we impose it to be of the form I - I for all j) e (D, we get, for all r\ e (D, Re(af3r]) = 0, which implies 



M 2 + \fl\ 2 yflPv ~ aa7 i v a P + ar iP 

. a 

a/3 = 0. So we conclude: 

T(2) = j ^ ! ^ : a 7/3 G C not both equals zeroj . 

Be careful on a point: T( 2 ) is the multiplicative group generated by these two matrices, not the additive one. 

5.4.5.3 The spin group 

It present no difficult to find that 

r ( 2) = {(o £) : °*°}- ( 5 - 65 ) 

The spin group is made of elements of which satisfy t(x) = x~ x . We know that r 

and that ( ^ _] = -= [ ^ |. Thus the condition t(x) = x^ 1 becomes \a\ 2 = 1. The first conclusion is 
that 

Spin(2) = U(l). (5.66) 

A typical s in Spin(2) is 

r e ie 







( a 








-) 

a 


" U 


a 



s = e 



e 



-(0 



The next point is to see the action of Spin(2) on V. The action of s e Spin(2) on a vector v e V is still 
defined by s • v = x( s ) v = a (s) ■ v ■ s _1 . More explicitly: 

/e ie \ / z\ fe- M \ / e™z\ „, 
= e _« J (_j J e « J = [_ e -2 iej o J , (5-67) 

where the matrix ^ ^ denotes the representation of the vector v of V. This equality can be written 
e' 10 -v = e 2l9 v. If we note v = v\ + iv 2 = \ Vl ] , we get 



v 2 



e 2ie .v 



cos 26* -sin20\ fv x 
sin26> cos 26* J U 2 



Therefore, we can write 



( i8\ — f cos 28 — sin2#\ 
X{€ > ~ I sin 20 cos20 J ' 



So x projects [7 (1) into SO(2) with a kernel 7L 2 , for this reason, we say that U(l) is a double covering of 
SO (2). We note it 

TL 2 — £7(1) 3. SO(2). (5.68) 
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5.5 Clifford modules 

References: [39, 40]. 

Let M be a manifold. We denote by C1 C (M) the bundle whose fibre at x e M is the complex Clifford 
algebra of the metric g x : C\ <C (M) X = CI (g x ). We define the important map 

7 :r(M,Cl c (M))^<B(^) 

which can be extended to the whole Clifford algebra. 

Let V be a vector space endowed with a bilinear symmetric form. We consider C\(V), the corresponding 
Clifford algebra. A Clifford module is a real vector space E with a Z^-graduation and a morphism 

p E - C1(F) -> End(£) 

of ^2-graded vector spaces. It is defined by a linear map pe ■ V — » End(F) such that 

Pe(v)pe(w) + p E (w)p E (v) = B(v, to) id (5.70) 

for every v, w e E. The element pe(x)v will often be denoted by x ■ v and the operation pe is the Clifford 
multiplication. The dual module E* is defined by pe*{x) = Pe(#*)*, i-e. 

(p E *(x)i>,v) = i-l)WM(1>,PE{T{x))v> (5.71) 

for every i/j e E* and v e E. Here 

Let 2t be a Z^-graded subalgebra of Cl(y) and Ei, a 2l-module. Then the space 

E = Ind^ 1(y \E 1 ) = C\(V) ® a E 1 

has a structure of Clifford module, the induced module. The tensor product ®a is the usual one modulo the 
subspace spanned by elements of the form 

x ® a ■ y — xa®y 

for every x, a e C1(V) and y 6 E±. In a similar way, if E is a complex vector space we have a notion of 
Cl c (XO-module. 

Let x e Cl(y) be such that x 2 = 1. In that case the Clifford multiplication pe{x) decomposes E in 
eigenspaces 

E ± = l -(l+p E {x))E. 

If is a n-dimensional vector space with an oriented orthonormal basis {ei, . . . , e„}, the algebra Cl(V^) has 
a volume element uj = e\&2 ■ ■ ■ e„ which does not depend on the choice of the basis. The volume element 
squares to 

U 2 = (_l)»("+l)/2. ( 5 ?2 ) 

In the complex case, we consider the complex vector space V c and the complex Clifford algebra Cl c (V r ) = 
C1(V) ®e, <D, and the volume element is defined as 

wc = i^+^uj. (5.73) 

where [x] is denotes the integer part of x. Performing a separate computation for n even or odd, it is easy to 
see that in both case, 

col = 1. (5.74) 

So in the complex case we always have an element in C1(V) which squares to 1, and a Cl c (V r )-module W always 
accepts a decomposition as W- = |(1 + uj<c)W . 

One says that a representation p of C1(V) on W is reducible if there exists a splitting W = W\ © W% such 
that p(C\(V))Wi <^Wt. If the representation is not reducible, it is said to be irreducible. Two representations 
Pj : C\(V) — > End(Wy) are equivalent if there exists a linear isomorphism F: W\ — > Wi such that F o pi(x) o 
= p2(aj) for every x e C1(F). 

Proposition 5.36. 

The real Clifford algebra has 

(2 if n + 1 = mod 4 
I 1 otherwise 
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inequivalent irreducible representations. The complex Clifford algebra Cl c (y) has 

!2 if n is odd 
1 if n is even 

inequivalent irreducible representations. 

Proof. No proof. □ 

If M is a manifold, we denote by C1(M) = Cl(TM) the bundle whose fiber at x is the Clifford algebras 
of T X M . We consider an orthonormal basis {e^} and if £ is a multi-index {1 ^ a%, . . . , ^ cr t si m}, we pose 
es = e CTl . . . e at e C1(M). By convention, e0 = 1. Since the elements are ordered, they provide an orientation: 

m 

dVol = e 1 a... Ae m e/\(M). (5.75) 

Since the map e CTl a . . . Ae CTt >-» e CTl ... e(Tt is an isomorphism between C1(M) and /\(M), we say that (i Vol e C1(M). 
Now we define 

k = r^+^dVol, 

which is nothing else that the volume form normalised in such a way that k 2 = 1. If m is even, it anti-commutes 
with TM , and if m is odd, it commutes with TM. 

Let V be a m-dimensional real vector space, and Cl^iV), the corresponding complex Clifford algebra. 

Lemma 5.37. 

Every C1 C (V) -module accepts an unique decomposition as sum of irreducible representations as follows 
(i) if m = In, there exists one and only one irreducible CI (V)-module A and dim(A) = In, 
(ii) if m = 2n + l, we have two inequivalent irreducible modules A+ with^(n) = +1 on A+ and dim(A+) = 2™. 

Proof. No proof. □ 

Let V be a vector bundle over M. A structure of Cl(M)-module over V is a morphism of unital algebra 
7: C1(M) — > End(F). When one has a basis {e^} of V, we pose 7$ = j(ei). The following lemma is the lemma 
1.2 of [40]. 

Lemma 5.38. 

Let V be a Q\(V)-module and {e^}, an orthonormal basis for TM on a contractible open set V. Then there 
exists a local frame for V such that the matrices j(ei) are constant. 

We also define 7* = r y(dx t ) = g^jj. One easily proves that 

7 y + = ^ 2 g ij (5.76) 

where {g 10 ) is the inverse matrix of {gij). If the endomorphisms 7^ are constant in the basis {e^}, then the 
endomorphisms 7* are constant in the basis {fi = gki^k}- 



5.6 Spin structure 

We consider a (pseudo-)Riemannian manifold (M, g) with metric signature (p, q), and SO(M ), its frame bundle; 
it admits a SO(p, ^-principal fibre bundle structure which is well defined by the metric g (see 4.4.4.1). 

Definition 5.39. 

We say that (M,g) is a spin manifold if there exists a Spin(p, q) -principal bundle P over M and a principal 
bundle homomorphism <p: P — > SO(M) which induced covering for the structure groups is \, i.e. (p(t; ■ s) = 
' x( s )- A choice of P and ip is a spin structure on M. 



Spin(p, q) > P > SO(M) SO(p, q) 




The wavy arrows mean "structural group of". 
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Remark 5.40. 

When we will use the concept of spin structure in the physical oriented chapters, we will naturally use SL(2, (D) 
as group instead of Spin(p, q). The isomorphism SL(2, (D) ^ Spin(l,3) is proved in [37]. A physical motivation 
of such a structure is given at page 257. 

5.6.1 Example: spin structure on the sphere S 2 

It is no difficult to see that SO(S' 2 ) ~ SO(3). Indeed, each element of SO(S* 2 ) is described by three orthonormal 
vectors: one which point to an element x of S 2 and two which gives a basis of T X S 2 . The action SO(3) x S 2 — > S 2 
is transitive, and the stabilizer of any element is SO (2). 

We define a: SO(3)/SO(2) — > S 2 by a(gSO(2)) = g. Proposition ?? shows that a is a diffeomorphism. 
Then 

.S'- 



, 2 SO(3) 



SO(2) 

On the other hand, we know that 



T e SU(2) = su{2) = { [ l % ^ I : ^ e C,x e Rj- . (5.77) 



-£ — ix 

It is a classical result that su(2) ~ R 3 not only as set but also as metric space with the identification 

(X,Y) = -lTr(XY), 

for all X, Y e su(2). As we are in matrix groups, we know (see [10] to get more details) that Ad x Y = xYx^ 1 . 
In our case, this gives the formula 

(Ad(g)X,Ad(g)Y) = (X,Y). 

We can now state the result for S 2 . 
Proposition 5.41. 

The manifold S 2 with the usual metric induced from R 3 admits the following spin structure: 

Spin(2) ->~*. SU(2) L P~ Ad , g (3) , ( 5 . 78 ) 

\jT P / 

C/(1)X x / SO(2) 

s 2 

f 

where the arrow X — ^7^- Y means that G is the kernel of the map f : X — > Y . 

Proof. First, let us precise the concept of frame bundle for S 2 , and how it is well described by SO(3). Let 
{ei, e2, 63} be the canonical basis of R 3 . To A e SO (3), we make correspond the basis {Ae2, Ae^} at the point 
Aei of S 2 . The projection p: SO(3) — * S 2 is then defined by p(A) = Ae\. It is clear that we will define the 
map 7r: SU(2) -> S 2 in the same way: ir(U) = p(Ad(U)). 

For the rest of the demonstration, we will use the il su(2) description" of R 3 given by (5.77) with £ = y + iz. 
Now, let us show that tt: SU(2) — > S 2 is a Spin(2)-principal bundle. Since we had already shown that 
Spin(2) ~ U(l), we define the right action of Spin(2) on SU(2) by right multiplication: U ■ s = Us with 
' 'e 10 

It is clear that n(Us) = tt(U): 







Ad(Us)e 1 = (Us) Ujs^U- 1 = Us ^ s^U' 1 , (5.79) 



i0 

'i \ 

because [ _ . J is the vector e% in the "su(2) description" of R' 



-ij 

In order for 7r: SU (2) — > S 2 to be a Spin(2)-principal bundle, we still need to show that for all x e S 2 

tt-^x) = {Z-gst g £ Spin(2)V£ 6 ^(x)} . 
Take 4, Be tt~ 1 (x), i.e. Ae% = Be± = x. We need to find a s e Spin(2) such that 



A = B-s. 



(5.80) 
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The matrices A and B are such that 

This implies that B~ Y A e Spin(2). As Ad is surjective from SU(2) into SO(3), a general C in SO(3) which acts 
on ei can be written UeiU^ 1 for U e S77(2) such that Ad(U) = C. The condition (5.81) becomes 

/ a_ p\ fi \ fa -0\ _ fi \ 
\-P a) \ -i)\P a J ~[p -i)' 

which implies a = e %9 , P = 0. Then B~ x A belongs to Spin(2), and s = B~ x A fulfills the condition (5.80). 

What about the induced covering for the structural groups ? The structural group of ir : SU (2) — > S 2 is 
Spin(2), while the one of p: SO(3) -> S 2 is SO(2). Indeed, for each x e S 2 , SO(2) acts on T X S 2 , leaving x 
unchanged. We have the following associations: 

U e SU(2) -^-» A e SO(3), 

the matrix A being defined by A ■ X = UXU~ X . For s e Spin(2) we of course also have 

Us e 517(2) -^Ase SO(3), 

with As ■ X = UsXs~ l U~ x . As we act by Spin(2) on SU(2), in the fibres of SO(3), the action of Spin(2) is 
-via (p- the composition with X — > sXs^ 1 . But this is exactly x( s )X because a(s) = s, since s e Spin(2). □ 

5.6.2 Spinor bundle 

Let us take once again the spin structure on the (pseudo-)Riemannian manifold (M, g): 

Spin(p, q) > P 1 > SO(Af) SO(p, q) 




with <p(£-g) = (p(0 -x(ff). 

Let us define S = AW, and S = P x p S. Take p: Spin(p, q) x S — > S, p(g, s) = p(g)s, where p is the spinor 
representation of Spin(p, g) on 5". We also have \ : Spin(p, q) — > SOo(p, q), x(d) v = a (ff) ' v ' ff 1 ; with a(g) = g 
for g e Spin(p, q). 

The spinor bundle is the associated bundle 



S = P x p S —> M (5.82) 

A spinor field is an element of T(5), the space of section of the spinor bundle. 

On SO(M), we look at a connection 1-form a e fi 1 (SO(M), so(R m )), and, if T(M) is the tensor bundle over 
M, we define a covariant derivative V" : X(M) x T(M) T(M) by 

Vfs = Is, 

for any s e T(M). See theorem 4.27, and the fact that T(M) can be see as an associated bundle; it is explicitly 
done for X(M) at page 157. 

As seen in point 4.11.2.2, an automatic property of this connection is V a g = if g is the metric of M. The 
Levi-Civita connection is the unique 3 such connection which is torsion-free: T v = 0. 

Proposition 5.42. 

The 1-form a = ip*a e Ct (P, 50(11™)) defines a connection on P. See definition 4-21 and theorem 4-27. 

Proof. Let us denote by R g the right action of g e Spin(p, q) on P [id est R g ^ = £ • g), and by i?^°^ M ' the right 
action of u e SO(p, q) on SO(Af). We have to check the usual two conditions of a connection. 
First condition. The first one is: 

(#*(%(£) = Adig- 1 )^)), 

3 We will not prove unicity. 
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for all £ e P, and £ e T^P. In order to check this, we first remark that (poR g = R^^ 1 ^ oip. Indeed, for all (eP, 
definition 5.39 gives us <p(R g £,) = • g) = • x(flO- With this, we can make the following computation: 



R*a = R*<p*a = (ip o R g )*a = (R 



SO(M) 



<p)*a 



V*R S x l\ M) *a = ^(Ad( X (g)- 1 )oa). 



(5.83) 



The last equality comes from the fact that a is a connection 1-form. As we are in matrix groups, we have 
Ad(g)x = gxg- 1 , so 

[Ad(x(g))x]v = [x{9)xx{9Y 1 ]'" = x{g)[xg~ lv g\ = gxg^ 1 . (5.84) 

In the first line, the product is the usual matrix product which can be seen as operator composition. 

But (Ad(g)x)v = gxg~ x v. Then Ad(g) = Ad(x(g)), if we identify spin(p, q) ~ &o(p, q) by proposition 
5.34. Moreover, the action of Ad is linear, so it commutes with ip*. With these remarks, we can continue the 
computation (5.83): 

ip*(Ad( X (g)- 1 )oa) =<p*(Ad(g- 1 )oa) = Ad^ 1 ) o <p* a = Adig- 1 ) o a. (5.85) 



This proves the first condition 
Second condi 
First remark 



Second condition. The second one is a(A?) 



-A with the definition (4.100). This is also a computation. 



<X(( A D = {<P**M A D = a^^AI). 
We compute (fi^A* with lemma 2.13: 



<P*H A * 



dt 
d_ 
dt 



• exp — tA) 

't=o 

<p(€) ■ x( ex P ~ tA ) 



SO (AT) 



dt ( R X (cxp -tA) 
- A. 



t=o 

p(0 • exp(-tdxe-4) 



(5.86) 



But G?Xe = id so (j, ig ), thus <p*^A* = A ^^y The whole makes that: 
This completes the proof. 



-A. 



{dXe A )% {ty 



□ 



Definition 5.43. 

This connection 1-form on P is called the spinor connection. It gives us a covariant derivative on any 
associated bundle and in particular on the spinor bundle, V: X(M) x T(S) — > T(S). 



Proposition 5.44. 

If X,Y e X(M) are such that X x = Y x , then for all s e T(S), 

(Vxs)(x) = (Vy S )(l). 



Proof. We just have to show that for all vector field Z such that Z x = 0, (Vzs)(x) = 0. Such a Z can be 
written as Z = fZ' for a function / on M which satisfies f(x) = 0. We have: 

V z s = V fz's = fVz'S, 

which is obviously zero at x. □ 

Let x e M and {e ax } be an orthonormal basis of T X M. We can extend it to {e Q }, a local basis field around 
x such that e a is a section of the frame bundle (in other words, we ask the extension to be smooth). The claim 
of proposition 5.44 is that V eQ (x) is an element of S x which doesn't depend on the extension. 

5.7 Dirac operator 
5.7.1 Preliminary definition 

Let M be a m-dimensional (pseudo)Riemannian manifold with its spin structure 

Spin(p, q) > P 1 > SO(M) SO(p, q) 
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where ip satisfies ip(£ ■ g) = <p(£) ■ x(g)- 

Recall that for any vector space, one can see End V = V* ®V with the definition (v* ®v)w = (v*w)v. This 
allows us to define an action of Spin(p, q) on EndS* by defining an action of Spin(p, q) on S and S* separately. 
We know the action 

Spinfn, q) x S — > S 

, , (5-87) 

and as action on S*, we take the dual one 

Spin(p, q)xS* ^ S* 

(5-88) 

g-a = aop(g ) 

for all g e Spin(p, g) and a e S*. 

Now we can make the following computation with g e Spin(p, q), a e S* and tieS, using the fact that p is 
linear: 

[g ■ (a ® = [(a o ^(g -1 ))^]^)?; 

= p([(ao / 5( 3 - 1 )) w ] 5 ), (5.89) 

= [p(flO ° (a ® w) ° 

Then we write the action of Spin(p, q) on End 5 by (A e EndS*) 

5 - A=~p(g)oAop(g- 1 ). (5.90) 

Notice that this definition is the one required in condition (4.50). 

The tangent bundle T X M is given with a metric g x . As usual, we build S x = AW Xl a completely isotropic 
subspace of T X M with respect to the metric g x , and a representation 

p x : T X M —> End(AW x ) 

The first step in the definition of 7(A) is to build ax ■ P — * End(AW) setting 4 &x(p) = p{X v { p \). 
Lemma 5.45. 

The function a is equivariant, i. e. it satisfies 

a xip ■ g) = g~ x ■ a x {p) (5.91) 

for all g e Spin(p, q). 

Proof. It is no more than a simple computation using the equivariance of A. Indeed: 

ax(p ■ g) = p(X v{p . g) ) = p(X v{p)x(g) ) = pixig^ 1 ) ■ X<p(p)) 

= pig' 1 ■ x v( P ) ■ g) = Pig' 1 ) ° Pi x V ( P )) ° Pig) ( 5 -92) 
= g^ 1 ■ axip)- 

In the fourth line, the dots mean the Clifford product, and the last equality comes from the definition of the 
action (5.90) of Spin(p, q) on EndS*. □ 

From the discussion of section 4.5.2, the function ax'. P — * Ends' defines a section ax '■ M — * EndiS. We 
define 7: X(M) -> Endr(S) by 

7(A) = a x . (5.93) 

We immediately have 

7?)(P) = PiKiP)) 

for any p e P. If we define 

7 r Sx(p)=7W(p). (5-94) 
the map 7 can be seen as an action on the section of S. Indeed, 7~-~Sx is an equivariant function: 

i(p • g)(ax(p ■ 9)) = pigY 1 iip)pig)pig~ 1 )axip) 

= p(9r lA /ip)axip) (5.95) 
= p(s~ 1 )7 r o3c(p) ! 

so that 

f^axip) = Pig'^l^axip)- 
The map r y^~a~x ■ P — * End AW defined by (5.94) is equivariant, and thus defines a section 7 • ax e r(«S), as 
seen in the section 4.5.2. 



4 See subsection 4.5.4 for the definition of X. 
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5.7.2 Definition of Dirac 

If we consider a basis {e a } of TM, i.e. m sections e a : M — > TM such that for all x in M, the set {e ax } is a 
basis of T X M, we note 7" := 7(e Q ) e End(S). 

Remark 5.46. 

This is not always globally possible. The example of the sphere is given in subsection ??. 
For any s e F(<S), we consider the local 5 section ip of S given by 

=^3x(ea,e i8 )7f(V ec( s)(ar). 

a/3 

For each a; e M, take a in 6 SO(g x ), and consider the new basis e' a = A a Pep. As A is an isometry, 
9x(e' a ,e'p) = g x (e a ,e/3); and since p is linear, 7^ = p x (e' ax ) = Ajp(ep x ) = Aj^. In the new basis, the 
section reads: 



ip(x)= g x (e a ,e l3 )A l3 ' 7 ^(V Aa *, ev s)(x) 



a/3rjcr 



(5.96) 



2fx(e r; ,e (T )7"(V erj s)(a;), 



where we used the fact that A t gA = g and that all the A a ° are C x functions on M, so that V A d x = A^Vx- 
This shows that ip(x) doesn't depend on the choice of the basis, so it defines a section from the data of s alone. 
The Dirac operator T>: T(S) — > T(S) acting on a spinor field is defined by 

(Vs)(x) =g x (e a ,eph?(V ea s)(x). (5.97) 

Proposition 5.47. 

// the field of basis e a 6 X(M) is everywhere an orthonormal basis, the Dirac operator reads 

(Vs)(x) = g apl a (V eij s)(x) (5.98) 
where 7° is a constant numeric matrix acting on AW . 

Proof. The building of the Dirac operator begins by considering the vector space T X M endowed with the metric 
g x ; then the spinor representation p x : T X M — > End(AWx) where AW X is build from isotropic vectors of T X M is 
defined. If the vector fields e a e 3£(M) are everywhere orthonormal for the metric g, then we have the matricial 
equality 

Px((ea)x) y = p(v a )ij (5-99) 

where the left hand side describe the matrix component of a linear operator acting on AW X while in the right 
hand side we have the matrix component of a linear operator acting on AW and v a is a basis on IR™ with 
respect to which the metric is the same as the metric g x in the basis (e a ) x . Let ip: P — > AW be an equivariant 
function; from definition (5.93) of 7 we have 

where a Q (£) = p^e Q (0(^))^ . In this expression, e Q is the equivariant function associated with the vector field 
e a e X(M). It is defined in subsection 4.5.4 as 

e Q : SO(M) ^ R m 

h -^« ^ \ (5 ' 100) 

So we have a a : P — > End(AW^) defined by 

= P(f(0^ e a (x)) 



5 Extensions of e a do not always globally exist, see remark 5.46. 

6 By SO(g x ), we mean the set of all the matrix A such that A t g x A = g; A x is an isometry of (T X M, g x ). In other words, we 
consider A as a section of what we could call the "isometry bundle". 
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with x = 7r(£). Now if £ is any element of ir (x), we have 

There exists age Spin(p, g) such that tp(£ ■ g) = 1; taking this element and using equivariance of the latter 
expression, 

(7(e a )V0(aO = R-i7,p(ea(«))^-ff)] = R • 9, 7^(0] = % 7^(01- (5-101) 
What we proved is that (7e Q ?/>)(x) = ^^(x) is the sense that 

= 7>- (5-102) 

Hence the Dirac operator reads 

(P S )(x) = g a pi a {V e ,s){x) 

in the sense that 

Vs = g an a ~ e JZ. (5.103) 

□ 

An often more convenient way to write the Dirac operator is to consider an orthonormal basis (so that the 
metric g and the matrices 7 are constant) and to consider the equivariant functions: 

This formulation is typically used when one search for Dirac operator on Lie groups. In this case, we choose 
left invariant vector fields generated by an orthonormal basis of the Lie algebra. The resulting field of basis is 
everywhere Killing-orthonormal. 

Acting on a function /: M -» R, it is defined by V: C m (M) -» C X (M), 

(Vf)(x) = g x (e a ,e^(e ax ■ /). (5.104) 

With these definitions, one has 

(V(fs))(x) = (fVs)(x) + (Vf)(x). 

Indeed, 



(V(fs))(x) = g a ^(VeJs)(s) 

= g af t ((e Q ■ f)s(x) + f(x)(V ea s)(xf) 

= f(x)(Vs)(x)+g a ^(e ax -f) 
= (fVs)(x) + (Vf)(x). 

With that definition, the Dirac operator becomes a derivation of the spinor bundle. 



(5.105) 



5.8 Example: Dirac operator on R 2 with the euclidian metric 

Since the frame bundle B(M) is a principal bundle (see subsection 4.4.4), one can consider some associated 
bundles on it. We are now going to see that the one given by the definition representation p: GL(n,R) — > 
GL(n, R) on R n is the tangent bundle. So we study B(M) x p R™. By choosing a basis on each point of M, we 
identify each T X M to R™. An element of B(M) x R™ is a pair (b, v) with b = (bx, ■ ■ • , b„) and v = (v 1 , . . . , v n ). 
We can identify v to the element of T X M given by v = u*bj. 

In order to build the associated bundle, we make the identifications 

(b,v) ■ g ~ (b- g,g~ x v). 

Here, by gv we mean the vector whose components are given by (gv) 1 = v 3 g^ . The tangent vector given by 
(b-g,g- x v) is (g~ l v) l (b ■ g)i = ' (g" 1 ) j gfhk = v k h k So the identification map tp: B(M) x p R™ -> TM given 

by 

^([b,v])=v i b i 

is well defined. 
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The following step is to consider the following spin structure: 

Spin(2) — * R 2 x SO(2) — ^ SO(R 2 ) SO(2) 



We have to define the two actions and ip. One of the main result of section 5.4.5 is that Spin(2) = 
Z7 (1) — > SO(2) is surjective. So, we can define the action of Spin(2) on P by 

(x,b) ■ s = (x,x(s) _1 &). 

On the other hand, an element A in SO(R 2 ) can be written as A = {aei} x where ei is the canonical basis of 
T X ]R 2 , and a is a matrix of SO(2). See subsection 4.4.4. For g e SO(2), we define 

A-g = {g- 1 ae l } x . (5.106) 

and ip: R 2 x SO (2) -» SO(R 2 ) by 

ip(x,b) = {bei} x . 

The following shows that these definitions give a spin structure: 

<p((x, b)-s) = tp{x, X {s)- l b) = {x{s)- l bei} x = {be,}, ■ X (s) = <p(x, b) ■ X (s). (5.107) 

5.8.1 Connection on SO(R 2 ) 

We are searching for a torsion- free connection on the simplest metric space: the euclidian R 2 . Thus we will 
try the simplest choice of horizontal space: we want an horizontal vector to be tangent to a curve of the form 
X(t) = {bei} x uy For this reason, we want to define the connection 1-form by oj(X) = b'(0). For technical 
reasons which will soon be apparent, we will not exactly proceed in this manner. For X(t) = {bei},^, we define 

u{X) = -(bitXO)- 1 )'^). (5.108) 

We of course have u>(X) = if and only if b'(Q) = 0: this choice of u> follows our first idea. In order for ui to be 
a connection form, we have to verify the two conditions of definition 4.21. 

Proposition 5.48. 

The 1-form defined by 

u(X) = -(b(t)b(0)- l )'(0) 



for X = —{b(t)ei} x ( t) 



is a connection 1-form. 



i=0 

Proof. Let A e SO(2). If u = {bei} x , equation (5.106) gives: 

d 



4 s 

Au dt 



e~ tA bei} x 



so that uj(A*) = —(e~ tA bb~ 1 )'(0) = A. This checks the first condition. For the second, one remarks that the 
path in SO(R 2 ) which defines the vector R g *X is (R g *X)(t) = {g~ 1 b(t)ei} x . It follows that 

co(R g ,X) = -( 5 - 1 6(t)6(0)- 1 9 )'(Q) 

= -(Ad g - 1 (6(t)6(0)- 1 ))'(0) 
= -Ad g - 1 (b(t)b(0)- 1 y(,0) 

= Adg-lLU(X). 

□ 



Proposition 5.49. 

The covariant derivative induced on M by this connection is 

V X Y = X{Y). (5.110) 

Proof. In this demonstration, we will use the equivariant functions defined in 4.5.4. In order to compute 
(VxY)x, w e have to use the definition of theorem 4.27. We first have to compute the horizontal lift of X. It is 
no difficult to see that X{ fce .j x is given by the path 

X(t) = {bei} x(t) 
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if the vector field X is given by the path X(t) in M. Indeed, it is trivial that u>(X) = 0, and 

= X. 



dn*X = —n{bei}x(t) 



t=o 



t=o 



Now, we compute (Xs)(b) for b = {Sei} x . We begin using the basic definitions and notations: 



(Xs)(b) = X b s = j t HXb{t)) 



dt 



K{ Se i}x(t)) 



We can rewrite it with Y instead of s. By construction (see (4.60)), if b = {Sei} x , Y(b) = S 1 (Y X ). Thus 



(XY)(b) = j t S-\Y x{t) 



/=o 



where, if {!,} is a basis of R m , then S is 



So if we write Y x = Y l (x)di, we have 



S:H m ^T x(t) M 
v%^Sy(d 3 ) x{t) 



S- l {Y x(t) ) = (S- l ))Y^X{t))l l 



and 



J t S-\Y X{t) ) 



U = (S-^XiY^U 



(5.111) 



Since b is an isomorphism, we can apply b on both side of X(b) = b 1 (X X ), and take V X Y instead of X: 

(V x Y)(x) = bdS-^XiY^U) = SfiS-^XiY^dk)* = X(Y 3 ){d 3 ) x = X(Y) X . (5.112) 

□ 



From this and definition 4.70, we immediately conclude that our connection is torsion- free. In a certain 
manner, one can say that our covariant derivative is the usual one. 



5.8.2 Construction of 7 

Now, we construct the map 7 of subsection 5.7. The first step is to define a x : P — > End (AIF) by 

ax(p) = p(X v(p) ). 

Here, AW is the completely isotropic subspace of (R 2 ) c with euclidian metric; thus we can use the result of 
section 5.4.5. In particular, we know the representation p. 

To see it more explicitly, we need the expression of X. It is given in subsection 4.5.4: if b is the basis {bei} x , 
Y(b) = b~ 1 (Y x ). As ip(b,x) = {bei} x , we have 

a x {b,x) =p(b-\X x )). 

The subsection 4.5.2.2 explains how to explicitly get 'y(X) with the definition ^(X) = a x . If ip is a section 
of S and ip(x) = the general definition gives us (a x ^)(x) = [£,,clx(£,) v ] an d m our particular case, if 

£ = {b,x), we get: 

(l(XW(x) = [^p{b-HX x ))v]. (5.113) 



5.8.3 Covariant derivative on T(S) 

Remember the spin structure of SO(R 2 ): tp(x, S) = {Sei] x . We now construct the connection on P = R 2 x 
SO(2). It is defined by the 1-form Q = (p*oj. If v is a vector of P, it is described by a path v(t) = (x(t),b(t j), 
then the path of d(p(v) is {b{t)ei} x ^ and u(v) = uj(dip(v)) = — (6(i)6(0) _1 )'(0). 

The next step defining the Dirac operator is to find out an explicit form for the map V : 3c(M) x T(S) — > r(<S). 
A section s e T(S) is a map s: M — » S = (R 2 x SO(2)) x p AW; it is defined by an equivariant function 
s: P — > AW. In order to find the value of (V x s)(x) for X e X(M), we use the definition 

^(0=^(1) 
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where X is the horizontal lift in the sense of w. For the same reason as in the proof of proposition 5.110, X^ bx ^ 
is given by the path X(t) = (b,X(t)) where X(t) is the path which defines X. So we have 

Remark that AW is a vector space; so for every a e AW, the identification T a AW = AW is correct. 
Our first form of V is 

(Vx«)(x) = [f, p(b,X(t)) 

but we can modify this in order to get simpler expressions. Remark that we have an equivalence class, so that 
we can always choose the element of the class such that £ = (l,x). We define s: 1R 2 — > AW, s(v) = s(t,v). 
Our second and final form for V is: 



(V xS )(x)=[(l,x),-s(X(t)) J (5.114a) 
= [(l,x),X(s)l (5.114b) 
where X(s) is well defined because s is a map from 1R 2 into a vector space (namely: AFT). 

5.8.4 Dirac operator on the euclidian R 2 

We continue to write explicitly the definition (5.97). Putting together (5.113) and (5.114b), one finds 

^(V eff s)(x)= 1 (e ax )[tep(s)] = [C,p(6- 1 (e fM ))e /3 (s)]. (5.115) 
Here, ep = dp and 6=1, then 

lx(^e p s){x) = [(l,x),p(e a )d s]. 

Now, the Dirac operator reads 

(Vs)(x) = [(l,x), 1 a d a s]. 

We can obtain a more compact expression by defining u Ys" and "As" when s e T(S), Y e X(R 2 ) and 
A e EndAVK. The definitions are 

(Ys)(x) = [(l,x),(Ys)(x)l 
(As)(x) = [(l,x),As(x)]. 

With these conventions, one writes: 

(Vs)(x) = i a {d a s)(x). 

This justifies the expression (5.3): V = j a d a on flat spaces. With a good choice of basis of AW, the matrices 
7 a are given by (5.62), and 

^-(; - >-(! 

If we identify R 2 with <D we have the following definitions: 

d z = ^(d x -id y ), dz = hd x +id y ), 

so that 

-fe" 



V 



d z 



5.9 Clifford algebras and Morita equivalence 

Let 2t be an algebra. An algebra B is said to be Morita equivalent to 21 if B = F>nd%(£ ) for some finite 
projective module £ over 21. The algebra 21 is Morita equivalent to itself taking the trivial module £ = 21. 
We consider a manifold M of dimension n = 2m. 



Problem and misunderstanding 25. 

The two following statements are imprecise. 
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Proposition 5.50. 

A module which implement a Morita equivalence between two C* -algebras is finite projective. 
Theorem 5.51 (Serre-Swan). 

If one of the two Morita equivalent is the continuous function space over a manifold 21 = C(M), then the module 
which gives the Morita equivalence is the section of continuous sections of a vector bundle over M, £ = T(E). 

Furthermore, if 21 = C(M) and B = r(Cl(M)), we have Endi? ~ C1(M) as isomorphism of vector bundle. 
Since C1M is of rank 2™, End-E has same rank and E x has dimension V2™ = 2 m . So it is possible to choose 
the Clifford action in such a way that T(E) is an irreducible Clifford module. 

We often look at an anti-linear map J: T{E) — > T(E) such that for all tp e T(E) 

(i) Jtyf) = (JV)7 for all / e C(M), 

(ii) J(aip) = e(a)aJV> for all a e r cc (ClM). 

How to define atp ? We consider 21 = C(M), B = T(C1M) and we define T(E) is such a way that it implements 
a Morita equivalence between 21 and B; hence T(E) is a C(M)-module. From dimensional considerations, we 
can define on r(E') a Clifford module structure, i.e. a C(M)-linear 

c: r(ClM) — End(r^), (5.116) 

hence aip makes sense for any a e r°°(ClM) and ip e T(E) with definition 

{atp)(x) = (c(a)ip)(x) = c(a(x))tp(x) (5.117) 

Theorem 5.52. 

Let (M, S, J) be a spin manifold of dimension n. There exists an unique connection 

v s : r cx: (S) ^T co (S)®n 1 (S) 



such that 

(i) (v s v#) + (V'lv 5 ^) = d(V#), 

(ii) [V s , J] = o, 

(Hi) V s (c(a)V') = c(Va)V + c(a)V s tp for all a e C1(M) and if, e ^(S). 

In the latter, the action of T 00 (CI M) on T CX, (S) is induced from the action c: C\{T*M) -> End S. The V which 
acts on a is the connection extended to r x (ClM) by virtue of Leibnitz rule V(uv) = V(u)v +uV(c). 

Proof. No proof □ 



In this setting, we define 

c:r(s)®r(ciM)-r(s) 

tp ®a c(a)ip. 
Then we define the Dirac operator V: r ,x (S') -> T rx '(S), 

V = -i{coV s ). (5.119) 



5.9.1 Example: quantum field theory 

Let us show how does this operator gives back the usual Dirac operator of quantum field theory. Let M be a 
manifold and with two local basis {d u } and {d a } of T X M. The first one is the "natural" basis: g(d u , d v ) = g uv 
has no particular properties while the second one is orthonormal g(d a , dp) = S a p. The first dual basis is defined 
bydx a dp = S«. 

We write d a = e^d u and for the dual basis, dx a = e"dx u . In order these definition to be coherent, we 
impose dx a df) = 8^ : 

dx a dp = eyx u (e}d v ) = eZeffi = e a u e}. (5.120) 
We conclude that the vielbein (e") is the inverse of (eg): e"e^i = Sg. The vielbein are eventually complexes. 
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5.9.2 An other definition of the Dirac operator 

Let us consider an orthonormal basis {e a } of M, i.e. on each x e M, 

g x (e a (x),e b (x)) = r] ab . 
This basis is related to a "natural" basis {d^} by 

e a = e£d„ (5.121) 

where e£ is called vielbein (here, they are more precisely n-beins). As far as metric is concerned we have 

gT = effiriab (5.122a) 
Vab = effig^. (5.122b) 

If V is the covariant derivative associated with g, we define the coefficients ui^ a by 

V M e„=w^e 6 . (5.123) 
On the other hand, V is related to the Christoffel symbols by 

V^„=r^ CT . (5.124) 

Let C1(M) be the Clifford module whose fibre is the Clifford complex algebra C1(T*M) C . We consider T(C1(M)), 
the module of corresponding sections. It gives an algebra morphism 

7 :r(Cl(M))^<8(^) 

dx^ i * y(a;) = 7 a e£ [ ' ' 

which can be extended to the whole Clifford algebra. One can choose matrices 7^(2;) and 7" to be hermitian; 
they satisfy 

^(x^ix) + Yixy^ix) = -2g(dx», dx v ) = -20"" (5.126a) 
7 a 7 fc + 7 b 7 a = -2r/ ah - (5.126b) 

All this allow us to lift the Levi-Civita connection from the tangent bundle to the spinor bundle by defining 

V* = d„ + w£ = d„ + \^„abl a l b . (5.127) 

The Dirac operator is then given by 

D=7oV 

and can locally be written under the form 

V = 7" (a0(3„ + w£) = 7 a <(^ + (5.128) 

5.10 Dirac operator on AdS^ 

Why to compute Dirac operator on anti de Sitter spaces ? Let M = AdS2 and R = AN acts on M. Let O be 
an open orbit of R x M — » M. In the specific case of AdSi, we have R = O = R-§. In larger dimensions, there 
is a SO(l, n) which causes that the orbit is not exactly the acting group. It is 

O 



R n SO(l,n) 



5.10.1 Clifford algebra and spin group 

As definition, we retain 



AdS 2 = t 2 +u 2 -x 2 = 1 

_ SO(2,l) (5.129) 
" SO(l,l)' 
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Let V = R 1 ' 1 and eg, ei an orthonormal basis. We pose 



fo = ^(e + ei) g = ^(e - ei) 

and we define /5 by 

p(/ )a = /o a a 
p(g )a = -i(g )a 

where a e AW, W being the space spanned by fo- More explicitly we have : 

p(/o)l = fo p(/ )/o = 

p(ffo)l = p(5o)/o = ~v(fo,9o)- 

As element of AW, fo stands for f](fo, •)• If we choose the basis 



1 



fo 



0^ 



the matrices of p are given by 



Up to a change of basis, 



7o 



P(eo) 



1 

1 



-1/2 

1 



7i 



. P(ei) 



1/2 

1 



-1 

1 



7o7i 



1 
-1 



u + v x — y 
x + y u — v 



and a general element of C7(i,i) reads 

x lo + Vli + uM, + ^7o7i 
With the change of basis e\ — > ie\, we write it under a more simple form : 

07(1,1) ~> 

with a, ft e C In particular, an clement of V, i.e. a combination of 70 and 71 is 

V ~» ! - 

Let 



a (3 
(3 a 



9- 



1 
1 / ' 



i 
-i 



1 

1 



i 
-i 



(5.130a) 
(5.130b) 



(5.131a) 
(5.131b) 



(5.132) 



(5.133) 



Let us now determine a, the extension of — id \ y into an automorphism and r, the extension of id \ y into an 
anti-automorphism. We have a{b) = —b, a(c) = —c, r(6) = b and r(c) = c. We find the others by virtue of 
relations be = —a and b 2 = 1. Finally 

a(l) = 1 a(a) = a 

5.134 

a(6) = -6 a(c) = -c V 7 



and 



(5.135) 



r(l) = 1 r(a) = -a 
r(b) = b r(c) = c. 

The condition for s e C7( 1;1 j to belongs to ,1) is that a(s)t>s _1 e V for all u e V. If we consider 



/3 a 



we have 



a(s) 



a — jS 
-P a 



and s 1 



1 



a —j3 
—j3 a 



If we impose a(s)vs 1 to be of the form 
a/3 = 0. So generators of T( 11 ) are 



77 
77 



for all w of the form 



£ 

1 



(i.i) 



a 



aj 1 V/ 3 



/? 



, we find Re(a/3^) = and the 
(5.136) 
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Elements of Spin^ ^ are elements of ^ such that r(s) = s 1 . So 



Spi n (i,i) ~* f q ^ J 7 suc h that |a| 2 = 1. (5.137) 



We recognize Spin^i^ = U(l). 



Problem and misunderstanding 26. 

This is wrong: in fact Spin(l, 1) # U(l). 

5.10.2 Relation between SU(1, 1) and SO(2, 1) 
A general matrix of SU (1,1) is 

*-(| £)■ ^"-(-* t 

with |a| 2 — |/?| 2 = 1. They are matrices which fulfil det?7 = 1 and U + g = gU -1 . If we denote by V the space 
of matrices of the form (r, z) = ^ ^ with r e R and z e (D, we have a bijection R 1 ' 1 — » V given by 



x t — iu 
t + iu x 



It becomes an isometry if we pose ||(r, z)\\ = zz — r 2 = — det(r, z). The group SU(1, 1) has an isometric action 
on V given by 

Uv = UvU 1 . 

We immediately remark that Uv = (-U)v. We define 

T: — SO(2,l) 

Q^H^*^)- (5 ' 138) 

Now we want to know when T(£7) = T{U). Using the fact that U^ 1 = gU^g in the condition UvW = UvU\ 
we find 

VvV^ = v 

with V = U~ 1 U. Then imposing 

r z\ /a 0\ (r z\ (a /3 
z r J y/3 aj \z r J \J3 a 

we find T(U) = T{U) = +U. We have 

-1 

-1 

I, 



T[ l _.) = I -I 



The map T: SU(1, 1) -> SO(2, 1) is a double covering. 

We are now going to explicitly compute the map T. First : 

a A (r z\ (a 
P a) \z r) \p a 



a(ar + /3z) + (3(az + fir) /3{ar + /3z) + a(az + (3r) 
d(/3 + az) + (3(j3z + ar) /30r + az) + a{/3z + ar) 



'0> 

When we pose z = and r = 1, i.e., when we look at I I, we find 



aa + 0/3 2(3a 
2d(3 /3f3 + aa 
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which corresponds to x = aa, t — iu = 2a(3 and t + iu = 2a/?. We conclude that 



a (3 
f3 a 



i(a(3 — a/3) N 
a/3 + a/3 
ad + (3/3 



Similar computations lead to 

fa 8\ I a2+a '^' Uc? -a? i{af)-dP)\ 

Tl- P _ = [i(^-^ + ^-a 2 ) \(a 2 + a 2 + P 2 + p 2 ) a(3 + a? (5.139) 

V J \ i(a/3-j3a) d(3 + f3a ad + (3/3 J 

5.10.3 Spin structure on AdS 2 

We are going to build elements of the following spin structure: 

Spin(l, 1) — * 51/(1, 1) ^ SO(AdS 2 ) SO(2, 1) 




First let {ej, e u ,e x } be a basis of R ' with ej e AdS 2 , et-et = e u -e u = —e x -e x = — 1. We suppose that e u and e x 
span tangent space at ej. Let T be a representation of SO(l, 1) on R 2,1 which leaves et unchanged: T(A)et = 
for all A e SO(l, 1). To each element B e SO(AdS 2 ), one can associate an element of B' e SO(AdS 2 ) such that 
B has the form 

B = {B'e u ,B'e x } B , et . (5.140) 

We define 

p(B) = B'e t . 

Now the action of A e SO(l, 1) on B e SO(AdS 2 ) is defined, if £ has the form (5.140), by 

B ■ A = {T(A)B'e u ,T(A)B'e x } B , et . (5.141) 

The map p: SU(1, 1) -» SO(Ad5 2 ) is given by 

(#))' = (ToS)(I0, (5.142) 

and the projection 7r: S 1 ?/ (1, 1) — > AdS^, n = pop. 

The group Spin(l, 1) must act on SU(1, 1); we define 

U ■ s = p>~ x (<p{U) ■ x( s )) ■ (5-143) 

We have n(U ■ s) = n(U) because 

n(U ■ s) = p(<p(U) ■ x(s)) , = [v>{U) ■ X (s)]'e t = <p{U) o T( X (s))e t = ip(U)'e t = n(U). 
We have used the fact that x(s) e SO(l, 1) and that, therefore, (T o x)( s ) e t = e*. 

5.10.4 Spinor bundle and connection 

We define 5 = AW where W is the (one dimensional) space spanned by /o and we define 

S = SU(l,l)x p S (5.144) 

where p: Spiring x AW — > AW is the representation of Spinni) on SU(1, 1) given by 

p(s, a) = p(s)a. (5.145) 

Recall that a is either a scalar cither a multiple of /o. The equivalence relation which arises in equation (5.144) 
is 

(U,a) ~ {U ■ s^is-^a). (5.146) 

The projection is 

7rs[(U,a)] = TT(U). 
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For the connection on SO(AdS2), we want that horizontal vector are tangent vectors to curves formed by 
parallel transport. In other word, a path 

B(s) = {B'(s)e u ,B'(s)e x } B , {s)et 

has horizontal tangent vector if B'(s)ei (i = u,x) is a parallel transport of £?'(0)e, along the curve B'(s)e e on 
AdS2- Here, B'(s) denotes the matrix of SO(2, 1) associated with the basis B(s) : the prime doesn't denotes a 
derivation. Let us define the so(l, 1) valued connection 1-form which corresponds to this intuition. We consider 
bi(s) the parallel transported along the curve B'(s)e t of £?'(0)ej, and A(s), the matrix of SO(l,l) such that 
A(s)B' (s)ei = bi(s) (i = u,x). The definition is 



Proposition 5.53. 

It is a connection 1-form. 



Proof. First we consider a fundamental vector field 



d 



The path in AdS2 on which this path in SO(AdS2) is build is constant: it is B'e t . So the parallel transport is 
constant and the path A(s) is given by 

A{s)T(e- tx )B'e u = B'e u 

and lu(X*) = X. 

It remains to be proved that for all B e SO(AdS 2 ), g 6 SO(l, 1) and X e T B SO(AdS 2 ), 

u((dR g ) B X) = Ad( 5 -> B (X). (5.147) 

We give X by the path 

X(s) = {B'( S )e u ,B'(s)e x } B , (s)et . 
The differential dR g gives rise to the new path 

(dR g X)(s) = {gB'(s)e u ,gB'(s)e x } B , is)et . 

Let bi(s) be the parallel transport of B'(0)ej (i = u,x) along the path B'(s)e t . We have to compute uj b (X) 
with A(s) defined by A(s)B'{s)ei = hi. The parallel transport of gB'(0)ei is given by gbi. Therefore uj(dR g X) 
is given by the path A 9 (s) which satisfies A 9 (s)gB'(s)ei = gA(s)B'(s)ei. So 

A" (a) =gA(s)g- 1 

and 



□ 



5.10.5 Clifford algebra (1, 1) 

We consider the left invariant vector fields 

d 



gj(ro) = ds\ r ° e Sj ] s -o = " r ° J (5.148a) 

(r ) = ^-\roe- sL ] = -r L. (5.148b) 
ds L h=o 



as l js=d 

More precisely, wc consider the vectors given by action of these matrices on the "base point" 1 |. Hence 

\0; 



ej(r ) = -r , e L (r ) = -r (5.149) 
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and 



-1 



Remark that this metric is constant (it does not depend on tq) because ro is an isometry. For this reason, we 
now turn our attention to Clifford algebra and spin group for V = R 1 ' 1 . Following matrices fulfill relation (5.30) 

l\ /0 -1 



The complete Clifford algebra has the following matrices too : 

1 











G 




1JL = | 





The Clifford algebra is nothing else than GL(2,R), the set of all real 2x2 matrices. From definitions, one can 
check that 

a(J) = -J t(J) = J 
a(L) = -L t(L) = L 
a(JL) = JL t(JL) = -JL 
a(l) = 1 r(l) = 1 
Inverse and a of general element in Cl(l, 1) are given by 

P qY 1 = ^_(s -q) a (p A = (p -i 

ps - qr \—r p J \r sj \-r s 

A general element in R 1,1 is I ^ ^ J with a, /3 e R, so the condition to belongs to T(l, 1) is that 



1 ( P ~q\ (0 a\ / s -q 
ps - qr \—r s J \/3 OJ \—r p 

belongs to R ' for all a and /3. It requires, among others, that qs/3 — rpa = for all a and ft. Hence qs = rp = 0, 
but the alternatives p = r = and q = s = are ruled out because we want the determinant ps — qr to be non 
zero. Therefore, T(l, 1) is generated by 



r(M) 

The latter belongs to R 1,1 , so 



p 0\ (0 q 
s ' [r 



From 

r(zl + crf JL ) = zl- cj JL , 
elements in Spin(l, 1) are subject to the relation 



As consequence, we find 

If we put (see decomposition (??)) 



s 0\ _ J_ fs 
Op) ps \ p 



Spiu(l.l) =R„^ [ l ' p j. ( r,/i -,o ! 



.4 



we have Spin(l, 1) = A x Let us check that Spin(l, 1) is a double covering of SOo(l, 1). We know that 



while SO (l,l) is 

bO (l,l) - ^ s . nhC cQsh ^ 



R. 
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This structure of S0(1, 1) comes from the fact (true for all SO(l,n)) that |Ag| ^ 1 when A is a Lorentz 
transformation. So 1 and —1 cannot belong to the same connected component. Note that cosh£ ^ 1. We 
see intuitively how to cover two times R with Ho- Let us see how the map x does that. From definition, 
x{x)y = a(x)yx~ 1 , so it is easy to sec that 



X(l) = X(-1) =id|nv 



5.10.6 Parallel transport 

We have a connection on the frame bundle of AdS 2 and we wan to lift the vectors e.j and Sl, i.e. we consider 
a point 

^ = {r ,v 1 ,v 2 )eSO(AdS 2 ) 

where v\ and v 2 form an orthonormal (in the sense of g) basis of T ro AdS2- Then we have to find a path s — » £(s) 
in SO(AdS2) such that £(0) = £o, w(£'(0)) = and dp£_'(0) = e a . The latter condition allows us to compute 
r(s) in the expression 

£(s) = (r(s),v 1 (s),v 2 (s)), 

namely, r(s) is the path of e a . The condition to be horizontal imposes that vectors Vi(s) are parallel transport 
of Vi along e . So we have to compute the different T a (e b )(s) which is the parallel transported of e b along the 
path of e a at a distance s; this is an element of T Sa ^AdS 2 - It will be decomposed in the basis 

ej(e a (s)) = -r e- sa J 
ei(e a (s)) = -r e~ sJ L. 

where we imply the action on the base point 1 . For notational simplicity, from now we write a(s) instead of 

w 

e a (s). Various products are easy to compute; for example 

Wis)) ■ e L (J(s)) = r Q e~ sJ J ■ r Q e~ sJ L = J-L = 
because roe~ sJ is an isometry. In general : 

e (c(s)) • e b (c(s)) = a-b 

Now we pose in general 

T a (e b )(s) = a(s)e b (a(s)) + /3{s)e L (a{s)) , 

and we want to find the (real valued) functions a and f3. Parallel transport fulfils two conditions: the norm and 
the angle with the path are constant. This leads us to two conditions : 

T a (e b (s)) -T a (e b {8)) =b-b (5.151a) 

T a (e b (s)) ■ e a (a(s)) = b ■ a. (5.151b) 

These equations extends to 

/3(s) 2 - a(s) 2 = b ■ b (5.152a) 

a(s)J ■ a + /3(s)L ■ a = b ■ a. (5.152b) 

There are four cases to be considered following that a = J,L and b = J,L. The result is that 

T a (e b )=e bl (5.153) 

in other terms, the vectors ej and eL are not only parallel vector fields, but each is parallel along the path of 
the other. 
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5.10.7 Covariant derivative 

We will give the horizontal lift of e a at point 

£(0) = {B\e b ,B<e c } roet 

under the form of the path 

C( S ) = {^e fc (a( S )),B 2 c e c (a( S ))} e - a(s) . 
We create a connection on the spinor bundle from the connexion via the formula 

In our case, we take ip : M — » 5, or ij) : SU (1,1) — > AW such that 

m-g) = P (g- 1 )^(U). 

Since Co = <p*uj, we have ui(X) = io(dipX) and 

ea^o = ^ _1 (e a (s), . . .). 

Therefore 



where ip is defined by 
We have to find 



VaV^o) = -[(^op-'){B^ c (a( S ))} Sais) 
<p(U) = {Uej,Ue L } Uroet . 



s=0 



Before to write down the inverse of ip, let us perform some computations. 



J = | 1 



1 r 
-1 
1 



and as far as we only wants to compute derivatives, we can write the exponentials as 

'I 



3 SJ = 1+ Sj 



3 sL = 1 + sL 



1 S 

s 1, 

1 s 
-s 1 
s I, 



The path are given by 



in particular 



e a (s) = r e~ sa | 1 

^0; 





ej(s) = r I 1 



For the various e&(a(s)), we have 

d 



eb(a(s)) = ^[ a ( s ) e ~ 



tb 



t=0 



ez,(s) = r I 1 




t=o 



1 | = -r e- sa 6 
,0, 



Results are 



O (!(«)) - -'".J I 

ei,(i(s)) = -r | s ] . 

-s , 
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We finally have to know that 

/ B L \ f-sB J +B L ^ 

B c e c (J(s)) = -r sB J , B c e c (L(s)) = -r sB L 

\ B J J \ B J - sB L 

Following equation (5.155), in order to write down V a -0, we have to find U(s) e SU(1, 1) such that 

(i) Ur e t = e a (s), 

(ii) Uej = B1e c (a(s)), 

(iii) Ue L = B c 2 e c {a{s)). 

If / and ~g are vectors, solutions in U of equation Ur$f = r$g are U = Ad(ro)-B where B fulfils Bf = g. In the 
case of a = J, the three conditions successively give 



U = Ad(r ) 
U = Ad(r ) 





1 . I (5.162a) 



-s 



B\ 



-sB{ ] (5.162b) 
B{ 



U = Ad(r ) \ sB( . . . (5.162c) 



B J 



Putting all together in equation (5.154) we find 



d 



-B% B{ 
VMCo) = ^jAd(r )\ sBi 1 -sB( 
1 Bi -s B( 


d^Ad(ro) ( B ] 2 -B{ 
0-10 



(5.163) 



The same with L instead of J leads to 

(-Bi -1 B( 

ViVfe) =#Ad(r ) \ B^ B{ \. (5.164) 
\-S 2 L -B{ / 

However it should be shocking to get 3x3 matrices in SU (1,1) : we had abused between SO (2,1) and 
£17(1,1). 

5.10.8 Another way to write a section (wrong way to do) 

The equivariant function ip: SU(1, 1) — > AW fulfills 

m-g) = p(g- 1 )4>(U) 

for all g e Spin(l, 1); in particular with g = — 1, 

$(-U) = -4>(U). (5.165) 

This gives the idea that it is not impossible to define ip from its projection on SO(2,l) : we want to get 
$ : SO(2, 1) AW and define 

i>(U) = i,(T(U)). 

More precisely, we parametrize 5?7(1, 1) by a and (3 such that \a\ 2 — |/3| 2 = 1. Then we divide SU(1, 1) into 
two parts: a = x + iy is green when x > and when x = 0, y < 0; a is red when x < and when x = 0, y > 0. 
When a = 0, we classify following (3 in the same way. The result is that U is green if and only if — U is red. 
For a map Tp: SO(2, 1) — > AVF, we define 
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We define : S0(2, 1) -» 5?7(1, 1) as follows: T^ 1 (A) is the green element of SU(1, 1) whose image by T is 
A. In any cases we have 

"0 o T -1 = tp. 

The meaning of equations (5.163) and (5.164) is that Ad(ro) is a matrix whose inverse image by T should be 
given to tjj; the difficulty is to know which of the two. When Uq is green, 



while when Uq is red, 



These two show that 



V a ^(C/o) = ^[(^oT- 1 )Ad(r )(---) 

= |[MdM(-..)L Q , 



V a mo) = -l[Ud(r )(-)]^. 

v5(T ([ /„))4[MdM(...)] rf 



s=0 



(5.167) 



All this is only proved in the interior of the green and red regions so that the path U (s) keeps on only one 
region. 



5.10.9 Once again 

We see AdS 2 as 7 O = Ad(G)H and we consider a base point o = Ad(k a )H with G = SL(2,M) = ANK. Let 
the principal bundle 

A-^G 



O 

with A acting on G by (a, g) i— > ga and the projection 

7r(rfcoa) = Ad(rkoa)H. 
where r e R and a e A. More precisely, the principal bundle we look at is 

A ~^U G 



(5.168) 



(5.169) 



U 

where U G = Rk A and U = tt(U g ) = Ad(Rk A)H = Ad(Rk )H = Ad(R)o. The U G is so defined in order to be 
the 7T _1 of an orbit U = Ad(R)o. 

We have a manifold isomorphism R ~U given by 

4>: r — > Ad(r)o. 

How to see a left invariant vector field on R via this identification ? 



d0A\. = |re tx 
at L 



t=o d£ 



Ad(r)Ad(e tA )o 



t=o 



This leads us to consider the following field for X e 1Z. We define £x(rfcoa) 6 T r k J^G, 

d 



£x(rk a) = — [re tx k a 



t=o 



(5.170) 



Let's see the projection : 



dTT rkoa (,x(rk a) = — \-K(re tx k a)\ 

dtl Jt=o 

= ^Ad(re tx k a)H 



7 Here, G = SL(2, R) 
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This gives us the idea to define X$ e T AA{rkaa)H U = T n ( rkoa )U by 

d 



x ' 1 " ■ s[ Ad '™' x '°L.(j' 



(5.171) 



which is a good definition because ir(rkoa) = 7r(r'fcoa') only when r = r' . We put the following connection on 
U G : 

a rkaa (^) = [{dL;l a ) rkQ j:] A (5.172) 
We hope £x to be the horizontal lift 8 of X^; by construction dn^x = XK We have 

ot r k a a{£,x) = [dL( rkoa} -i£ x (rk a)] A 



<l ^a~ 1 kg 1 r- 1 re tx k a A 



dt 
d 



t=o 



-[a-Ad(^) 
[Adia^k^X] 



e tx a 



A 

t=0 



One can, by brute force computation 9 , show that the difference Ad(ako)X — Ad(k )X is skew-diagonal when 



X 



-a 1 



cos a sin a 
sin a cos a 



a 
l/p 



So Ad(a) does not change the ^-component of Ad(ko)X. We conclude that 

a(6t)= [Ad^- 1 )^]^. 

When X e 1Z, we consider X g = (dL g ) e X; 



in particular, X r = -j t 



re 



IX 



Xf koa dL rkoa X , 



We denote by r the action 



T g Ad(r)H = Ad(gr)H 



In particular 



d-K g dL g Y = — 
d 

~ di 
d 

~ di 



7r(ge tY ) 
[ad( ff e ty 



t=o 
H 



t=o 



T g Ad(e tY )H 



t=o 



(dT g ) H dTT e Y, 



thus 



d~K o dL = dr o d7r. 
With definition (5.174), we have a(X) = X^ because 

ot(dL rkoa X) = [dL( rkoa }-idL rkoa X] A = Xj^. 

We are now able to find some horizontal lift. 

Proposition 5.54. 

The horizontal lift of X$ is 

Xt=H x - [AdikJ^XU. 



s We will see in proposition 5.54 that it is not the case, but for the moment, we hope it. 
9 Or by remarking that A is abelian. 



(5.173) 



(5.174) 



(5.175) 



(5.176) 
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Proof. First, we have 



dnXti\ rkoa = dn^x ~ dir(dL rkoa ) e [Ad(k 1 )X] A 

= -^-[Ad(re tx o)j _ -dTdTi[Ad{k^ l )X] A . 



The first term is X* while the second is zero because if A e A, 

L Jt=o 



d_ 

dt 
d_ 

~dt 
0. 



Ad(e tA )ff 



t=o 



On the other hand, 



a{XS) = a(£x) ~ [Ad(fco)" 1 ^]^ = 0. 



Now we prove that the function X$ ■ ip is equivariant, and therefore that the definition 

^xrip = ~X$ ■ ip 

works. Using equi variance of ip, 



t=0 



^(dL gai [Ad(k^)X] A ) 
d 

dt 



= P(aimx) - |[p(a 1 )^([Ad(fc - 1 )A]^| 9 )] 4=o 

= ) - p(ai)[Ad(^f]^( 9 ) 

= p(a 1 )(Xi.^)(g). 

for the third line, we used the fact that A is abelian 



5.10.9.1 Clifford algebra for AdS 2 
Our basis of A © M is 

H -- 



1 
-1 



and E 



1 




and we choose 



Ad(k )H = cos(2k )H + sin(2fc )(£ + F). 



Since (at first order in t) Ad(e tH )o = cos(2fc )l + sin(2fc )(-E + 2tE + F — 2tF), 



Hi 



2sm(2k ) Ad{r)(E - F), 



and 



E lk oa = M ( r ) ( - 2 cos(2fc )£ + sm(2k )H) . 



□ 



(5.177) 



We have to compute the metric matrix for this basis; we know from equation (3.24), the Killing form is Ad- 
invariant and (st(2, R), B) ~ (R 3 ,77 2 i). So the Ad(r) disappears in the computation of B(X^,Y^). We get 

B(H*,H*) = 4sin 2 (2k )B(E - F, E - F) 

= -32sin 2 (2fc ) 
B(E*,E*) = sm 2 (2k )B(H, H) 

= 8sin 2 (2A: ) 

B(E$,H$) = -4:Sm(2k )cos(2k )B(E,E - F) + 2 sm 2 (2k )B(H, E - F) 
= 16sin 2 (2fc )cos(2fc ). 
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So the metric is in the basis {H^,E^} 

( -32sin 2 (2fc ) 16sin(2fc )cos(2fc )\ 
9 l v 16sin(2fco)cos(2fc ) 8sin 2 (2fc ) )' K ] 

When we consider the orbit of E + F, we choose o = E + F, i.e. cos(2/c ) = 0, sin(2fc ) = 1 so that 

Hl koa = 2Ad(r)(E-F), E^ = Ad(r)H, (5.179) 

and 

f-32 0\ 

9= {o sj ; 

in the case of the orbit of — (E + F), we get the same. The negative vector is H$ and the positive one is EK 



5.10.9.2 Identification Q ~ AW 

We want a linear bijection <fi: Q — > AW such that 

p(s)<P(X) = cj>(p(s)X) 

where the left hand side action of Spin is the usual on AW while the right hand side one remains to be defined. 
The implementation of this is easy: we can take any bijection between Q and AW and define 

p(s)X = <j ) - 1 (p(s)4>(X)). (5.180) 

Spinors on AdS-2 are given by equivariant functions 'tp : Uq — » AW which are now replaced by ip : R — » Q ~ 
AW by 

tp(rk a) = p(a^ 1 )ip(r). 
So the set of sections of the spinor bundle over U is 

T u ^C rr (R,AW). 

5.10.9.3 Covariant derivative 

The aim is now to compute 

= fa - [Ad(k^)X] A ) ■ ^\ rko 

= |[^")]«-|[^ IAd(0 ^)L^) 

= X r ^(r) - dp e ([Ad(k^)X] A )^(r). 
Our final formula for the covariant derivative is 

V^(r) = X r ^ - ^([Ad^ 1 )*]^. (5.181) 
The Dirac operator will be a linear combination of vectors of the form 

X +dp([Ad(k^)X] A ). 

Notice that X is left invariant and the second term is even independent of the point, so the whole is left invariant. 

5.11 Dirac operator on AdS% 

The definition is 

SO(2,2) 
MSs = 80(1^)' 

and the group which acts is the AN of SO(2, 2). The Lie algebra is given by 

A = {Ji,J 2 } 
Af={M,L} 
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which has dimension 4. So there is a stabiliser. One can prove that for the open orbit of u = ( ^ , the 
stabiliser is {e aj2 }, i.e. 

[ e aJ 2 u ] = [u]. (5.182) 

For the spin group, we find 

Spin(2,l)-SL5(R), 

the group of 2 x 2 matrices with determinant equals to +1 (cf [37]). Let us recall that the isomorphism 
AdS 3 ~ SL(2, R) is given by 

with u 2 +t 2 — x 2 — y 2 = 1. For sake of simplicity, we denote SL(2, R) by G. It is explained in [40] that the map 

ip:(GxG)x AdS 3 -» AdS 3 

V ; (5.183) 
{gi,92)x = 9ixg 2 

provides a local isomorphism GxG^ 0(2, 2). Moreover we have locally : 

At each point x 6 Ad^s, we have an isomorphism 

SO(2,2) x ^SO(2,l) 
where SO(2, 2) x is the stabiliser of x in SO(2, 2). So we define the isomorphism 

Xx : Spin(2,l)^SO(2,2) :c 

which is a double covering. If dtp : Q ®Q — > so(2, 2) is the isomorphism of [49], we define i>: G x G — > SO(2, 2) 

by 

which is a good definition because the exponential is surjective on G x G. For each x e AdSs, we consider the 
isomorphism 

4> x : 80(2,1)^80(2,2), 

such that 0,(80(2,1)) = SO(2,2) x . 

We define X (s)i ■ Spin(2, 1) -> S0(2, 2) by 

X(s) = x(s)ivx{s) 2 . 

The choice of x( s )i is n °t unique. So we define the action of Spin(2, 1) on G x G by 

G?,/0-s= (xWiff.xWi" 1 ^)- (5-184) 

Therefore we have 

ip((g, h) ■ s)x = x(s)igxh~ 1 x(s) 2 
= x(s)(gxh- 1 ) 

= x( s )(ip(g, h ) x )- 

5.11.1 Spin structure on AdS-^ 
From previous considerations, the first choice should be 

AN 

P = — xSpin(2,l), 

but it is easy to remark that TZ' = { Ji, M, L} is a Lie algebra. So we use the corresponding Lie group R instead 
of the homogeneous space AN /S (these two are isomorphic). Thus the choice is 

P = R' x Spin(2,l), (5.185) 
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with the projection tt: P — » AdSs, 



We consider 



ir(r', s) 



9:R'^U = Ro 



ro 



1 
-1 



1 
-1 



(5.186) 



The projection 7r : P -^U reads ir = 9 o pr 1; 

7r(r', s) = [ro]. 

This definition works because for all a, there exists a. h e H such that 



1 
-1 



1 
-1 



from construction of S. Then we look at the following : 



Spin(2, 1) -~ * P' x Spin(2, 1) 



h. 



SO (U) — SO(2, 1) 




The action of Spin(2, 1) on P is 

(r',s') -a = (r',s's). 
In order to define <p, we consider the isomorphism 

<t> x : 80(2,1)^80(2,2), 

between S0(2, 1) and the stabiliser of x in S0(2, 2). This extends to an automorphism 

<f> x : SO(2,2)^SO(2,2), 



Problem and misunderstanding 



27. 



I'm not sure of that extension, but we do not use it here. 
and we define the action of S0(2, 1) on SO (AdS^) by 

{bi} x -g = {M9)bi}x- (5.187) 

Then we define 

¥>(»■', a) = {^r>(x(s))biUr> (5.188) 

if {bi} is a reference basis at 7r[r]. So this construction implies the choice of a section of SO (AdS^) . Now, using 
the fact that both <p x and \ are morphisms, we find 



V ((r',s)-s')={^ r ,( X (ss'))} nr , 
= <p{r',s) -x(s'). 



(5.189) 



This proves that the construction gives a spin structure. 

5.11.2 Connection on the spinor bundle 

A left invariant vector on U is of the form 



— dt ' ' ( " 



d 

=o ~ ~dt 



ir(xe tx ,s) 



V,, = — |.i 

for any s e Spin(2, 1). On AdS's (in fact on U) we consider the left invariant vector field 

[xe tx ] 



(5.190) 
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which leads us to consider the following field on P : 

This defines a field which projects to the left invariant field on U : 



Lemma 5.55. 

On the general vector 



the formula 



a (r',s a ) 

where sq = s(0) defines a connection form. 
Proof. First let A e spin(2, 1) and 

We have 



dt 



r'(t),s(t) 



dt 



s Q 1 s(t) espin(2, 1) 



.4 



£ dt 



-tA 



t=0 



Now we take back the vector £ of equation (5.193), an element a e Spin(2, 1) and we compute 



(dR a a)Z = a—\(r'(t),s(t)) - a 



dt 
_d 

"dt 



[(r'(t), S (t)a)] t=Q 

a" 1 s(0)" 1 s(i)a 
d 



-Ad(a-)-[ S (0)- sW ] t=o 
Ad( a - 1 )a(S). 



(5.191) 
(5.192) 

(5.193) 
(5.194) 



□ 



Thus that is a connection. This is however not the spin connection. Let ft be the Levi-Civita connection on 
the frame bundle SO(AdS 3 ). If 



dt 



\r'(t),s(t)] , 
L Jt=o 



we have 



ftd<pj: = <j> r '(x(s )) 1 ^[^'-'(t)(x( s t))] t _ Ci 



If we note <f> r '(t)(x( s t)) = ^( r '(^)iX( s /))i the derivative in (5.195) with respect to t reads 



dt 



<t>(r'(t), X (so)) t _ Q + Jt <p(r',x(st)) 



(5.195) 



(5.196) 



The second term of ftdtpYi is 

d 
~dt 



<Mx( s o)) Vr'(X( s t)) 



t=0 



dt 



0r' (X( S lfi t)) 

ir-dx(«oV(0))| 



t=0 



From all that we want to define 



#dx(so ls/ (°))|« + <?V'(x(so)) ^[^(tjX^o)] 



(5.197) 



and we would not have a s (£x) = 0. 
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5.11.3 Horizontal lift 

Since the spin component of the path of £x is constant, we have a(£x) = 0, so equation (5.192) says that 

T- Cy- (5.198) 
Let us recall that an equivariant function (which defined a section of an associated bundle) is 



P -> V 

General definition of an equivariant derivative (theorem 4.25) leads to 

= xi . $ = & • f 

In our setting, the equivariance of ip reads, for all a e Spin(2, 1), 

i>(([r],s) ■ a) = ip([r],sa) = p(a _1 )VS([r], s). 

We check the equivariance of Vj^a ip by the following computation : 

Vx«V , ((M I s) • a) = VxsV'CM) sa ) 
= (6c-^)(W,«o) 
d 



We define ip: AN/S^> AW by 
so that 

We can conclude 



%^([r]). 



So 



5.11.4 Spin structure on AdS^ 
5.11.4.1 Spin structure on the whole AdS% 



Problem and misunderstanding 



28. 



(5.199) 



±[^[re tx ],sa) 

±[p(a-^([re tx ],s) 

p(a- 1 )(Cx-^)([r], S ) 
p(a- 1 )V^([ r ],,s). 



^([r])=V([r],e), 
iP([rl S )=p(s- 1 )$([r]). (5.200) 



Vx«V'(W)=Vx B V'(W,e) 

-|[*a™"ML 
• ' v ])i 



VxbV' = -*[r]^. (5-201) 



TTie following seems to contradict what I find in Michels on- Donalds on 
The central fact is that 

Spin(2,l) ~ A ~ SL(2,R) 
where A = {(g,g) st g e SL(2,R)} <z G . We take as notations: G = SL(2,M) and G = G x G . 
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Lemma 5.56. 

We have the following homogeneous space isomorphism : 

G/A ~ SL(2,R). 

Proof. We have an action G x A0IS3 —> AdS^, 

(g,h)x=gxh- 1 (5.202) 

where x e SL(2, R) is seen as in AdS% by the usual isomorphism. Moreover we consider the isomorphism 

G/A~SL(2,R) (5.203) 
[351,2:2] 1— > x\x^} (5.204) 

which is well defined because [xig,X2g] >-* xigg~ 1 x 2 ~ 1 = x\x^ X . In particular, [g,g] ^ee SL(2, R). So G acts 
on SL(2, R) and the elements which fix e are the one of A. It proves the lemma. □ 

We are going to take the following structure : 

G ^G/% 2 (5.205) 




M 

where M is Go seen as M = G/A ~ SL(2, R) ~ AdSa, and the projection tt: G — » M is given by %(g, h) = gh~ x . 
The action of A ~ Spin(2, 1) on G is given by formula (xg, g) ■ (a, a) = (xga, ga). First, let us prove the following. 

Proposition 5.57. 

The frame bundle over AdS% can be seen as 

SO(AdS 3 ) G/% 2 

where G = SL(2, R) x SL(2, R). 

Proof. In the fiber bundle tt: G — > M, the fibre over x e SL(2, R) is the set of (g, h) such that gh^ 1 = x, or 

G x = {(xg,g)}^G. 

We will give a surjective map G x — * SO(M) x , the fibre of the frame bundle over x e AdS^. For this, we see a 
basis of AdS^ as an isometric map b: Qo ^ T X M where Qo = sl(2, R), and we define 

ipx ■ ~Gx — * SO(M) x 

, N (5-206) 
i> x (xg,g)(X) = (dL^Adig-^X) 

for all X e Qo- Let us study the kernel of this map, i.e. elements such that t/j(xgi,gi) = ip(xg 2 , 52)- It needs, 
for all X e sl(2, R), 

Adfor 1 )* = Ad(g^)X, 

but we know that the requirement Ad(g)X = X is the fact the g is in the center of the group. In our case, it 
results that g 2 1 gi = +id, so 

ip(x9i,9i) = ip(±X9i, ±5i) 

where the same + has to be taken in both appearances of the right hand side. Now we put all the ip x together 
to get -0 : G — > SO(M). Once again we look in which cases ip(gi,hi) = ip{g 2l h 2 ). We put this condition under 
the form 

ipigxhT 1 ^,^) = ip(g 2 h^ 1 h2,h 2 ) 

which immediately gives hi = +h 2 . But on the other hand the base point of ^(gih^ 1 , hi) is gih^ 1 , so that the 
condition also ask gih^ 1 = gih^ 1 which in turn gives g\ = +g 2 with the same + as in hi = +h 2 . We conclude 
that TL 2 is the problem for the inverse of ip. This proves the proposition. □ 

We will usually use the same notation, ip, to denote the map from G and the one from G/7L 2 . The following 
lemma will prove useful to study the actions of the structure groups in the picture (5.205). 
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Lemma 5.58. 

The map 

SL(2,H)->SOo(l,2) 
9 Ad(g). 

is a double covering. 

Proof. No proof. □ 

The action of a £ SOo(l, 2) on (xg,g) e G/Z2 is defined by 

rl>((xg,g)-a) = (dL x ) e Ad^g" 1 ). (5-208) 

On the other hand, let us see how does (a, a) e A ~ Spin(2, 1) acts on G and how does it reflects on the ip level. 
Since (xg,g) ■ (a, a) = (xga,ga), we have 

i> {[xg, 9] ■ a) = ip((xg, g) • (a, a)) , 

and then 

v{{xg,g) ■ a) = (xg,g) ■ (a, a). 
This proves that our structure is a spin structure. 

5.11.4.2 Reduction to one open orbit 

We will use this isomorphism between AdS^ and SL(2, R) : 



M 

t 

X 



u + x y — t 
y + t u — x 



Then the famous point [u] = ( ^ e AdS^ corresponds to the element J := f ^ 6 SL(2, H). This is 
our base point of the open orbit. We could also take 



where K is the "if" of SL(2,R). 



Problem and misunderstanding 



29. 



I think that J is also a complex structure. To be checked. 

We have J = kg and following the action (5.202), we have J = (/co I ^cT 1 )e. The subgroup R <z G acts on 
AdSs, and we want to know the stabilizer of J. The condition is (r, r') • J = J, or 

r = Ad(J)r', 

but Ad( J) = 6* (the Cartan involution). So an element (r, r') 6 R stabilises J if it is of the form (r, Or), thus 

s = Lie algebra of the stabiliser of J = {(X, OX) st X e 7^o} n 72., 

where the intersection with 7?. is important because can send out of IZo. Note that when X has a A/" component, 
then OX has a J7 component, so (X, OX) e (A ®Af, — A ©A/*) where the minus sign comes from the fact that 
0(A) = —A. Then X cannot have a N component and finally, 

S = R(#, -H) e Q. 

The group i?' is 

R' = e n ' = {(an, an') st n, n' e N } (5.209) 

because TV is 1Z minus the stabiliser, i.e. 1Z' = WL(H,H) ©A/". We have the identification r' >-> r' ■ J between 
R' and the open orbit U. As usual, the action is (g, h) ■ x = gxh~ x if r' = (g,h). Notice in particular that 
R! / Rq x R'q. 
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Up to now we studied the fiber G — » M: we are now able to restrict it to G\u — » U and to establish an 
isomorphism with the trivial bundle R' x Go — » R' ■ The fiber over x eU is 



We define the isomorphism as follows: 



and we have the following picture: 



G x = {(xg,g)}. 

t: R' x Go -^G\ u 

(r',g) i * (r' • Jg,g) 



i?' x Go G 



R' 



in which are defines by 



(5.210) 



(f,g)-^(r'-Jg,g) 

7T 

T / T 

where the dotted line denotes the induced map from r, which is denoted by the same symbol. The map 
t : R' — » W is just the restriction of the original t to j = e. Notice that this t provides a diffeomorphism of the 
basis spaces R 1 and U. 



5.11.4.3 Spin connection 

The spin connection on G\u is given by 



or 



a (gM)^ = [ dL (g,h)- lY <\u ' 



(5.211) 



(5.212) 



Notice that when we write %, we think about A : the group by which quotient G in order to get SL(2, R) ~ AdS^. 
Our task now is to transfer this connection to R' x Go by defining a' = r*a s . If S e Tr r , g ^(R' x Go), we define 



Let us take X e Qq and 6 7?.' and let us compute dr(0, X). More precisely, we consider 



(5.213) 



dT(0®X g ) (r , g) = dr 



IX 



1 = 



= ( X (r'-Jg), X g)- 

The next step is to compute drT, in the case where S = (Y © — l)( r ' iS ) with Y e 1Z' a TZo (SIZq. We have 

d 



dt 



dt 



[r(e tY r',g 
[(e tY r'-J)g,g] 



(5.214) 
(5.215) 



where, if r' = (ri,r 2 ), we consider Y = ((^i)n , (X^)r 2 ) ■ This appears to be difficult to be computed. This 
reflects the fact that the connection should be complicated in the trivial bundle R 1 x Go- 

But there are no fate. We remember that r furnish a diffeomorphism between the basis spaces, so one can 
consider the bundle 

G u 



t on 



R' 
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Vectors of U are of the form (A, X) with X e sl(2, R), thus A e T (xg ^ g) G\ u fulfils a s (A) = if and only if 

dL (xg , g) -x(A) = (A, -X) 

for a certain X e st(2,R). All this makes that the horizontal space over (xg,g) is given by 

hor(xg,g) = {(X xg ,-X g ) st X e Go = sl(2, R)}. (5.216) 

The strategy now is to project that on R 1 and express Dirac operator in terms of the result. Let us make this 
simple computation : 

d7r(X xg ,X g ) = ^( x 9e tX ,ge- tx )] t=o 

= \xge tx e tx g- 1 
at L Jt=o 

= 4[a;e 2tAd ^ x l 
at L Jt=o 

= 2(dL x ) e Ad(g)X. 

This result has to be brought from U to R' by r _1 . Now we take a Y e X(i?') and we want to know which is 
the corresponding X, i.e. the X e s[(2, R) such that 

dT^dTTiXxg.-Xg) = Y. 

From the previous computation, Y = 2dr~ 1 dL x Ad(g)X, so 

X = i Ad^-^dL^-idrf . (5.217) 

We now precise our idea: 

Y(n,r 2 ) = ((Y1UAY2U) = ^ t [ r ^ tYl ^ r ^ tY2 ] t=0 ( 5 - 218 ) 

for Yi e 1Z' and n, r 2 e i?o- In this case, the 'V in equation (5.217) is (r' ■ J)" 1 . Let us begin by taking s' e R' 
and compute L( r /.j)-ir(s'). Remember that r' ■ J = riJr^ 1 from the general action (5.202), so if r' = (ri,r2), 

c?i(,./.j)-ir(s') = (r' • J) _1 si Js^" 1 

= (ri Jr^" 1 ) _1 si Js^" 1 
= — r 2 Jr% s\ Js^ 1 . 

Now, we apply that result on computation of (5.217) with (5.218) : 



(,■../,-' "ri = ^[- r 2Jr 1 - 1 r 1 e tri Je- tl ' 2 r 2 - 1 ] t=o 



dL( r i. j)-idrY = 

d 



|[Ad(r 2 )(-Je^J e -^)" 

^rAd(r 2 )e- tr2 l + Ad(r 2 )Ad(J)r 1 
dr L Jt=o 



and finally, 



= -Ad(r 2 )y 2 +Ad(r 2 )0(r 1 ), 

X ='Ad(g- 1 )dL (rl . J) - 1 drY 

-AdGT^Ad^MFO-Ad^)^]. 



(5.219) 



2 

For this A, the horizontal lift of Y e X(i?') is (A, -A) e TG| W . 
5.11.5 Left invariance of Dirac 

Sections of the spin bundle over the open orbit U are given by equivariant functions ip: G\u — » R 2 - The action 
of A ~ Spin(2, 1) on G is 

(g,h) ■ (a,a) = (ga,ha). 

We define ip by 

#(3)=#(9,e) (5.220) 
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for g e U. We get back the original by formula 

$(g,h) =p(h,h)- 1 ij(gh- 1 ). (5.221) 

Our intention is now to compute V 'zi>(Q = with £ = (xg,g) e G\u (hence x e U) and Z e X(R'). For 

instance we choose a left invariant Z = Y = (Y±, Y^) for Y\, Y2 e 7Z' . Recall that Y is given by equation (5.218). 
From definition of the covariant derivative associated with the connection, 

vl(()=^W = ?(«)W 



where Yt xg ^ g \ is an horizontal vector at (xg,g) whose projection is Y. From our previous work, 



Y, 



(X X g, —Xg) 



with X = i Ad(g : ) ( Ad(r 2 )9Yi — Ad^)!"^) . Let us understand the link between (rx, r 2 ) and g, x. The vector 
(X xg ,Xg) actually projects to a vector at r _1 o n(xg,g) = t~ 1 {x). The fact that x e hi guarantees existence 
and uniqueness of (rx, r%) e R' such that rx Jr^ 1 = x. We have 

V~^{x) = V~~tf(x,e) 

= (X x ,-X e )# 
d 



dt 



^(xe tx ,e- tx ) 



1-0 



The first term of the derivation (the one with t = in the p) gives 2X x ip. This is left invariant. The second is 

±p(e tx ,e tx )i>(x) 

We want to test the condition (??) on this term. Let us pose 

d 



(E^)(x) = (X x ,X e )iP = -p(e tx ,e tx )iP(x) 



t=o 



with X given by equation (5.219). On the one hand, 



L y (EiP)(x) = m){yx) = -p( e " %e tA ")VW 



{=0 



with 



X a = i(Ad(r 2 )flyi-Ad(r a ))y 2 
where {r\,V2) is given by yx. On the other hand, 

d 



E(L y iP)(x) = j t p{e tx \e tXb )Hyx) 



t=o 



with 



X b = -(Ad(s 2 )9Y 1 -Ad(s 2 )Y 2 ) 



(5.222a) 
(5.222b) 

(5.223a) 
(5.223b) 



where (si, s 2 ) is given by x. 

The problem is that the choice of y is arbitrary, so that X a and Xb could be too different. Ok. That's the 
proof that Dirac is not invariant. Here is the proof that Dirac is invariant. 

Following equation (5.211), the spin connection form is 



If Li x y \ is the left translation by (x, y) we have 



( L (x,y) a ) ( 9 ,ft) S = a (xg,yh){dL( x . y) Y>) = (dL^ h) -i S) ^ . 
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Thus we have Lf y ^a s = a s . Now we consider the formula V ~¥>(£) = (X xg , —X g )^j, and we will check that 



(L„Vz^)(£) = Vz(A,V0(£). 
with £ = (xg,g) and 77 = (a,b). On the one hand, 

{L( a ,b)^zi>){xg,g) = W z ip(axg,bg) 

= V zipiaxgg^b^bg^g) 

= (X(axb- 1 )bg, -Xbg)lp- 



On the other hand, 



^z{L {afi) ip){xg 1 g) = (X xg , -X g )L {a ^ 

= j t L^<p{xge tx ,ge~ tx ) 

= j t ^(axge tx ,bge- tx ) 

= {X axg , —Xbg)"^ 
= (X( ax b--l-)bg, -X bg )lp. 



( = 



t=0 



(5.224) 



5.12 Dirac operator on AdS± 

5.13 Dirac operator on AdSi 
5.13.1 Frame bundle 

Construction of the frame bundle and the spin structure is a straightforward adaptation of theorem 2.2 (chapter 
111) in [50], while Dirac operator and connection issues are adapted from proposition 1.3 (chapter III) 

A basis of am dimensional vector space V is a free and generating part; it only has the structure of a set. 
A frame of the vector space V is a nondegenerate map b: R m — » V. Let us give an example in three dimensions 
the difference. If {vi,V2,V3} is a basis of V, of course {v2,Vi,V3} is the same basis. Order has no importance. 
But if {ei,e2,e3} is the canonical basis of R 3 , the frames b(e\) = v\, bie.%) = V2, b(e$) = V3 and c(e\) = «2, 
c(e2) = t>i, c(es) = W3 are not the same. 

Now we consider AdSi = G/H = SO(2, 1 — l)/SO(l, I — 1), the Lie algebra Q has a reductive homogeneous 
space decomposition G = 0,®% and we consider the canonical projection it: G —> AdSi. 

Let the map (see relation (??)) 

' 5.225 
h^Ad(h)\ Q . y ' 

We consider, on G x SO(Q), the equivalence relation (g, A) ~ (<?', A') if and only if there exists h e H such that 
g' = gh and A' = a(h~ 1 )A. We denote by G x a SO(Q) the set of equivalence classes. Now we have a principal 
bundle 

SO(Q) — * G x a SO(Q) (5.226) 



G/H 

where p[g, A] = [g] and the action is given by [g, A]- B = [g,A]. The fact that the projection fulfils p([<?, ^4] -i?) = 
p[<7,^4] is evident, and the fact that the action is well defined is a simple computation : if [(/,j4'] = we 
have a h e H such that 

[<?', A']- B = [g', A'B] = [gh, a(h~ 1 )AB] = [g, AB] = [g, A] ■ B. 

Proposition 5.59. 

Let r(g): AdSi — > AdSi be the action of g e G on AdSi : T(g)[g'] = [gg 1 ], and B be the frame bundle. We 
also consider the map a: 1R 1 '' -1 — » Q the isometry which sends the canonical basis o/R 1:i_1 to the usual basis 
{q ,qi,...,qi-i} of Q. The map 

[g, A] h-> dr(g)^A o a 

provides a principal bundle isomorphism between the principal bundle (5.226) and the frame bundle over AdSi . 



5.13. DIRAC OPERATOR ON ADS L 



231 



By abuse of notation, we will not always write the a. 

Proof. We have to prove first that the map ft: G x SO(Q) — > B respects the classes. For that, consider 
(g, A) ~ (g',A') and remark that 

Pigh^ih' 1 )) = drigh^aih-^A = dT(g)dT(h)dir Ad^" 1 )^" 1 A 

= dT(g)dT(h)dir Adih-^dir^A = dr{g)d-KdR h d-K- 1 A 
= dT(g)#A = /3(g,A). 

where we used equation (??) and the fact that it o L g = r(g) o it. The frame bundle is 

SO(l,Z-l)~ > B (5.228) 

p 

G/H 

where the fibre B^ in B over [g] is the set of isometric maps R 1 '' -1 — > T^j (AdSi). So an element of B is of the 
form ([<?],/ o cr) where g e G and / : Q —> T^(AdSi) contains the main information while a is the previously 
explained isometry. The action of h e SO(l, I — 1) on ([g], / ° cr) is defined by means of any fixed isomorphism 
<p : SO(l,Z-l) -SO(Q) by 

(\g]J°<r)-h=(\g],foMh)°<T). (5-229) 
The map ft is a morphism of principal bundle because 

/%, A] • </?o = ([g],dr(g)A o a) ■ ^(2?) = fl^dr^ o B o a) = A] ■ B). 

It remains to be proved that ft is a bijection. Surjectivity is natural: since dr(g) is an isometry dr(g)A runs over 
the whole SO (T^(AdSi)) when A runs over SO(Q). Injectivity is as follows; let's suppose = ft[g',A']. 

It is immediate that in this case, 3h e H such that g 1 = gh. Using the fact that dn o dR h -i o dir^ 1 = id and 
dr{h)d-K = dirdLh, we have 

dr(g)#A = dT(g)dT(h)A' = dT{g)d T (h)dndR h -i dir' 1 A' = dir Ad^dir^ 1 A' = a(h)A' . 

□ 

From now on, we identify G x a SO(Q) with the frame bundle over AdSi. 



5.13.2 Spin structure 

We consider the principal bundle 



Spin(l, I - 1) — G x & Spin(l, I - 1) (5.230) 



G/H 

where x 5 is the following equivalence relation on G x Spin(l, I — 1). We say that (g, s) ~ (<?', s') if and only if 
there exists a h e H such that 

(i) g' = gh, 

(ii) x(s') = Ad(/i" 1 ) X ( S ). 

Notice that the second condition implies that Ad(h) e SOo(Q). It is easy to prove that the given structure is 
well defined and is a principal bundle. Now we consider the spin structure as follows: 



Spin(l,Z - 1) 



G x a Spin(l,Z-l) 



G x Q SO(Q) 



SO(Q) 



(5.231) 



G/H 



where s] = [ff, x( s )]- It is well defined since when [g, s] = [g',s'], there exists a h e H with x( s> ) = 
Ad(fe- 1 )x(s) such that <p[g',s'] = ip[gh,s'] = [gh,x{s')] = [gh, Ad(/j- 1 )x(s)] = [ff,x(«)] = 
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5.13.3 Reduction of the structural group 

The case of AdSi can be seen in the setting of subsection ??. Let us show now that the bundle 

H Q (5.232) 



G/H 

is a reduction to H (the identity component of SO(Q)) of 

G— s^r(G) (5.233) 



G/H. 

Indeed, u: G — » r(G) given by = r(g) provides the reduction homomorphism: r(gh)X = dndL g hX while 
(r(g) ■ h)X is the same. 

Lemma 5.60. 

The tangent space T(G/H) is an associated bundle of r(G) trough the identification 

f3':r(G)x p Q^T(G/H) 
[r(g),X]~r(g)X 

where p(h)X = Ad(h)X, so that the quotient is given by [g,X] = [gh, Ad(h )X]. 

Proof. The proof is entirely similar to the one of lemma ??. □ 



Chapter 6 

Relativistic fields and group theory 



6.1 Mathematical framework of field theory 

This is a short review; the aim is to see why the quantum theory of fields needs representations of the Poincare 
group. It will be mostly physics oriented. References dealing with field theory including gauge theory and 
representations are [31, 44, 44, 48, 51-55]. 

6.1.1 Axioms of the (quantum) relativistic field theory 

The quantum mechanics is based on a few number of axioms: 

(i) We have a Hilbert space ^f 7 . A physical state is given by a ray in J^, i.e. a set 

K = {&:\t\ = l} 

for a certain ip e Jf? with (ip\ipy = 1. In other words, the set of physical sates is the quotient of the set of 
unital vectors in J$? by the relation ip ~ ip' if and only if ip = £ip' for some unimodular complex number 
£. We denote by Ray^f the set of all rays in Jf. 

(ii) The observables are represented by hcrmitian linear operators on Jf. A state TZ has value a for the 
observable A if ATZ = aTZ, where the action of A on the ray is obvious (and well defined because A is 
linear) . 

(iii) If one has a system described by a state TZ, and if one want to measure if it is in one of the state TZi , . . . , TZ n 
(orthogonal rays), the answer will be IZi with probability 

p(tz -» Hi) = \{n\R,i)\ 2 . 

If the TZ n form a complete system, one has a theorem which states that 

£)P(ft-»fti) = 1. 

i 

(iv) The rays of .^C furnish a representation of the (identity component of) Poincare group. 

This last point can look strange; we will see later (page 240) how it comes. It is the expression of a relativistic 
theory. That axiom is the reason why one make intensive use of representation theory in relativistic (quantum) 
field theory ... or maybe the intensive use of representation theory is the reason of that axiom. However, we 
will make an intensive use of representation theory developed in chapter ??. 

6.1.2 Symmetries and Wigner's theorem 

Consider the following situation: someone observes a system in a state TZ, and makes measures P(1Z — > IZi). 
An other person observes the same system which is, for him, in a state TZ' and observes P(TZ' — > TZ'A. 

If two observers are related by a transformation of the Hilbert state which induces TZ — » TZ' and TZi — > TZ^, 
there are said equivalent if 

p(n Ki) = p(tz' n'A. (6.i) 

Let us say it more precisely from a mathematical point of view. A symmetry is an invertible operator 
T: Ray^f -> Ray Jf such that for any fceKi, $ e TTZ, and 4>'{ e T^TZ^ 

mm 2 = \<<h\<h>\ 2 = mm 2 (6.2) 
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Remark 6.1. 

Here, neither TZ nor TZ' are measurable: the P 's only are measurable. 

The following can be found in [44] p. 91, [51] p. 354. 
Theorem 6.2 (Wigner). 

Any symmetry T is induced by an operator U on Jf such that ip 6 TZ implies Uip 6 TV. This operator is either 
unitary and linear, either anti-unitary and antilinear. 

So, the symmetry operator must satisfy 

<Url>\U<f>> 
U(£ip + Wp) 



£UiP + rjU<p, 



(6.3a) 
(6.3b) 



(Uip\U(f>) = <V#>* (6.4a) 
U{£ip +r)ip) =Z*Uip + r)*U<p. (6.4b) 

In the anti-linear case operator, we do not define W by ((fi\Wipy = (U<p\ipy because the left-hand side should 
be anti-linear with respect to ip while the right-had should be linear. In place, for an antilinear operator A, we 
define A^ by 

<0|Aty> = <MW>* = <W> (6-5) 

In this way, the definitions of unitary and anti-unitary in term of dagger are the same: = U^ 1 . 

For any transformation T: Ray Jf? — > Ray J$f, the Wigner's theorem provides an operator U(T) : ffl 1 — > 3? 
which induces T on Ray. If the operator T depends on a parameter 8, the operator U(T(8)) depends on 8. If T 
depends continuously on the parameter then the family U{T(8)) only contains unitary /linear operators or only 
antiunitary/antilinear operators. 

In physical cases, T(8) is mostly a Poincare transformation: 8 = (A,p). But T(1,0) is the identity which is 
represented by £7(1,0) = 1. Then all the (connected to identity) Poincare transformations are represented by 
linear and unitary operators on Jif . 

We will follow the proof given in [44]. An other form of the proof can be found in [51]. The latter use a 
slightly different formalism in the axioms of the quantum mechanics; this is explained in appendix A.l. It is 
now time to prove the theorem. 

Proof of Wigner's theorem. We consider an orthonormal basis {ipk} of Jt? with iph e TZk, and a choice of 
ip' k e TTZk- From this and the assumptions, we have 

mm\ 2 = KAm\ 2 = s k i. 

Then (ip' k \ip' k y = whenever k I and, since (ip'hl^k) is real and positive, (i/'fclV'k) = 1- ^° WkWi) = ^ kl - 

The set ip' k is a l so complete in Jff. Indeed suppose that we have a vector ip' e Jff such that (ip'\ip' k y = for 
all k. If if>' e TZ, we consider a ip" e T~ Y TZ and we have 

i«i^>i 2 = = o, 

which contradicts the fact that the ipk's form a complete set. Now we have to fix a phase convention for the iph- 
Since there are no canonical choice of phase, we fix with respect to an arbitrary one of the ipk, say ip\. We put 

7fe = -jjfo + ip k ) eC fe (6.6) 
for k 1. Any -f' k e TCk can be written in the basis {tp'k}'- 

7*=I>^'. (6.7) 
i 

From assumption (6.1) and the fact that \cki\ 2 = K7fc|V'z)| 2 > we find, for k,l 1 



Icfczl 2 = -Shi- 



ft 



We can choose the phase of 7^, and ip' k in order to get Ckk = Cfci = 1/V2. For this, we begin to fix 7^ in such 
manner to get Cki = 1/V2 (from \chi \ = K7fc|V4)l)i an d next we fix ip' k for the Ckk- From now on, the so chosen 
j' k and ip' k are denoted by Ujh and Uiph- 
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What we did until now is to take a basis {ipk} of J4? and define 7fc = l/\/2(ipi + ip k ). Next we had chosen 
the phases of ip' k e TIZk and ji e TCk in order to have 



(6.8) 



Cfefc = Cfei = 1/V2 Vfc, 

Cki = if I ^ k and I # 1. 

This allows us to check a certain linearity for the operator [/: 

1 



C/(_(^ fe+ ^l)j =[/ 7fe 
1 



(6.9) 



- $ + from (6.7) and (6.8) 

= l=(Uip 1 + Ufl> k ). 

Now we have to build U on a general vector ip = ^ k ip k e 1Z. Any vector 0' e T1Z can be decomposed with 
respect to the basis {ip' k = Utpk}' 

i/,' =^C' k U^ k . (6-10) 

From the conservation of probability KV'fcIV')! 2 = K^^/cl^')! 2 an d KTfcIV')! 2 = K^7fe I V 7 ')! 2 : we nn d 

|C fe | 2 = |C£| 2 , (6.11a) 
ICfc+dfH^+Cil 2 . (6.11b) 

If one writes Ck = a-k + ib k , one finds Re(Cfc/Ci) = {a k a\ + &fc&i)/|Ci | 2 . By doing the same with C£ and using 
(6.11), 

Re(C fc /Ci) = Re(C£/C(). 



Equation (6.11a) also imposes 

ICfc/dl 2 = |C*^/C(| 2 , 
while compatibility between (6.13) and (6.12) requires 

lm{C k /C x ) = + lm(C' k /C[). 

Equations (6.12) and (6.14) show that C k and C k must satisfy 

c fc /Ci = cx/c( 



(6.12) 
(6.13) 

(6.14) 
(6.15a) 



xor 



C fe /Ci = (C7£/Cl)' 



(6.15b) 



For a given ^ we have to show that the choice must be the same for all the Ck 1 - Let I # k and suppose that 
Cfc/Ci = C' k /C 1 and CijC\ = (C{/C[)*; we will show that in this case, one of the two ratios is real. So we can 
suppose k # 1 I. We consider the vector $ = -^(V'l + i>k + ^Pi), 

ex. 

& = -j=(U1>i+Uil> k + Urln) 

where a e <D satisfies \a\ = 1. The conservation of probability K^l^)] 2 = K^'IV 7 ')) 2 gives \C\ + C k + C/| 2 = 
\C[ + C' k + C[\ 2 . Since | d | 2 = \C[\ 2 , we can divide the left hand side by |Ci| 2 and the right one by \C[\ 2 . We 
find 

CI 



1 + 



J k , C'i 
C[ C[ 



Using the assumption C k /C\ = C' k /C[ and CijC\ = (C//CJ)*, we are in a case of an equation of the form 
\u + v\ 2 = \u + v*\ 2 with u, v e (D. If we write u = a + bi and u = x + iy, we find b + y = +(b — y), so that 
it leaves the choice y = or b = which corresponds to (C k /Ci) e R or (C//Ci) e R. So the coefficients Cj. 
(fc ^ 1) in the expansion (6.10) must satisfy 



Ck/Ci = cyc[ v/s 



(6.16a) 



x We will show later that for a given T, the choice must be the same for all the tp. 
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xor 



Cfc/Ci = (C' k /Ctf Vfc. (6.16b) 

Note that the phase of C\ is not yet fixed. We naturally choice C\ = C[ or C\ = C[* following the case. We 
define U : Jf -> Jf by 



xor 



U l^Ck^k) =Y, C kU^k if (6.16a), 

\ k J k 

U [Y.Ck^k] = Y, C kUi>k if (6.16b). 

\ k / k 



(6.17a) 



(6.17b) 



One can explicitly check that it preserves the probability because \(i/j\ipk)\ = |Cfe| 2 while \{Uip\Uipk)\ is equal 
to \Ck\ 2 or |C^| 2 (which are the same) following the case (6.17a) or (6.17b). 

Now we have to prove that the choice (6.17a) or (6.17b) is fixed by the data of T and must be the same for 
all the ip e Jjf. For, let us consider two vectors <fi = S^fcV'fci f = Yi^kipk and suppose that 

U</> = Y i A k U4> k but Uip. =Y i BtU^ k . 

k k 

In order to see that it is impossible, looks at the conservation of probability | J], A k B*\ 2 = | J\ A k B k \ 2 , then 

2 (BfB k AiAt - B*B k AfA k ) =J]BfB k Im^A*) = 0. (6.18) 

kl kl 

Since AiA*l e R, we can regroup each term (k, I) with the corresponding term (I, k). We get 

= '£Tm(A i At)(BtB k - B*B t ) = £lm(A*^)Im(-B^)- (6.19) 

kl kl 

We can find a vector J] fe CfcV'fc such that 

2MCjk<3)Im(4k4) # (6.20a) 

kl 

and 

J]lm(C^Ci)lm(B*Bi) # 0. (6.20b) 

In order to see how to find such a vector, let us show that there always exists a choice such that B*Bj is 
not real. Let us say B\ = x + iy and B k = a k + hi. If y # 0, the condition Im(B* B k ) = gives B k = yB\. 
It is always possible to find a sequence (b k ) which gives 1 as norm for ~YjB k tp k ] the problem is not there. The 
problem is that B k jB\ e R, so that the choice (6.17) is not a true choice. For the same reason, all the B*B k 
can't be pure imaginary. 

Now we can find the vector which satisfy (6.20). There are several cases. If there is a pair (fc, I) such that 
A* Ai and B*Bi are both complex, we can take all Cj's zero for k i # I and choose Ck and C; in such 
a way that C*Ci is not real. If there is a pair (k,l) with A k Ai complex and B*Bi real, we consider a pair 
(m, n) such that B^B n is complex. If A^A n is complex, we take all the Cj's zero except C m and C n such that 
Im^^Cn) # 0. If A^A n is real, we take all the CVs zero except Cfc, C7j, C m , C n which we choose in such a way 
that Im(C* C n ) and ±m(C*C fe ) jt 0. 

Equation (6.20a) makes that the same choice must be made for ^]A k ?p k an d SCfcV'fe (if h was n °t f ne case, 
we would have an equation of the form of (6.19)). For the same reason, the same choice must be made for 
^B k ip k and ^CfcV'fe- So we conclude that the data of T fixes the choice between (6.17a) and (6.17b) and that 
this choice must be the same for all the vectors of Jf?. 

We have to show that the possibility (6.17a) makes U linear and unitary while the possibility (6.17b) makes 
U antilinear and antiunitary. For we consider tp = A k ij) k and <f> = ~^ k B k tp k . If (6.17a) works, 

U{oal> + 0<f>) = u(j^(aA k + f3B k )^ 

k 

= J](uAk+f3B k )UtPk ( 6 - 21 ) 

k 

= aUip + PU4>, 
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and 

<U^\Ucj>y = Y l A *k B l< U ^\U<Pi) = Y> A t B ^ (6-22) 

kl k 

so that (Uifj\U(j)') = {ip\<py. Thus in this case U is linear and unitary. In the case where (6.17a) works, the 
computations are almost the same: 

U(ai> + fa) = u(Y{aA k + /3B k )^ 

k 

= Ys. a * A t+p* B k)u^k ( 6 - 23 ) 

k 

= a*Uip + p*U(i>, 

and 

(flippy = Yi A k B l< U ^\ U ^> = Yi A * B *k> ( 6 - 24 ) 



kl k 
that (U4>\U(j)) = (i/}\<py*. In this case, U is antilinear and antiunitary. 



□ 



6.1.3 Projective representations 

If 71(7^) = K' n and t/>„ e Tl n , then U^)^ e TL' n . 1{T 2 (W) = K", then U (T 2 )U (Ti)ip n e W n . But U{T 2 T{)^ n 
also belongs to VJ' n . Then there exists a 4> n (T 2 ,Ti) e R such that 

Note that for any ip e Jff, there exists a A 6 R such that \\Xi/j\\ = 1. Since a real can be sent out the C/(T)'s, for 
any ib e Jf?, there exists a <j> which only depends on V'/IIV'll such that 

U(T 2 )U(Ti)ib = e^^'^U^T^ip (6.25) 

Proposition 6.3. 

The 4> doesn't depend at all on the ip: 

U{T 2 )U{T X ) = e^ (T2 ' Tl) t/(T 2 Ti). (6.26) 
Proof. Let us consider a ipA and a ibg which are not proportional each other. One has a 4>ab(T 2 , T{) such that 

e ^As(T 2 ,T 1 ) u{T2Ti) ^ A + = U{T2 ) U{Tl) ^ A + 

= e** A ^ T ^U{T2Ti)^A (6-27) 
+ e l * B(T2 ' T ^U(T 2 T 1 )ip B . 

Now, we apply U(T 2 Ti)^ 1 to both sides. If it is unitary, the e 1 ^ get out without problems; else is get out as 
e -i<t>. 

e ±l ^ AB {ip A + Vb) = e ±l * A ijA + e^Vs- (6.28) 
Since ipA and ipB are linearly independent, the only solution is e % ^ AB = e l( ^ A = e % ^ B . 

□ 

Since the operators U(T) must only fulfil 

U(T 2 )U(Ti) = e^ (T2 ' Tl) J7(T 2 ,Ti), (6.29) 
these form a projective representation of the symmetry group on the physical Hilbert space Jf?. 
Remark 6.4. 

In order to have some physical relevance, this demonstration supposes that a state ipA + ipB exists in nature. 
If one can divide the particles in several "incompatibles" classes labeled by a, b such that ip a + ipb doesn't exist, 
then equation (6.29) is false and one has to write 

tf(T 2 )tf(Tity a = e**»< Ta ' Tl >Cf(T a Tity a 

because we can't show that (f> a = fa from the simple fact that ip a + ipt, doesn't exist ! 

For example, physicists think that there are no superposition of state of integer and semi-integer spin. 

Remark 6.5. 

If the group satisfies some requirements, one can choose (j) = 0. From now we suppose that we are in this case: 
we work with "true" representations. 
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6.1.4 Representations and power expansions 

Let G be an arc connected Lie group whose elements are denoted by T(9) with 9, a continuous family of 
parameters (from a local chart). The multiplication law is given by a function /: ft" x IR™ — > R™: 

T(Q')T(Q)=T(f(Q',0)). (6.30) 

If 9 = is the coordinate of the identity, 

/(O,0) = /(0,O) = 0- (6.31) 

We suppose that G acts on the rays of a Hilbert space , so that there are represented on Jti? by unitary 
operators U(T(9)). We denote by W the group of transformations of Jt° ; roughly speaking, 

W = U(G). 

Now, we are going to cheat a little. We know that there exists a normal neighbourhood of e in W. In simple 
words, the map exp: W — > W is a diffeomorphism between the elements of W "close" to and the ones of W 
close to e. By close to, we mean that the components of 9 are small enough. If {it a } is a basis of W, we define 

U(T{9)) = e l ° ata . (6.32) 

In other words, one considers the exponential map for a neighbourhood of identity. 

The cheat is the fact that U(T(9)) is actually defined by Wigner's theorem from the data of the group G. 
So equation (6.32) should be seen as a requirement in the choice of the basis {t a }- 

Remark 6.6. 

The i in the exponential in (6.32) and in the definition of the basis {it a } is a convention in order the t a 's to be 
hermitian. Indeed, the Lie algebra of a group of unitary matrices is made of wkihermitian matrices. 

With all that, 

U{T{9)) = 1 + i9 a t a + ^9 b 9 c t bc + ... (6.33) 

where t bc is defined (among other requirements) to absorb the "intuitive" minus sign in the third term. 

Now we are going to explore some consequences of equation (6.30). Equation (6.31) makes the expansion of 
/ as 

f a (9', 9)=9 a + 9 ,a + f£ c 9' b 9 c + ... (6.34) 
From expansions (6.34) and (6.33) of / and U(T(9)), "group structure" equation (6.30) gives (at order two): 

he = -t b t c - */£.<« (6.35) 

and nothing for the first order. Then, providing that one knows the group structure (the /), one knows the 
second order of the representation from the first one. From equation (6.32), one finds the value of t a b- 

e irt » =l+i9 a t a + ±(i) 2 (9 a t a )(9 b t b ), 

up to constant coefficients, one can choose t ab to be symmetric with respect to a and b: 

I, , 

tab = ^ytatb + tbt a )- 

Taking this convention and computing t bc — t c b from (6.35), we find 

[t a ,t b ] = iC c ab t c (6.36) 

On the other hand, one knows that if a group is abelian, its algebra is also abelian; we can see it here by 
considering that if G is abelian, f{9,9') = f{9',9), then f£ b is symmetric and [£ a ,i&] = 0. We can say more 
about / Since the t a commute, equations (6.30) and (6.32) make that 

e if(e,eru = e ie°t ae ie'H b = e <(e»+fl")t. s (6 37) 

so that 

f(9,9')=9 + 9'. 
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6.2 The symmetry group of nature 
6.2.1 Spin and double covering 

Some of literature carry an ambiguity in the choice of the right space-time symmetry group in the quantum 
field theory. A very good and deep discussion about the choice of the space-time symmetry group of nature is 
given in the book [31] which will be used here. An other enlightening review can be found in [56]. 

From a relativistic point of view, the group is the Poincare group of all the maps R 4 — » R 4 which leaves 
invariant the quantity s 2 = — t 2 + x 2 + y 2 + z 2 . At this point we can already make an important remark: the so 
defined quantity s is in fact not a relativistic invariant. Indeed if I follow a (spatially) closed path, I will measure 
At # and Ax = Ay = Az = because in my frame, my displacement is zero. A guy who keeps at my starting 
point will measure (between the beginning and the end of my travel) A't ^ and also Ax = Ay = Az = 0. If 
s = s', then At = At'. 

So the relativistic invariance is only local: ds 2 = ds' 2 , and as far as relativity is concerned, one can work 
with infinitesimal transformations only. In this case, the distinction between the groups L\ and SL(2, (D) is no 
relevant. Intuitively, we choose L,\ to be the space-time symmetry group. As we will see the difference will 
reveal to be crucial in relativistic field theory because L\ has no half-integer spin representations. 

This group naturally splits into two parts: the translations and the rotations (and boost). As far as I know, 
the translation part makes no difficulties. For the other one, there are some difficulties to find the minimal 
group of symmetry. First, one often want to separate the space-time inversions P and T from the remaining: 
the group then becomes the homogeneous orthochrone Lorentz group L + . An other often presented group is 
. . . SL(2, (D). This is our choice here. The physical reason of this choice is all but immediate. As we will see 
during the following pages, an elementary particle is an irreducible representation of the symmetry group. 

For massive particles, the relevant subgroup of SL(2, (D) reveals to be SU(2). If we had chosen the most 
intuitive L + , we would have found SO(3). There is an important difference between SU(2) and SO(3) = 
SU (2)/Wj2- the first one admits representations of any integer and half-integer spin while the second only posses 
the integer spin representations (cf. page ??). 

Let us now be more precise about the relation between and SL(2, (D). A know result is 

t _ SL(2,C) 

Let Spin: SL(2, (D) — » L + be the surjective homomorphism with kernel +3.2x2 giving this relation. We will not 
give a complete proof, but we will explain how SL(2, (D) acts by isometries on R 4 . First, we remark that there 
exists a bijection between R 4 and the 2x2 complex hermitian matrices: 



t + z x — iy 
x + iy t — z 



x 
V 

w 



(6.38) 



If A e SL(2, <D), the matrix \v}$ is also hermitian and ||w|| 2 = detu. Thus 

A (A) : R 4 -» R 4 



(6-39) 
v i— > Aim' 



is a Lorentz transformation if and only if | det A| = 1. Moreover, 

A(AA') = A(A)A(A'). 

If A' = e^A, then A(A') = A(A), thus it is natural to impose detv = 1 and to consider SL(2, <D) instead of 
L(2, (D) to fit L\. Now, A(A) = A(-A), and we wish to consider SL(2, (D)/Z 2 . 

I think the problem is the following: as far as the action of the "nature group" on the space-time is concerned, 
it is sufficient to consider h\. But the group which acts on the state space is wider: it must be SL(2, (D). 

From now, when we say "Poincare group", we mean SL(2, (D) x R 4 while "Lorentz" means SL(2, (D) acting 
on R 4 by A(X)v = XvX'l 

Let us continue the discussion of page ??. A know result is the fact that the map Spin restricts to a surjective 
homomorphism Spin: SU(2) — > SO(3) with kernel +1 giving the relation SO(3) = SU(2)/Wi2- If one considers a 
representation p: SO(3) — > GL{V), then p = poSpin is a representation of SU{2) on V. So every representation 
of SO(3) comes from a representation of SU(2). 
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As far as the transformation rule of a (quantum mechanical) wave function under a rotation R e SO (3) is 
concerned, one can see (it is done in [31]) that the try 

doesn't works if T(R) is a representation of SO(3) on (D 2 . If one allows T to be a representation of SU(2), then 
our choice — for an electron — should naturally be the spin one half representation T = Dw 2 ). Let us do it. 
The remaining problem is the following. Let's consider that in a certain frame, an electron is described by the 
wave function (ipi tp 2 J > the question is to know the wave function observed by a guy which use another frame 
linked to the hrst frame by R e SO(3). We always have exactly two elements in SU(2) projected to R by Spin; 
namely Spin(+g) = R; so how to choose between 

D^M (*) and DC-*,.,, (£) 7 

The trick is to remark that a change of frame is not the mathematical process described by a single element 
R of SO (3), but a physical continuous process which begins at the identity and stops at R. In other word, we 
have to ask ourself how to go from a frame to another ? Taking as example the rotations around the x axis, we 
can look at two different path in SO (3) from 1 to 1 given by the same expression 

AO \ 

R 1 (t) = R 2 (t) = cost sint , 
\0 — sin t cos t J 

but considering t: — » 2ir for R\ and t: — > Air for R 2 . The covering map Spin: 577(2) — * SO(3) allows us 
to lift any path in SO(3) to a path in SU(2) in an unique way providing a starting point. In other words, if 
Spin(a) = R, 

3! R(t) e 577(2) such that Spin o,R = R and R(0) = 1, 
3\R(t) e S77(2) such that Spinofl = R and R(0) = -1. 

The question is now: how to choose the right path among these two ? The answer comes from the homotopy 
of SO (3): the path R% and R 2 belongs to two different classes. 

Considering the "change of frame" as a continuous process, the initial point is naturally chosen to be 1. 
With this choice, the lift of R\ and R 2 are given by 

n\ m ( cos l -isin|\ 
9i(t)= 92 (t)= (^ gin 2 , cQs , 2 j 

with t : — » 2ir for g\ and t : — > 4tt for g 2 . In SU(2), the ending point of g\ is —1 while the one of g 2 is 1. 

It is still possible to say a lot of interesting thinks about the space-time symmetry group of nature; let's just 
conclude saying that SU (2) is more adapted to the rotations of non zero spin than SO (3). (it is not intuitive !) 

6.2.2 How to implement the Poincare group 

We are not making physics here, but differential geometry and group theory; so we will not discuss the physical 
relevance of the Poincare group from a "speed of light" point of view. We consider the Poincare group as 
the group of all the affine isometries of metric ij = diag(—l, 1,1,1) and the Lorentz group as the subgroup of 
rotations and boost. 

A Poincare transformation of R 4 is given by (A, a) with A a 4 x 4 matrix and a e R 4 , a translation vector. 
The composition of (A, a) with (A', a') is given by (A'A, A'a + a'), the inverse is (A -1 , — A _1 a), the neutral is 
(1,0), and (det A) 2 = 1. 

The axiom (iv) at page 233 gives us a group of transformation of the rays in Jf? parametrised by (A, a) such 
that 

T(A', a')T(A, a) = T(A'A, A'a + a'), (6.40) 

T(A, a) : Ray — > Ray Jff. Then Wigner's theorem defines a representation of the Poincare group on Jf? by 
unitary matrices : 

i/> -> U(A,a)ip. 

Remark 6.7. 

Wigner only ensure existence of projective representations. Here we suppose that our symmetry group (maybe 
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slightly different that Poincare) is such that any projective representations can be turn into a classical represen- 
tation. We will therefore use the composition law 

U(A', a')U(A) = U(A'A, A 1 a + a') (6.41) 

instead of U(A', a')U(A, a') = e #(A,«,A>')[/(A'A, A'a + a'). 

By axiom, the (connected) Poincare group acts on rays of J$f, and we have the representation U which form 
a group acting on Jtff. The Lie algebra acts also : 

UTP = ±[u(t) 

This definition is natural because Jif is a vector space: it can be identified with its tangent space: U(t)ip is a 
path in and its derivative at t = is still a well defined clement in Jtf? . Now recall that the operators U are 
unitary, so that the corresponding operators u are hermitian (therefore diagonalisable). 

Let us consider an abelian subgroup A of Poincare with Lie algebra a. One can find a basis of J*f made of 
common eigenvectors of a basis of o. In other words, one can find a basis of J'if which simultaneously diagonalises 
all a. If {ai} is a basis of a, one can find a basis {(V'a)} (here A labels a basis of J%? : it might take continuous 
values) such that 

a^A> = Ai|VA>- (6.43) 



(6.42) 



6.2.3 Momentum operator 

Of course, there exists an abelian subgroup of Poincare: the pure translations, A = {{7(1, a)}. A basis of the 
Lie algebra is given by four vectors labeled as P M and defined by 



d 



dt 



t=o 



where is the unit vector following the direction /i (for fj, = 0, e° = (1, 0, 0, 0)). One can consider a basis which 
diagonalises the P M 's: 

P^p,a)=p"\p,a) (6.44) 

where by definition, 

P»\p,a)= j t [u(l,ten\p,o-}\ t=o . (6.45) 

Remark 6.8. 

Be careful on a point: we don't say anything about the symbol "p " in the ket. The only property is that it labels 
a Hilbert space J4? . But nothing is already imposed to Jf? : it must just carry a representation of the Poincare 
group on its rays. In particular, it is a priori false to say that p is a "momentum A-vector" and that p^ 1 is a 
component of p. Naturally, our notations are adapted to think that ! Maybe it is a pedagogical mistake; I don't 
know. 

This remark can be disturbing: why is generally \p,&) called "a state of momentum p" ? Since U(t f a) is 
unitary, P M is hermitian; the p M are eigenvalues for an hermitian operator, so by axiom (ii) (page 233) they 
are candidate to be physical values. But equation (6.45) shows that P M is what a physicist should call an 
"infinitesimal translation", so that Noether suggests us to interpret the eigenvalue as momentum. We are safe ! 

The parameters a are not yet defined neither. It will come later. For the moment, we include into the 
definition of a one particle state that a takes discrete values. 

Since U(l, a) = e a » p \ 

U(l,a)\p,a} = e ia ^\p,o-). 
Now we are interested in the determination of U(A, a)\p, ct). 

Proposition 6.9. 

The operators P M are subject to the "transformation law" 

U(A, a)P"U(A, a)- 1 = A^P" '. (6.46) 

Proof. Since operators U(A, a) are linear, they can be putted in the derivative which defines P M . Using the 
composition law (6.41) we find : 

d 



U(A,a)P t *U(A,a)- 1 = — \u(A, a)U(l, te")U(A, a)- 1 ] 

dt L lt=o 

[7(1, iAe^) 



d * ^ (6 ' 47) 



dt 



t=o 
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The A can be putted out of derivative; let us see it for a sum of two terms (here it is four) : 



|[^l lt (^ + e"))] t=o = 1^(1,^(1,^)]^ 



-[u(l,te»)U(l,0)]^ o + -[u(l,0)U(l,te») 

pH _|_ pv 



(6.48) 



Thus 



|[^(l lW ] t=o =AM|^(l lt e»')] t=o =A{;i-. 



(6.49) 
□ 



6.2.4 Pure Lorentz transformation 

Now we consider a pure Lorentz transformation U(A) = C/(A,0), and we want to look at ?7(A)|p, cr). In order 
to see its decomposition into others \k, cr'), we apply a P M : 

P»U(A)\p, a) = U(A) ([/(A)- 1 P^C/(A)) \p, cr) 

= u(A)(a-Xp v \p,<t) ( 6 - 5 °) 

= (A- 1 )^U(A)\p,a). 

Thus the vector U(A)\p,a) e has (A -1 )^" as eigenvalue for P^. If the p^'s are seen as components of a 
4-vector p, one can write 

P^U(A)\p,a}=(AprU(A)\p,a}; 

thus we naturally write 

U(A) \p, <jy = Yt C a , a (A, p)\Ap, a'}. (6.51) 

cr' 

Note that we had not yet given anything about the nature of the p in the ket \p, cr) so we can define the 
product Ap by the fact that the ket \Ap, cr) has eigenvalue (A^ 1 )^p l/ for the operator P* 1 . So it is one of the 
|P>'>. 



6.2.5 Rebuilding of a basis for 

From general considerations about the Lorentz group (many physicists had written very better books than me 
about) anyone knows that the only functions of thep^'s which are invariant under all the Lorentz transformations 
are p 2 = rj^nup^p" and the sign of p° when p 2 < 0. 

For any value of p 2 and sign of p°, one consider a "standard vector" k. For example : 

k = (1,0,0, 1) forp 2 = 0, (6.52a) 

k = (1,0,0,0) for p 2 < 0, p° > 0, (6.52b) 

k = (-1,0,0,0) for p 2 < 0, p° < 0. (6.52c) 

With this convention, p can be written as p = L(p)k for a suitable Lorentz transformation L(p). The vector 
U(L(p))\k 1 cr) has eigenvalue L(p)k for the operator P, thus it is a linear combination of some \p, cr'). 

Now we will cheat and redefine our basis of the Hilbert space . First, we consider a fixed k; in other 
words, we build the state space for a given particle which has given momentum p. The basis vectors must be 
eigenvectors for the fours operators P^. As far as we say no more, any eigenvalue is possible. Thus our basis 
must be labelled by at least an element p of R 4 with only one constraint: the value of p 2 (plus eventually the 
sign of p°). So we define the \k, cr) to be such that 

P^|/C,cr> = fc"|fc,<7>. 

Since we know that with this definition of \k, cr), the eigenvalue of U(L(p))\k, cr) for P M is p^, we define \p, cr) as 

\p,a) = N(p)U(L{p))\k,a). (6.53) 

where N(p) is a normalization to be discussed later. With this construction, we have an eigenvector for any 
possible eigenvalue for P^. We have to show that these vectors are linearly independent. 
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The set of the \p, <r) with different p is free in J$? because they are eigenvectors for different eigenvalue of an 
hcrmitian operator 2 . There are no reason to think that the set of operators P M is complete; in other words, it 
remains not clear that there exist only one way to diagonalise the all the P M . The function of the extra label a 
is to label different linearly independent vectors with same eigenvalue for P. 

From now, we are interested in \k,a) and N(p). 



6.2.6 Little group 

We have : 

U(A)\p,a) = N(p)U(AL(p))\k,a) 

= N(p)U(L(Ap))U(L(Ap)- 1 AL(p))\k,a), 

So we will try to understand the operation L(Ap)~ 1 AL{p). First remark that 

C/(L(Ap)- 1 )|Ap, ( r> = 7V(Ap)|fc, ( 7>, 

and then compute : 

U(L(A P r 1 AL(p))N(p)\k,0) = U(L(A P r 1 A)\p,a) 

= U{L{Ap)- 1 )Y,C a , a {A,p)\Ap,o l ) 

a' 

= Y i C.'AA,p)N(Ap)\k,<T>). 



(6.54) 



(6.55) 



The little group is the subgroup of the Lorentz transformations which leaves the chosen standard vector k 
invariant: Wk = k. For any W in the little group, 

U{W)\k,a} = Y i D„ la {W)\k,a') 

With this definition, the D's form a representation of the little group. Indeed for any V, W in the little group, 

Y,D^(VW)\k,a') = U(VW)\k,a) 

= U(V)Y i D a „4W)\k,a") (6 56) 

er" 

er'er" 

Since we want the \p, a) with different p and a to form a basis of 34?, they are linearly independent, then we 
can get rid of the sum over the a' and keep the equation 

D a , a {VW) =Y 1 Da>a»(VW)D r7 „ a (VW); 

a" 

if we adopt a more "matricial" notation, 

D(VW) = D(V)D(W). (6.57) 

We are now able to perform a step in the study of the vector U(A)\p,a). We naturally define W(A,p) = 
L(Ap)~ 1 AL(p). This belongs to the little group . Then, 

17(A) |p, a) = N(p)U(L(Ap))U(W(A,p))\k,<r) 
= N(p) V D alrT (W)U(L(Ap))\k, a'} 

(6.58) 

N(p) 



2^(^(A,p))|A P ,a'>. 



N(Ap) ^ 

But we have no constraint on the D's: it must just form a representation of the little group. Consequently, 
we arc at a point in which our axioms are no more sufficient to continue the building of quantum field theory: 
we will get as many theories as representations of the little group. 

2 1 did not checked that it is sufficient 

3 Pay attention that L(p) depends implicitly on the choice of k. 
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The physical interpretation is the following : each type of particle has its own representation. When we 
consider a Hilbert space on which U(A) acts via one given representation of the little group, we consider the 
Hilbert space which describes the corresponding particle. Note that the little group depends on the choice of 
k, and therefore depends on the particle which is studied (massive or not). 

In this sense, a particle is a representation of the Poincare group . In particular, the nature of the index 
a can change from the one representation to the other. 

Remark 6.10. 

As far as normalization is concerned, we will pose 

N(p) = ^k°/p°. 

There are some good reasons to take it; but it is irrelevant from our group point of view of the theory. 



6.2.7 Positive mass 

This is the easy case. The choice of standard momentum is k = (l 0) . One could believe that the little 
group is SO(3). It would be the case if we had chosen instead of SL(2, (D) -see point 6.2.1. In our hermitian 
representation of R 4 , k = 1. Then a matrix of SL(2, (D) which leaves it invariant fulfills 

AfcA f = A A 1 " = 1, 

this is A e SU(2). By the way, note that SO(3) = SU(2)/7L 2 . 

The celebrated "law of transformation" of a massive particle of spin j (integer or half integer) under the 
Lorentz transformation A is 



U(A) \p, a) = J i^L J] (W(A, p))\Ap, a') (6.59) 
where a runs from —j to j by step of 1. 



6.2.8 Null mass 



In the case of a null mass, the standard vector is k = (1, 0, 0, 1) and an element of the little group fulfils Wk = k. 
As the little group is part of the Lorentz group, this is an isometry, so 



(Wt\Wk) = (t\k) 
(Wt\Wt) = mt), 



for any fel 4 . Taking in particular t = (1,0, 0,0), 



{Wtfk^ = 
(Wtf{Wt)^=tH^ : 



-1. 



(6.60a) 
(6.60b) 



(6.61a) 
(6.61b) 



If we write Wt = (a, b, c, d), the first relation gives d = a — 1, so that Wt = (1 + £, a, ft, £), while the second one 
gives f = (a 2 + ft 2 )/2. The conclusion is that W acts on t as a certain Lorentz transformation S(a,ft) : 



Wt 







A + e 




Q 


0} 




P\ 


a 




a 


—a 


1 










ft 




ft 


-ft 





1 







V £ J 




V c 


(1+0 


a 


ft.) 




w 



(6.62) 



Be careful: it doesn't means that W = S, but Wt = St. However it is an information: S(a, ft)~ 1 W is a Lorentz 
transformation which leaves t invariant. Then it is a spatial rotation. More precisely, since W and S conserve 
(1,0,0, 1), it is a rotation around the z axis: S(a, ft)~ 1 W = R(0), and 



W(6,a,ft) = S(a,ft)R(d) 
is the most general element of the non massive little group. 



(6.63) 



4 I think that the irreducibility of a representation is related to elementary particles. 



Chapter 7 

Relativistic fields and fibre bundle 
formalism 



This chapter actually don't deal with quantum field theory in the sense that our wave functions aren't operators 
which acting on a Fock space. So this is just relativistic field theory. 

7.1 Connections 
7.1.1 Gauge potentials 

Let us consider a section a a of P over U a . It is a map a a :U a — » P such that 7r o a a = id. A connection on 
P is a 1-form oj: T p P — > Q E ^(P) which satisfies the following two conditions: 

u p (Y;) = Y, (7.1a) 

uj(dR 9 = g-'u&g. (7.1b) 

The gauge potential of uj with respect of the local section a a is the 1-form on U a given by 

A a (x)(v) = (a*uUv). (7.2) 

We will not always explicitly write the dependence of A a in x. Now we consider another section ap:Up ^> P 
which is related on U a n Up to a a by crp{x) = a a (x) ■ g a p(x) for a well defined map g a p : U a nUp — > G. 

Proposition 7.1. 

The gauge potentials A a and Ap are related by 

A p =g- 1 A a g-g- 1 dg. (7.3) 



Proof. By definition, for v e T x U ai 

Ap(v) = (a$u) x (v) = uj aa(x) . ga ^ x) ((dap) x (v)). 
We begin by computing dap(v). Let us take a path v(t) in U a such that v(0) = x and v'(0) = v. We have : 

(dap) x (v) = ^<rp(v(t)) 



t=o 



(=0 

(7.4) 



dR g al3 (x)d(J a (v) + — o- a (x) ■ g a[ i(x)e' 
dR gafi (x)do a {v) + s* a{x) . gap{x) 



t=0 



where s is defined by the requirement that g a p(x) 1 g a p(v(t)) can be replaced in the derivative by e ts , so that 
we can replace g a p{v(t)) by g a p{x)e~ ts . As far as the derivatives are concerned, e~ ts = g a p{x)^ 1 g a p{v{t)), then 



J t 9^ x ) 1 9 a p{v{t)) 



= ~g a p{x) 1 dg a p(v), 

t=o 
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this equality being a notation. Now, properties (7.1a) and (7.1b) make that 

A p( v ) = g a /3(xy 1 uj rTa(x) (da a (v))g al3 (x) + s. 
The thesis is just the same, with "reduced" notations (see section 7.4.2). . □ 
An explicit form for this transformation law is : 

AiW-|[rV^<->«] w ,-|[.-W.«»] M , cw» 

where g := g a p{x). 

7.1.2 Covariant derivative 

When we have a connection on a principal bundle, we can define a covariant derivative on any associated bundle. 
Let us quickly review it. An associated bundle is the semi-product E = P x p V where V is a vector space on 
which acts the representation p of G. We denote the canonical projection by ir p : E — * M . The classes are taken 
with respect to the equivalence relation (p,v) ~ (p ■ g, p(g )v). 

A section of E is a map ip : M — > E such that 7r o ip = id. We denote by T(E) the set of all the sections of 
E. A section of E defines (and is defined by) an equivariant function ip : P — > V such that 

V-MOHR.VKOL (7.6a) 

${Z-g)=p{g- 1 )$(£). (7-6b) 

For a section ip e T(E), we define ip( a y.U a — »■ V by 

ip(a)(x) = -0(o-(x)). 
We saw in (4.118) that a covariant derivative on E is given by 

{D x ip)( a )(x) = X x ip {a) - p+U(T*w) x (X x ^{ a }{x). (7.7) 

Since (dip)(X) = X(tp), we can rewrite this formula in a simpler manner by forgetting the index a and the 
mention of X : 

Dip = dip - (p*A a )ip. 

If we note (p*A a )ip by A a ip, we have 

Dip = dip- Aip. (7.8) 

One has to understand that equation as a "notational trick" for (7.7). By the way, remark that (p*A a ) is the 
only "reasonable" way for A to act on ip. 

7.2 Gauge transformation 

A gauge transformation of a G-principal bundle is a diffeomorphism <p: P — » P which satisfies 

7r o ip = 7r, (7.9a) 
<P(€'9) = <P(0-9- (7.9b) 

In local coordinates, it can be expressed in terms of a function tp a : Li a — > G by the requirement that 

ip{a a {x)) = <7 a (x) ■ (p a (x). (7-10) 

We have shown in proposition 4.33 that, if ui is a connection 1-form on P, the form tp ■ co := tp*uj is still 
a connection 1-form on P. Of course, with the same section a a than before, we can define a gauge potential 
(tp ■ A) a for this new connection. We will see how it is related to A a . The reader can guess the result (it will 
be the same as proposition 7.1). We show it. 

Proposition 7.2. 

(tp-A) = <p- 1 A<p-ip- 1 d<p. (7.11) 



7.2. GAUGE TRANSFORMATION 



247 



Proof. Let us consider x e ti a , and v e T x U a , the vector which is tangent to the curve v(t) e lA a . We compute 
but equation (7.10) makes 



(dtp o da a )(v) = —tp(a a (v(t))) 



t=o 



J;cr a (u(t)) -<p a (v(t)) 



(7.12) 



Now, we are in the same situation as in equation (7.4). □ 
If ip : M — » £7 is a section of J5, the gauge transformation tp : P — > P acts on -0 by 

^(0=V# -1 (0)- (7.13) 

On the other hand, tp acts on the covariant derivative (and the potential) : tp ■ D is the covariant derivative of 
the connection tp ■ co. Of course, we define 

(tp ■ D)ip = dip - (p ■ A)ip. (7.14) 

Lemma 7.3. 

If ip: P — » P is a gauge transformation, then 

(i) tp^ 1 is also a gauge transformation and (tp^ 1 ) a (x) = (p a (x)~ l , 
(ii) (<p ■ ip) (a) (x) = pivZ^ {*)(?)• 

Proof. The first part is clear while the second is a computation : 

(f ■ i>)(a) = f ■ ip(o- a (x)) = tp(tp- 1 (a a (x))) = i>(o- a (x) ■ (paix)- 1 ) = p(tf> a (x))lp {a) (x) . (7.15) 

□ 

Now, we will proof the main theorem: the one which explains why the covariant derivative is "covariant". 
Theorem 7.4. 

The covariant derivative D fulfils a "covariant " transformation rule under gauge transformations: 

(p-D)iip- 1 -if,) =<p- 1 (Dib). (7.16) 



Remark 7.5. 

Let us use more intuitive notations: we write (7.11) under the form A' = g~ x Ag — g~ l dg. If we have two 
sections ip and ip' , they are necessarily related by a gauge transformation: ip' = g~ x ip. Then, the theorem tells 
us that the equation Dip = dip — Aip becomes D'lp' = g~ l Dip "under a gauge transformation". This is: Dip 
transforms under a gauge transformation as dip transforms under a constant linear transformation. This is the 
reason why D is a covariant derivative. The physicist way to write (7.16) is 

D'ip' = g- x Dip (7.17) 



Proof of theorem 7.4- First, we look at (tp ■ A)ip a . Using all the notational tricks used to give a sens to Aip, we 
write : 

[(tp ■ A)xi>]( a )(x) = (tp ■ A) x ip( a )(x) = p*(tp ■ A(X))ip {a) (x). 
But we know that tp ■ A = tp~ 1 Atp — (p dtp, then 

(tp ■ A) x ip{a)(x) = p*^ 1 A(X)<p)ip (a) (x) 
- p^(tp~ 1 dp(X))ip (a) (x) 
d 

dtV^ ~t-/r\a)\ fj t=Q 

d 



[p(^e^ x ^)iP {a) (x)\ ( 7 - 18 ) 



— \p((p 1 (p(X t ))iP (a) (x) 
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Now, we have to write this equation with ip 1 • tp instead of ip. Using lemma 7.3, we find 

d 



1=0 



1=0 



(7.19) 



After simplification, the first term is a term of the thesis: <p(x) 1 (Aip) a (x) and we let the second one as it is. 
Now, we turn our attention to the second term of (7.16); the same argument gives: 



%-V(a))«* = J^- 1 ■ V0(a)(*t) 



t=0 



(7.20) 



The second term is ip 1 dip a (X). In definitive, we need to prove that the two exceeding terms cancel each other: 



■^r\p(<P 1( f(Xt)p l )i>( a )(a 



t=o dt 



p^{X t )- l )^ {a) {x) 



(7.21) 



must be zero. 

One can find a g(t) e G such that <p(X t ) = <pg(t), g(0) = e. Then, what we have in the p of these two terms 
is respectively g(t)(^ _1 and g(t) _1 <^ _1 . As far as the derivative are concerned, g(t) can be written as e tz for a 



certain Z e Q. So we see that g(t) 1 
zero. 



-tz 



and the derivative will come with the right sign to makes the sum 

□ 



Remark 7.6. 

If we naively make the computation with the notations of remark 7.5, we replace ip' = g~ lr <p and A' = g~ l Ag — 
g~ x dg in 

D'tp' = dip' - A'ip', 

using some intuitive "Leibnitz formulas", we find : D'tp' = dg~ l ip + g dip + g^ 1 Aip + g~ l dgg~ l ip . It is exactly 
g^dtp + g~ 1 Aip with two additional terms: dg~ lr tj) and g^dgg^ip. One sees that these are precisely the two 
terms of the expression (7.21). We will give a sens to this "naive" computation in section 7.4-2. 



7.3 A bite of physics 

7.3.1 Example: electromagnetism 

Let us consider the electromagnetism as the simplest example of a gauge invariant physical theory. We first 

discuss the theory of free electromagnetic field (this is: without taking into account the interactions with 

particles) from Maxwell's equations, see [47, 57]. The electric field E and the magnetic field B are subject to 
following relations: 

V ■ E = p, (7.22a) 

V-B = 0, (7.22b) 

V x E + d t B = 0, (7.22c) 

VxB-d t E=j. (7.22d) 

Comparing (7.22a) and (7.22b), we see that Maxwell's theory does not incorporate magnetic monopoles. Suppose 
that we can use the Poincare lemma. Equation (7.22b) gives a vector field A such that B = V x A, so that 
(7.22c) becomes V x (E + d t A) = which gives a scalar field <p such that —V • = E + <9tA. 

Now the equations (7.22a)-(7.22d) are equations for the potentials A and <p, and we find back the "physical" 
field by 

B = V x A, (7.23a) 
E = -V</> - d t A. (7.23b) 

One can easily see that there are several choice of potentials which describe the same electromagnetic field. 
Indeed, if 

A' = A + VA, (7.24a) 
cp' = <b - d t X, (7.24b) 
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the electromagnetic field given (via (7.23)) by {(/>', A'} is the same as the one given by {<j>, A} 
The Maxwell's equations can be written in a more "covariant" way by defining 



F 



fO -E x /c -E y /c -E z /c\ 
-B z 

-B x 

V- -By ■ J 



(7.25) 



F^ = -F v » and 

J = (CP jx jy jz) ■ 

We also define *F af3 = ^e a ^ x,J 'Fx tl . With all that, Maxwell's equations read: 

d a * p a P = o. 



(7.26) 



If we define 



the physical fields are given by 



(| -A x -A y -A.), (7-27) 



Ffiv — SfiA v — d u A^. 
The gauge invariance of this theory is the fact that 

F'^ = d»A' u - d v A!„ = Fpv (7.28a) 

when 

A' fi (x)=A^(x) + d li f(x) (7.28b) 

for any scalar function f (to be compared with (7.24)). 

This is: in the picture of the world in which we see the A as fundamental field of physics, several (as much 
as you have functions in C rx (R 4 )) fields A, A',. . . describe the same physical situation because the fields E and 
B which acts on the particle are the same for A and A'. 

Now, we turn our attentions to the interacting field theory of electromagnetism. As far as we know, the 
electron makes interactions with the electromagnetic field via a term ipA^ip in the Lagrangian. The free 
Lagrangian for an electron is 

£=^( 1 »d l ,+m)ip. (7.29) 

The easiest way to include a ipAip term is to change <9 M to <9 M + A^. But we want to preserve the powerful gauge 
invariance of classical electrodynamics, then we want the new Lagrangian to keep unchanged if we do 

Afj, -» ^ =A ii - id^. (7.30) 

In order to achieve it, we remark that the ip must be transformed simultaneously into 

^'(a;) = e^ipix). (7.31) 

The conclusion is that if one want to write down a Lagrangian for QED, one must find a Lagrangian which 
remains unchanged under certain transformation A — > A' and ip — > ip'. In other words the set {tp,A} of fields 
which describe the world of an electron in an electromagnetic field is not well defined from data of the physical 
situation alone: it is defined up to a certain invariance which is naturally called a gauge invariance. 

Remark 7.7. 

In the physics books, the matter is presented in a slightly different way. We observe that the Lagrangian (7.29) 
is invariant under 

ip(x) -> ip'(x) = e ia ip(x) (7.32) 

for any constant a. One can see that the associated conserved current (Noether) is closely related to the electric 
current. The idea (of Yang-Mills) is to develop this symmetry. Since the symmetry (7.32) depends only on a 
constant, we say it a global symmetry; we will simultaneously add a new field A^ and upgrade (7.32) to a local 
symmetry: 

ip(x) -» ip'(x) = e**&il)(x). (7.33) 
Then, we deduce the transformation law of A^ . 

Because of the form of (7.31), we say that the electromagnetism is a J7(l)-gauge theory. The fact that this 
is an abclian group have a deep physical meaning and many consequences. 
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7.3.2 Little more general, slightly more formal 

The aim of this text is to interpret the field A as a gauge potential for a connection. But equation (7.30) is 
not exactly the expected one which is (7.11). The point is that equation (7.30) concerns a theory in which 
the gauge transformation of the field was a simple multiplication by a scalar field, so that simplifications as 
e-WWA^e^W = A^x) are allowed. 

Now, we consider a vector space V, a manifold M and a function ip : M — > V which "equation of motion" is 

L\di + m^ip = 

Where we imply an unit matrix behind d and m; the indices i,j are the (local) coordinates in M and a, 6, the 
coordinates in V. Let G be a matrix group which acts on V. If ip is a solution, A -1 ^ is also a solution as far as 
A is a constant -does not depend on x e M- matrix of G. In other words, L l (di + rrii)ip a = for all a implies 
L i (5 i +m i )((A- 1 )^6) = 0. 

The function, ip'(x) = A(x) ip(x) is no more a solution. If we want it to be solution of the same equation 
as "0, we have to change the equation and consider 

L i (8 i +A i +m i )ip = 0. 

This equation is preserved under the simultaneous change 

I < -<*-*>:* (7 . 34) 

The second line show that the formalism in which A is a connection is the good one to write down covari- 
ant equations. This has to be compared with (7.3). Logically, a theory which includes an invariance under 
transformations as (7.34) is called a G-gauge theory. 

7.3.3 A "final" formalism 

Now, we work with fields which are sections of some fiber bundle build over M, the physical space. More 
precisely, let G be a matrix group. 



Problem and misunderstanding 



30. 



For sure, it also works for a much lager class of groups. Which one ? 

We search for a theory which is "locally invariant under G". In order to achieve it, we consider a G-principal 
bundle P over M and the associated bundle E = P x p V for a certain vector space V, and a representation p 
of G on V. Typically, V is <C or the vector space on which the spinor representation acts. 

The physical fields are sections ip '■ M — > E. If we choose some reference sections a a : M — » P, they can be 
expressed by f/'(a)( a; ) = ^P(o~a{x))- We translate the idea of a local invariance under G by requiring an invariance 
under 

for every g: M — > G. By (ii) of lemma 7.3, we see that ip 1 ( a )(x) = (f^ 1 - V0(a) (x) , where <p: P — » P is the gauge 
transformation given by 

ip(a a (x)) = a a (x) ■ g(x). 

We want ip and ip' to "describe the same physics". From a mathematical point of view, we want ip and ip' 
to satisfy the same equation. It is clear that equation dip = will not work. 

The trick is to consider any connection w on P and the gauge potential A of u). In this case the equation 

(d -A)iP=0 or Dip = (7.35) 

is preserved under 

A^tp-A, 
ip — > ■ ip. 

Theorem 7.4 powa ! 

In this sense, we say that equation (7.35) is gauge invariant, and is thus taken by physicists to build some 
theories when they need a "local G-covariance". This gives rise to the famous Yang-Mills theories. 

In this picture the matter field ip and the bosonic field A are both defined from a £/(l)-principal bundle. 
When physicists say 
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if) transforms as "blahblah" under a U(l) transformation, 

they mean that ip is a section of an [/(l)-associated bundle; when they say 

A transforms as "blahblah" under a U(l) transformation, 

they mean that A is the gauge potential of a connection on a [/(l)-principal bundle. In each case, the "blahblah" 
denotes an irreducible 1 representation of U(l). 

Remark 7.8. 

The mathematics of equation (7.35) only requires a Q -valued connection on P. There are several physical 
constraints on the choice of the connection. These give rise to interaction terms between the gauge bosons. We 
will not discuss it at all. This a matter of books about quantum field theories. 

The most used Yang-Mills groups in physics are U(l) for the QED, SU(2) for the weak interactions and 
SU(3) for chromodynamic. 



7.4 Curvature 
7.4.1 Intuitive setting 

From the (/-valued connection 1-form ui on P, we may define its curvature 2-form : 

f2 = diu + lj a uj. (7.36) 

As before, we can see as a 2-form on M instead of P. For this, we just need some sections a a :U a — > P and 
define 

F a = a*fl. (7.37) 

This F is called the Yang-Mills field strength. The question is now to see how does it transform under a 
change of chart ? What is Fp = c* f2 in terms of F a ? 

Theorem 7.9. 

Fp = g- x F a g. (7.38) 



Naive proof. Let us accept Fp = dAp + Ap a Ap. With proposition 7.1, we can perform a simple computation 
with all the intuitive "Leibnitz rules" : 



dA 



P 



g dgg a A a g + g dA a g +g A a a dg - g dgg a dg, 



and 



ApAAp=g x A a g/\g 1 A a g+g 1 A a gAg 1 dg+g l dg A g 1 A a g+g 1 dgAg 1 dg. 
The sum is obviously the announced result. 



□ 



This proof seems too beautiful to be false 2 . We will now try to give a sense to this computation. A complete 
proof of the theorem is reported until page 254. 

First, note that we can't try to find a relation like d(gu>) = dg a u> + gdu. Pose A x = g(x)uj x : 



A X (V) = -g^e**'™ 



t=0 



Using 

we are led to write 



(da)(v, w) = v(a(w)) — w(a(v)) — a(\v, wj), 



w(A(v)) = d(A(v))w = -j-A w Jv) 
au 



d d 
du dt 



L Jt=o 



(7.39) 



But at t = u = Q, the expression in the bracket is g(x), and not e. Then the whole expression is not an element 
of Q. In other words, the problem is that for g: M — > G, we have dg x : T X M — > T q mG T e G. 

Now, remark that in our matter, the problem will not arise because in the expressions Ap = g~ x A a g + g~ l dg , 
each term has a g and a g~ . 

1 Irreducibility is for elementary particles 

2 More precisely, it is as beautiful as we want it to be true. 
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Lemma 7.10. 



d(g-%(v) = -gixy'dgivMx)- 1 . 



(7.40) 



Proof. Let vt be a path which defines the vector v, and define Y e Q such that as far as the derivative are 
concerned, we have g(vt) = g(x)e tY . Then, 



»(»-')(») - Jt 



t=o 



But on the other hand, 



g 1 dg(v)g 1 = — g(x) l g(v t )g(x) 1 
thus d(g ) x (v) = —g(x) dg(v)g(x) , as we want. 



t=o dt 



t=o 



□ 



7.4.2 A digression: Ty£ and C 

We define two product: Gxg^ TG and Q x Q ^ Q. If g e G and X £ Q 7 we put 

d 



5X = dt 9e 



IX 



t=0 



and if A", ye 5, 



at du L 



u=0 
{=0 



(7.41a) 



(7.41b) 



We naturally define the product of a S-valued 1-form A by an element g e G by (gA)v = </j4(u). 

Note that gX does not belong to Q but to T g G. Fortunately, in the expressions which we will meet, there 
will always be a g^ 1 to save the situation. 

Let us now see a great consequence of the second definition. 



Proposition 7.11. 

The formula 

XY-YX = [X,Y]. 

links the formal product inside the Lie algebra and the Lie bracket. 



(7.42) 



In order to get a real proof (given from page 253) of this, we have to give some precisions about derivatives 
as (7.41b). We consider the expression 

d ( d , , 
-c u (t) 



which will be more simply written as 



du \ dt 

d d 
du dt 



t=o/ u=0 



[c u (t) 



t=0 
u=0 



(7.43) 



with c u (t) e G for all u,t; c u (0) = e for all u and c' (Q) = Y e Q where the prime stands for the derivative 
with respect of t. So j|cu(i)| e Q for each u and (7.43) belongs to TyQ. But we know that Q is a vector 
space, then TyQ =; G, the isomorphism being given by the following idea: if {di} is a basis of Q and {ei} the 
corresponding basis of TyG, we define the action of A % ei e TyQ on /: G — » H by (A l ei)f := A l dif. 



Lemma 7.12. 

Seen as an equality in Q, for f : G — > 1R we have : 



d d 
du dt 



c u (t) 



t=o J 

u=0 



d d 
du dt 



t=o 



(7.44) 



Proof. Let us consider X u = X % u di = c' u (0) and X = Y. We naturally have 



X u f = J t f(Cu(t)) 



and 



( = 



du 



eT Y g. 



(7.45) 
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Now, we consider a function h : Q — » 1R and compute 

d 



d_ 

du 



X u 



du 



h(X u ) 



u=o du dt 



c u {t) 



it=0 



If {di] is a basis of £7 and {e.;}, the corresponding one of TyG, thus 



So, we can write 



and, as element of Q, we consider 



d_ 

du 

d_ 

du 



\x u ] I 

L Ju=0 



8h 
dei 



d d 
du dt L 



[<(*)L - 



(7.46) 



X,, 



d d 
u=o du dt 



t=0 Pp. 
m=0 " e * 



d 

dit 



_ d d 
o dt 



i=0 
ti=0 



ft I 



Now, we can compute the action of -j^X u \ u _ Q on a function /: G — » R as 



d U [ X "]u=0 /_ dudi^ 

= Ar^ 

dw L 5a: 1 



df 



u— 



t=o 



(7.47) 



^ r <2 , nn 
d^d*^ 



t = 



Problem and misunderstanding 



31. 



Je ne sazs pas pourquoi tout d'un coup la derniere equation etait commentee, et done la phrase n'etait pas finie. 

□ 

Proof of proposition 7.11. From this, we can precise our definition of XY when X, Y e Q. The product XY 
acts on / : G — > R by 



u=0 
t=0 



We can get a more geometric interpretation of this. We know how to build a left invariant vector field Y from 
any Y e Q : for each g e G we just have to define 



w)=^t/(^))L- 



First remark: Y g is precisely the object that previously named u gY n . In order to construct the basis blocks of 
the formula XY — YX = [X, Y], we turn our attention to X e Y. It is clear that Y(f) is a function from G to 
R, so we can apply X e on it. If X t is a path which gives the vector X e (for example: X t = e tx ), we have 



d d 



(7.48) 



14=0 



u=0 



Thus we have: XY = X e Y, but it is clear that [X, Y] e = X e Y - Y e X. The claim reads now: [X, Y] e = [X, Y]. 
We can actually take it as de definition of [X, Y] . It is done in [3] . The link with the definition in terms of 
successive derivations of Ad. g (x) = gxg^ 1 is not trivial but it can be done. □ 

Now, we can give a powerful definition of the wedge for two ^-valued 1-forms. If A, B e fi 1 (M, Q) and v, 
w e X(M), we define 

(A a B)(v, w) = A(y)B(w) — A(w)B(v). (7.49) 
For A 2 , we find back the usual definition : 

(A a A)(v,w) = A(v)A(w) - A(w)A(v) = [A(v),A(w)]. 

One can see that for any section a a :U a — » P, we have 

a*(AAA) = (o-*A)A(<r*A). (7.50) 
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Lemma 7.13. 

If A and B are two Q -valued 1- forms, one can make "simplifications" as 

(Ag) a (g~ l B) = A a B. (7.51) 



Proof. We just have to prove that for A,BeQ, {Ag)(g~ 1 B) = AB with definitions (7.41a) and (7.41b). Remark 
that Ag = £ [e sA g] , so 



Ma 



exp(t —e i s A g 



s=0 



6XP( ^ e 



it A. 



) = e 



tA. 



s=0 



Therefore 



Lemma 7.14. 



.tAgug % B 



d d r 
f=§ dt du L 



u = 
t=0 



AB. 



Fp = dAp+Aj. 
Proof. This is a direct consequence of (7.50) and [a*, d] = 0. 
Now, we can prove the theorem. 



□ 

(7.52) 
□ 



Ultimate proof of theorem 7.9. First we compute d{g l A a g). In order to do this, remark that the 1-form 
g~ x A a g is explicitly given on v e X(M) by 

(ff~ 1 A a g)(v) x = ±[g(x)~ 1 e tA M'g(x) 

For all x e M, this expression is an element of Q; then we can say that (g~ 1 A a g)(v) is a map (g~ 1 A a g)(v) : M 
Q. So it is unambiguous to write w{{g~ x A a g)(vj) e Q for w e T X M. 
We will use the formula 

d{g~ l A a g)(v, w) = v(g~ 1 A a g)(w) - wig' 1 A a g)(v) - (g' 1 A a g)([v , w)). 

As w^g- 1 A a g)(v)) = d((g~ l A a g)(v))w, we have 



wdg- 1 A a g)(v)) = — (g" 1 A a g)(v) t 



«=0 



d d 
du dt 
d d 
dt du 



'g{wu)- x e tA ^g{w u ) 



M = 



JA(v) q 



11 = 



g( x ) 



(7.53) 



/=0 



= d(g- 1 )(w)A(v) x g(x) 
+ g(x)- 1 w x (A(v))g(x) 
+ g(x)- 1 A(v) x dg(w). 

On the other hand, one easily finds that 

{g^A a g){{v,w}) = g{xY 1 A{[v,w\)g{x). 

Using lemma 7.10, we have 

dig^Aag)^, w) = -g(xy 1 dg(v)g(xy 1 A(w) x g(x) + g{xy 1 v{A{w))g{x) 
+ g(x)~ 1 A(w) x dg{v) x 

+ g{xy 1 dg(w) x g{xy 1 A(v) x g{x) - g{x)~ l w{A(v))g{x) 

- g{x)~ 1 A{v) x dg{w) 

- ff (a:)- 1 A([i;, W ]) 5 (x). 



(7.54) 
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We can regroup the terms two by two in order to form dA a and some wedge; with simpler notations, we can 
write : 



d(g 1 A a g) = -(g 1 dg g) a (A a g) - (g 1 A) a dg + (g 1 dAg). 
We compute d{g~ l dg) in the same way; the result is 

d 



(7.55) 



(g-'dg)^ = ^[^r'givt)]^ 6 Q. 



For v, w e X(M), we have 



wfa^dgXv)) = ^(g-'dg)^ 



w=0 



d d r 

dt du 



u=0 



J t = ULUUL J 4=Q 



(7.56) 



= % 1 )(w)dg(v) + — g(x) 1 dg{v Wu ) 

du L _l«=o 

= -9~ 1 dg(w)g~ 1 dg(v) + g{x)~ 1 w{dg{v)) 

where w u is a path such that w' = w x and v Wu (t) is, with respect of t, a path which gives the vector v Wm . On 
the another hand, we have 

(g^dg)^^]) = g^dgdv,™]). 

Remark that the term g(x)~ l w(dg(v)) of w((g~ 1 dg)(v)) together with the same with v <-> w and (g dg)([v, w]) 
which comes from (g~ l dg)(\y, w]) will give g(x)~ 1 (d 2 g)(v, w) = when we will compute d(g~ l dg). Finally, 



d (g 1 dg) = -{g x dgg X Adg). 

The equations (7.55) and (7.57) allow us to write : 

{dAp) = d(g^A a g) + d(g^dg) 

= -{g^dgg' 1 ) a (A a g) - (g"M Q ) a dg 
+ {9~ l dA a g) - (g^dgg' 1 ) a dg. 

Notice that the term (g^dAag) corresponds to the first one in Fp = g~ l (dAp + Ap a Ap)g. 
For anyone who had understood the whole computations up to here, it is clear that 



(7.57) 



(7.58) 



ti=0 
t=0 



so that 



£jL\ e tAf,(w) tAf,(v)] 



Ap a Ap = g 1 A a g a g 1 A a g + g 1 A a g a g 1 dg 
+ g^dg a g~ x A a g + g~*dg a g^dg. 



(7.59) 



Lemma 7.13 allows us to write it under the form 



Ap a Ap = g 1 A a g a g 1 A a g + g 1 A a g a g 1 dg 
+ g~ X dg a g~ Y A a g + g~ Y dg a g~ x dg. 



(7.60) 



(7.61) 



Here the term (g 1 A a a A a g) corresponds to the second one in Fp = g 1 {dAp + Ap a Ap)g. The sum of (7.58) 
and (7.61) is 

Fp = g- x F a g. 



□ 
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7.4.3 The electromagnetic field F 

Now, we are able to interpret the field F introduced in equation (7.25). We follow [48]. From now, we use the 
usual Minkowski metric g = diag(—, +, +, +). From the vector given by (7.27), we define a (local) potential 
1-form 

A = A^dx^ = -4>dt + A x dx + A y dy + A z dz. 
The field strength is F = dA. We easily find that 

F = (dt a dx)(d x <t> + d t A x ) + . . . 

+ (dx a dy)(-d z A x + d x A y ) + ... 

But the fields B and E are defined from A and <f> by (7.23), so 

F = —E x {dt a dx) — E y (dt a dy) — E z (dt a dz) 

(7.63) 

+ B x (dy a dz) + B y (dz a dx) + B z (dx a dy). 

We naturally have dF = d 2 A = 0. But conversely, dF = ensures the existence of a 1-form A such that 
F = dA. If we define 3 B = V x A and E = — V0 — 5f A, equations (7.22b) and (7.22c) are obviously satisfied. 
So in the connection formalism, the equations "without sources" are written by 

dF = 0. (7.64) 

In order to write the two others, we introduce the current 1-form : 

j = j^dx^ = -pdt + j x dx + jydy + j z dz. 

One sees that 

SF :=*d*F = -dt(V • E) 

+ dx(-d t E x + (W xB) x ) 
+ dy(-d t E y + (V x B)„) 
+ dz(-d t E z + (V xB) z ), 

so that equation SF = j gives equations (7.22a) and (7.22d). Now, the complete set of Maxwell's equations is : 

dF = (7.66a) 

SF = j (7.66b) 

with 

j = -pdt + j x dx + j y dy + j z dz, (7.67a) 

B = V x A (7.67b) 

E = -V0 - d t A (7.67c) 

where A is a 1-form such that F = dA whose existence is given by (7.66a). 



7.5 Inclusion of the Lorentz group 

Up to now we had seen how to express the gauge invariance of a physical theory. In particle physics, a really 
funny field theory must be invariant under the Lorentz group; it is rather clear that, from the bundle point of 
view, this feature will be implemented by a Lorentz-principal bundle and some associated bundles. A spinor 
will be a section of an associated bundle for spin one half representation of the Lorentz group on (D 4 . In order 
to describe non-zero spin particle interacting with an electromagnetic field (represented by a connection on a 
[/(l)-principal bundle), we have to build a correct SL(2, (D) x [/(l)-principal bundle. We are going to use the 
ideas of 6.2.1. 

A space-time is a differentiable pseudo-Riemannian 4-dimensional manifold. The pseudo-Riemannian 
structure is a 2-form g e f2 2 (M) for which we can find at each point x 6 M a basis b = (bo, . . . , h$) which fulfils 

g x (bi,bj) = rjij. 

When we use an adapted coordinates, the metric reads g = rjijdx 1 ®dx ] . 

3 i.e. we consider F as the main physical field while E and B are "derived" fields. 
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One says that M is time orientable if one can find a vector field T e 3L(M) such that g x (T x , T x ) > for 
all x e M. A time orientation is a choice of such a vector field. A vector v e T X M is future directed if 

g x (T x ,v) > 0. 

The Lorentz group L acts on the orthogonal basis of each T X M, but you may note that L don't act on M; 
it's just when the metric is flat that one can identify the whole manifold with a tangent space and consider that 
L is the space-times isometry group. In the case of a curved metric, the Lorentz group have to be introduced 
pointwise and the building of a frame bundle is natural. 

Now, we are mainly interested in the frame related each other by a transformation of . An arising question 
is to know if one can make a choice of some basis of each T X M in such a manner that 

(i) pointwise, the chosen frames are related by a transformation of LX, 

(ii) the choice is globally well defined. 

The first point is trivial to fulfil from the definition of a space-time. For the second, it turns out that a good 
choice can be performed if and only if there exists a vector field V £ X(M) such that g x (V x , V x ) > for all 
x e M. We suppose that it is the case 4 . 

So our first principal bundle attempt to describe the space-time symmetry is the L^_-principal bundle of 
orthonormal oriented frame on M : 

L\ L(M) (7.68) 

PL 

M 

The notion of "relativistic invariance" has to be understood in the sense of associated bundle to this one. The 
next step is to recall ourself (see subsection 6.2.1) that the physical fields doesn't transform under representation 
of the group L\ but rather under representations of SL(2, <D). So we build a SL(2, (D)-principal bundle 

SL(2, C) >■ S(M) 

PS 

M 

In order this bundle to "fit" as close as possible the bundle (7.68), we impose the existence of a map A: S(M) — > 
L(M) such that 

(i) PB (X(0) = Ps(0 for all £ e S(M) and 

(ii) A(C • 9) = A(0 • Spin(p) for all g e SL(2, (D). 

You can recognize the definition of a spin structure. Notice that the existence of a spin structure on a given 
manifold is a non trivial issue. 

Now a physical field is given by a section of the associated bundle E = S(M) x p V where p is a representations 
of SL(2, C) on V. For an electron, it is V = C 4 and p = D(V 2 >°) © D^> l l 2 \ That describes a free electron is 
the sense that it doesn't interacts with a gauge field. So in order to write down the formalism in which lives a 
non zero spin particle, we have to build a U(l) x SL(2, (D)-principal bundle. For this, we follow the procedure 
given in section 4.12 

7.6 Interactions 

7.6.1 Spin zero 

The general framework is the following : 

1/(1) P E = Px p V 

7T 

M yU a 

a [/(l)-principal bundle over a manifold M (as far as topological subtleties are concerned, we suppose M = R 4 ) 
and a section <j> of an associated bundle for a representation p of U(l) on V. We consider M with the Lorentzian 




4 That condition is rather restrictive because we cannot, for example, find an everywhere non zero vector field on the sphere S 1 
with n even. 
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metric but, since we are intended to treat with scalar (spin zero) fields, we still don't include the Lorentz (or 
SL(2, <C)) group in the picture. We also consider local sections a a :U a — > P, a connection u> on P and f2 its 
curvature. We define A a = a*u>. 

Now we particularize ourself to the target space V = <D on which we put the scalar product 

(zi,z 2 ) = ^(ziz 2 + z 2 zi), (7.69) 

and the representation p n : U(l) — > GL(<D), 

Pn(g)z = g-z = g n z 

where we identify U{\) to the unit circle in (D in order to compute the product. A property of the product 
(7.69) is to make p n an isometry: for all g e U(l), z\, z 2 6 (D, 

(Pn(g)zi,p n (g)z 2 ) = (z 1: Z 2 ). 

Our first aim is to write the covariant derivative of <j) with respect to the connection co. For this we work on the 
section <p under the form 4>/ a } : M — * V and we use formula (7.7) : 

{Dx4>) {<*){%) = X x <j>^ - p*((<r*uj) x X x )(f)( a) (x). (7.70) 

Let us study this formula. We know that (<j*uj) x = A a (x) : T x U a ^* T a i x \P — >• u(l). Thus A a (x)X x is given 
by a path in ?7(1); it is this path which is taken by p*. Therefore (we forget some dependences in x) 

p t \A a {x)X x )<j) {a) < y x) 



Thus the covariant derivative is given by 

One can guess an electromagnetic coupling for a particle of electric charge n. If this reveals to be physically 
relevant, it shows that the "electromagnetic identity card" of a particle is given by a representation of U(l). 
This has to be seen in relation to the discussion on page 244 where the "type of particle" was closely related 
to representations of the Lorentz group. It is a remarkable piece of quantum field theory: the properties of a 
particle are encoded in representations of some symmetry groups. 

Now we are going to prove that ||-D</>|| is a gauche invariant quantity. The first step is to give a sense to 
this norm. We consider Xi (i = 0, 1,2,3), an orthonormal basis of T X M and we naturally denote Di = Dx i7 
di = Xi and A a i = A a (di). Remark that 

eu(l), (7.73) 
so this is given by a path in U(l) which can be taken by p. Let c(t) be this path, then 

A a <t>{ a ){x) = ^[e' c( ^ (a) (i)] to , 



so that under the conjugation, A a (fi( a \(x) = —A a <p^(x). Now our definition of ||-D</>|| 2 is a composition of the 
norm on V and the one on T X M : 

\\D0f =7f(D l 4 )(a) ,D^ (a) ) (7.74) 
Using the notation in which the upper indices are contractions with rf 3 , we have 



-[p n ((A a X)(t))<p (a) (x) 

i[(A a mr] t _ J{a) (x) 



t=0 



n-[(A aXm 

nA a (X)(j)^(x) 



t=o 



(7.71) 



x<t>(a) ~ nA a (x)(X x )(f>( a )(x). 



(7.72) 



A a (x)X x = (<t*) x X x = uj(da a X x ) = uj—\a a (X(tj) 



\\Dcj)\\ 2 = (idi(f> (a) )(x)- n A ai( f> {a) (x)j ((0V ( a))(a:)+nA^(a)(aO)- 
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7.6.1.1 Gauge transformation law 



A gauge transformation ip is given by an equivariant function ip a : lA a — > C7 (1) which can be written under the 
form 

ip a (x) = e iA ^ 

for a certain function A: ti a —* R. From the general formula (ii) of lemma 7.3, 

(ip ■ cj>) {a) (x) = p n {e- lMx) )^ a) (x) = e-™ A (^ (o) (x). (7.75) 

The transformation of the gauche field A is given by equation (7.11). Let us see the meaning of the term dip. 
For v e TJA a , 



t=o dt 



A(v(t))l e iA ^°» = i(dA) x ve lA( - x \ 



Thus 0~ 1 (a:) (<i<p Q ) x = i(dA) x . Since E/(l) is abelian, (p^Atp = A. Finally, 

(ip ■ A) a (x) = A a (x) + i(dA) x . 
Now we are able to prove the invariance of ||£></>|| 2 . First, 

(<p-A)ia{x) = (<p-A) a (di) = A ia (x) +i(diA)(x); 

second, 

(e- niA ^4>( a )(x)) = -ni(diA)(x)<l> la) (x) + e~ lnA ^ {8^ {a) ){x). 

With these two results, 

■ 4>){ a ){%) +n(<p-A) ai (ip.-(f>) {a) (x) = e" mA(l) (nA m (i) + di<j> (a) (x)). 



(7.76) 

(7.77) 

(7.78) 
(7.79) 

(7.80) 



The Yang-Mills field strength is given by F( a ) = c*f2 (cf. page 165). Since U(l) is abelian, dF^ = 0, so 
that the second pair of Maxwell's equations is complete without any Lagrangian assumptions. 
The full Yang-Mills action is written as 



S(u t 4>) = 

The Euler-Lagrange equations are 



-^F( a )ijF( a f + g 11^1 + 2 m< ^W 



(di - inA ai )(d l - inA l a )ct) a + m 2 (j) a = 

diF ia) ij = 0. 



(7.81a) 
(7.81b) 



So the Yang-Mills Lagrangian only gives the first pair of Maxwell's equations while the second one is given by 
the geometric nature of fields. 

As explained in [58] , the topology of the physical space has deep implications on the physics of Yang-Mills 
equations. The absence of magnetic monopoles for example is ultimately linked to the (simple) connectedness 
of R 4 . When one consider the U(l) Yang-Mills on a sphere, some topological charges appear and magnetic 
monopoles naturally arise. 

7.6.2 Non zero spin formalism 

The formalism for a non zero spin particle in an electromagnetic field is described in section 4.12. We consider 
the spinor bundle 

SL(2, <D) > S(M) 

PS 

M 

with the spinor connection on S(M), and pi, a representation of SL(2, (D) on V. For an electron, it is V = (D 4 
and pi = £>(V2,o) ©£)(o,i/2) ) so for gi 6 S L(2, C), 



Pi(ffi) 





- f" 1 


fzi\ 


w 




w 



(7.82) 
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On the other hand, we consider the principal bundle 

f/(l) ■ 



M 



with a connection u>2 which describes the electromagnetic field. As representation p2 : U(l) 
choose the multiplication coordinate by coordinate : 



P2(92) 



( z \ 



(92Z1 



GL(C 4 ) we 



(7.83) 



The physical picture of the electron is now the principal bundle 

SL(2, C) x U(l) — *- S(M) o P 



M, 



and the field is a section of the associated bundle (S(M) oP) x p (D 4 . 



Appendix A 

Complements 



A.l Alternative formalism for the quantum mechanics 

We can a little reformulate the axioms of the quantum mechanics. Since we are in a Hilbert space M' we can 
speak about orthogonal projections; if <p e 7?., we can consider the projection on the space spanned by <f>: 

where {e;} is a basis of ' . It is pretty clear that 

= WM- (A.1) 



If tp e 1Z and <p e.1Z' are unimodular, then 

P(K^K') =Tr(P P v ,), (A.2) 
so we can express the axioms in terms of projections instead of rays. For notational convenience, we put 

M ={ip eJ?st HVII = 1}. (A.3) 

We denote by 5? the space of the projections into one dimensional subspaces of iff (in other words 5? is 
the space of physical states) and for P, Q e y, the transition probability is P ■ Q = Tr(PQ). Now a quantum 
symmetry is a map T: y -> such that (TP) ■ (TQ) = P-Q. 

One can prove the following : 

Theorem A.l. 

If T: y — > c5^' is a quantum symmetry, then there exists an operator U : Jt? — > Jf' such that 
(i) P u<t> = TP^, 
(ii) U(Z + rj) = U{Z) + U{rj), 
(in) <PS,Urj) = K((£ ) ri)) 

where P^, is the projection onto the one dimensional space spanned by ip and k: (D — > (D fulfils k(X) = A or 
k(A) = A and 

(iv) C/(AO = «(A)£. 

Here is why this implies Wigner's theorem as given by theorem 6.2. Let us consider some tp^ e Jf? such that 
\\ifi\\ = 1 and Ptpi, the corresponding projections. Let 

A(P 1 ,P 2 ,P 3 ) = <^i,^2><>2,</?3><</?3,</?1>- 

It is clear that this expression doesn't depend on the choice of tpi in its ray. We have 

A(TP 1 ;TP 2 ,TP 3 ) = A(P UV1 ,P UV2 ,P UV3 ) 

= {Uipi,U^ 2 y(Utp 2 ,Uipz)(Utp?,,Utp{) 

= K((U i p 1 ,U<p 2 )) K ((Uip 2 ,U<p 3 )) K ((U<p 3 ,U l p 1 )) ( - } 

= k(A(P 1 ,P 2 ,P 3 )). 
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We can see from this that the choice of k(X) = X or k(A) = A is determined by the data of T if dim Jf? >- 2. 
In the case where dvaiJ^f = 1, A is always equals to 1 and the equality (A. 4) don't give any informations. In 
the case dim Jt? ^ 2, we can choice ip\ and tp2 such that (pi, pz) takes any value z e (D with \\z\\ ^ 1. Taking 
V3 = Pi + P2, we find 

A(P U P 2 ,P 3 ) = z(l+z) 2 . 

which is easily non real for a suitable choice of z e <D. Let us suppose that we have an operator U which satisfies 
the theorem A.l. If k(X) = A, then 

U(zi> + z'4>) = U(ztp) + U(z'4>) = zU(ip) + zU{<j)) (A.5) 

and 

<[ty, U0) = 0» = <V, 0>, (A.6) 

so that U is linear. If k(A) = z, then 

t/(z^) = zt/i/- (A.7) 

and 

<E/e,t/77> = K «£,77» =<^>. (A.8) 



A. 2 Statement of some results 

This appendix is devoted to the statement of some results which are used in the text, but whose demonstration 
should be out of our purpose. 

Theorem A. 2 (Cay ley-Hamilton). 

A square matrix on 1R or (D satisfies its own characteristic equation. If A e M n (K), we consider the polynomial 
p(X) = det(A - XI) in X. Thus p(A) = 0. 

For a proof see Wikipedia. 

Proposition A. 3. 

If M is a complex n x n matrix, then there exists an unitary matrix U such that U*MU is upper triangular. 

For a proof see [59] . 
Definition A. 4. 

A positive defined matrix is a matrix B such that 

YjBijXlXj (A. 9) 

ij 

is real and positive for every complex vector x. 
Proposition A.5. 

A positive defined matrix is Hermitian. 

Proof. We define the Hermitian matrices M = (B + B*)/2 and N = (B - B*)/2i, so B = M + iN and 

xBx = xMx + ixNx. (A. 10) 

The matrices M and B being Hermitian, the numbers xMx and xNx are real. If xBx has to be real, we need 
xNx = for every x. This shows that N = 0, so that B = N . □ 

Theorem A.6. 

Let G be a Lie group and H a subgroup (with no special other structures) of G. If H is a closed subset of G 
then there exists an unique analytic structure on H such that H is a topological Lie subgroup of G. 

This comes from [3], chapter 2, theorem 2.3. 

Lemma A.7. 

Let G be a connected Lie group with Lie algebra Q and let if be an analytic homomorphism of G into a Lie 
group X with Lie algebra X . Then 

(i) The kernel i£> -1 (e) is a topological Lie subgroup of G. Its Lie algebra is the kernel of dtp e . 
(ii) The image p(G) is a Lie subgroup of X with Lie algebra dp(Q) a X. 
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This comes from [3], chapter 2, lemma 5.1. 
Lemma A. 8. 

Let G and H be two Lie group, whose Lie algebra are Q and %. If 9: G — » H is a surjective map, then we have 
U~g/KerdO e . 

Theorem A. 9. 

Let us consider Ad: SU(2) — » GL(3), Ad(U)X = UXU^ 1 . We have the following properties: 
(i) Ad is a linear homomorphism, 

(ii) it takes his values in SO(3); then we can write Ad: SU(2) —* SO(3), 
(Hi) it is surjective, 

(iv) KerAd = 7L 2 , 

(v) all these properties show that 

SO(3)-^ 



Corollary A. 10. 

An useful formula: 



7L-> 



X\ „adX 



Ad(e A ) =e 



Corollary A. 11. 

Another useful corollary of lemma 2.13 is the particular case <f> = Ad(e x ): 



e x e Y e~ x = e Ad ^ ) x . 



Definition A. 12. 

If (a/-) is a sequence in R, its upper limit is the real number 

lim sup a n = lim sup{afc : k ^ /}. 

n->oo 

Lemma A. 13. 

If lu is a k-form (not specially a symplectic one), and V a torsion free connection, one has 

k 

(diu)(X ,...,X k ) = Y i (-l) i (Vx i u)(X ,...,X i ,...X k ). (A.ll) 

i=0 

Remark A. 14. 

The link between d and V comes from the fact that in the left hand side of (A.ll) appears some commutators 
[Xi,Xj], but since the connection is torsion- free, 

[X i ,X j ]=W Xi X j -W Xj X i 

The main consequence of this lemma is that Va> = implies duj = 0. 

Proposition A. 15. 

Consider a function f : X x E — » 1R and z$ 6 E such that 

• for all z e E, the function x — * (x, z) is integrable, 

• for (almost) all x 6 X , the function z — * f(x, z) is continuous a,t Zq, 

• there exists a function g ^ such that for all z 6 E , \f(x, z)\ ^ g(x) almost everywhere in X . 
Then the function h: E — > 1R defined by h(z) = J x f(x, z) is continuous at Zq. 
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